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PREFACE 


rillllSbook trciitjS from an cx])(‘rimc‘iital point of view <jiics- 
J lions of l)odi(.\s Avhic'h arc in (Mpiilibrinm, and attempts 
a f(‘\v simple gc'Jiei’iili.sations from exj)eriiiH‘nts; it does not 
enter upon the ne(*<*ssary a.n<^ppjjeient (‘.oiiditions for a body 
to b(i in eipiilibriimc anJjj^^eept fin' one or two simple, ex- 
UnjsioTis. do(‘s not^|pSP^>n(l eonciirr<mt (and parallel) forces 
in one ])lan('. 

Tlu' book divides naturally into threci ])arts. The first part, 
('hapters I to l\\ discusses macliines and tlie principle of 
work derived from (‘xperimonts wit-h machines, and includes 
friction. The second part, Chapters V to VII, discussers the 
principle of inoinetils, c(*ntr(} oi‘ gravity, aiid stability. The 
third part, Chapters \Q11 and JX, discusses the triangle of 
forc(‘..s and the resolution of forces. About 500 oxainplt's arc 
included. 

The order of the book — Work — Moments — Triangle of 
Foj-ces — is a ivstdt of (‘XiJerienoc*, for the writers have found 
that boys are specially iiitece.stod in machines for transmis- 
sion of work, and havtj relatively little difficulty in grasping 
tli(’ idea of mechanical work; less difficulty than they have 
with the idea of tin* moment of a force, and much less than 
they have with th(^ (juesfion of the composition and resolu- 
tion offerees by the ^triangle.’ 

Fiiniiliarity with the use of sines, cosines and tangents has 
be<‘n taken for granted. 

Jt is very far from the intention of the writers to encourage 
the learning of formulas at this stage. Symbolic expression 
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has been used wherever it has been found convenient for dis- 
cussing general rather than particular cases, and expressions 
like P = a + 6 . TT do occur ; but the reader is not expected 
to commit to memory any of tliesc expressions, and indeed 
he should be warned against it. 

The book was written, all but the articles 110, 111 and 
Chapter IX, by Mr McMullen and the revision of the MS. 
and preparation for the press up to that point has been ap- 
proved by him. While the book remained still unfinished 
Mr McMullen had a severe accident which made it impossible 
for him to do any more work before the time at which the 
book must go to press. The duty of writing the last few 
articles and the final correction of the proofs has therefore, 
much to his regret, fallen solely upon the writer of the 
preface. 

Mr J. Watt of the Royal Naval College, Dartmouth, gav(‘, 
valuable help in the early stages, and it is regretted that he 
was unable to fulfil his original intention of collaborating 
with Mr McMullen throughout. 


Kew. 

June 1924. 


E. W. E. K. 
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CriAFl^ER 1 


FOIU'ES JN ONE STRAUirHT LINE 

1. Force. WIkmi avc*. ]mll on liaiidlc of an oar, press 
on the ])(Mlal of a l)icyclt‘, oj* try to raise a box, we are eonsinous 
of cxertinof Force on tli<^ object in qm^stion. Oui* idcfi of foi*ue, 

IS d(n-ived from tlie sc^isations we (‘xperieiice wIkmi we 
niakt'- Lisi' of our muscles. Wli(‘n aiiy other a^^cmt producciS an 
effect of the same kind as we ourseKos j)roduce by muscular 
exertion, we realise that it also exerts force. Tlius, a prop exerts 
force', on a cJotlies-Iine ; the wind exerts force on the sail of 
a boat; a book (‘xerts forcci on a table. 0l)8(M*ve that in general 
our muscular efforts are directed towards moving a body or 
towards altering lu sonn^ way the motion it ah'cady possesst^s. 
Thus, a bowler exerts force on a cricket ball to give it motion; 
a batsman to altcu’ its motion; a fielder to stop its motion. W(^ 
may tlierefoi'c define force as any action which tends to 7novc a 
body or tends to alter the motion it already possesses, 

2. T Wa gnitllde of a. force. Although our muscular sen- 
sations convince us that wlidii pulling a garden roller up a slope 
we are exerting a greater force than when pulling it along the 
level, we are wcjU aware that these sensations provide us with 
a very imperfect means of comparing forces. For example, we 
should find it difficult to compare the force with wdiieh 'wo. palled 
a rollcir in one instance with that with which wo pushed it in 
another. This difficulty we experience (iven in the case of those 
forces which we are most accustomed to estimate, namely, weights. 
Can we, for instance, trust ourselves to guess the weight (and 
hence tlie postage) of a heavy envelope or j)arcel by the feel 
of it? 
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Forcen in One Straight Line [cii. 

T<one the less, when wo estimate that the fish wc have caught 
weighs one pound, or that the trigger of our guji has a scjvou- 
pouncl pull, however incorrect our estimate^ we know quite well 
what we mean to imply, for we are accustomed to vegai'd the 
downward })ull of a one pound weight or of a seven pound weight 
as a definite force and iissuiiie without aigunient that one is 
seven times the other. So in order that we may measure forces 
we require a set of weights marked in pounds. 

!Note that we have used the word ‘weight’ to denote both a 
standard piece; of metal and the foi*ee which it exerts on our 
liaiid when we hold it. No harm will be done in i*ontinuing this 
]>ractice since there is usually no doubt as to tlu; sense in which 
the word is employed. 

Tn denoting a force which is equal to the weight of, say, 
5 pounds, we shall wrilo it 5 lbs. wt. 



]f we wish to sh^ in a figure a force acting on a bexly at 
a given point wc shall indicate its direction by a line drawn 
from this point. An arrow is placed on this line to indicate 
what is called the ‘ sense ’ of the force, that is, to shew which 
way along the line the force is acting. Thus in Fig. 1 we 
indicate that the body is .acted upon by a pull of 5 lbs. wt. at A 
and a push of 4 lbs. wt. at in the directions shewn by the 
lines. 
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r] Forces in One Straight Line 

3. The use of a gpira,! spring to measure forces. 

To nieasuro a force we commonly use a spring-balance, the 
essential part of which is a spiral spring of steel wire. Bcfoi’e 
describing the balance we will examine the behaviour of a spiral 
spring under the actions of forces which caus(‘, it to stn'tch. To 
do this, the spring is suspended by one end from a fixed support 
and a weight-carrier is attacdied i-o the 
lower end. Beside it is clarnpt^d vei l ic^ally 
a graduated scrale so that the lower edge 
of the cai’rier is opposite to a conv(uiicnt 
division of th(', scale (Fig. 2). We now 
place a weight of 1 lb. on the carrier 
and measure the extension produced. On 
adding another pound, thereby exerting 
on the spring a force of 2 lbs. wt., wo 
find the extension produced by this force 
is twice that caused by the force of 1 lb. 
wt. For instance, if the spring stretclu's 

1 inch for a force of 1 lb. wt., a force 
of 2 lbs. wt. is found to stretch it 

2 inches and, on continuing the loading, 
we find a force of 3 lbs. wt. stretches it 

3 inches, and so on. Tf we now remove 
the weights we find, unless the load has 
been excessive, the spring returns to its 
original length. It should now be clear that we can use this 
sj)ring to measure forces and moreover that these forces need not 
necessarily be weights. For example, suppose we pull on the 
free end and observe that the extension produced is 3^ inches. 
Knowing that a force of 1 lb. wt. produces an extension of 1 inch, 
we rightly infer that the force we are exerting is one of 
3J- lbs. wt. 

4. Spring-balances, One form of this instrument, which 
we shall use for measuring pulling forces, is shewn in Fig. 3. Its 
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4 Forces in One Straight TAne [cii. 

construction is as follows. Tlio (^nds of a spiral spring are 
attached iniernally to the closed ends of two brass 
tubes, one of which slides inside the othei*. Tlie inner 
tube earrit'S a small stud, which works in a longitudinal 
slot cut in the outer tube, and servi*,s as an index 
to shew how much the spring has been extended. 

When the balance is to be graduated, it is hung by 
the ring from a fixcnl suj)port. Jn this ])Osition tlie 
spring is slightly cxteiKh*d by the action of its own 
weight and that of the inner tube, and the index 
descends a little. As we do not wish to take into 
account tht*se forces when w'e use the balance to 
measure others, we put a scratch on the edge of 
the slot, o]>posite to the point where the index comes 
to rest, and niaik this 0. If the spring has been 
designed to enable the balance to reiwl up to \ lbs. wt., 
a load of 4 lbs. is now suspcmdc^d from tb(^ hook and 
anotlurr scratch is made to mark the position of tlu^ 
index. The distance between 0 and this mark measures 
the extension of the spring for 4 lbs. wt. By dividing tliis 
distance into 4 equal ])arts we olrtain tlu^ points at which the 
index will rest when the stretching force is 1, 2, and 3 lbs. wt. 
These distances are further subdivided into 1 G equal parts so that 
a force may be measured to the nearest oz. wt. 

Notice that it is only when the balance is in a vertical 
position that the full weight of the inner- tube acts on the spring. 
Consequently the balance reads quite correctly only when it is 
used to measure a dowiiwai-d vertical pull. If it is employed to 
measure a force in any other direction the reading is slightly too 
small, but so slightly that as a rule we can disregard the differ- 
ence. 

When we want to measure pushing forces we use what are 
sometimes known as compression balances, two useful types of 
which are shewn in Figs. 4 and b. That represented in Fig. 4 is 
constructed and graduated so that when one end is fixed, the 
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biiliinot* mensuri's ('itlier a pu^hin^ or a pulling tuivr applied to 
tho t>thor eiui in the direction <»f its length. If you exainint^ the 
insider of thest^ halanees you will find th(‘y are (udy nioditieations 
of the extension halaiice descrihinl ahove; tin* push iij>}>Ue(l to 
the en<l, or pan, is eoinniuniealed to the fre(' entl of a spring (i»r 
springs) in sucli a way ns to stndeh it, the ext(*nsion produeed 
tlui^ lH‘ing proportiiuial to tin* forci‘ npplit‘tl, 

■ 




Fie. 4. 

5. How to apply a known force to a body in any 
direction. If, itistead of hanging a widglit of, lbs, 

directly on the hook of a spring kilai ice, we suspend this weight 
froui tiie hiKjk hy a light piece of string, the lialanee reiids 2 Ihs, 
wt. just tlie sanie. N<#w let us pass this string over a pulley 
as shewn in Fig. 6. If we use for our purjxisi^ a jiulley as fn^e 
froiii friction as possible, the l>alance still rea^is very nearly 2 Uis, 



iMjf. Ti. 


0 


Forces in One Straight Line [cH. 

wt. and coiitiuues to do .so in whatever position wo hold it. 
Moreover, if we raise or lower the weight by moving our hand 
and observe the balance during the motion, w^e lind the I’eading 
is still 2 lbs. wt., alw'ays provided that the motion is a perfectly 



steady one. By ‘steady’ we mean ‘of constant speed.’ If the 
motion is jerky, or even if the speed increases smoothly or 
decreases smoothly, the reading of the spring-balance will differ 
from 2 lbs. wt. 

We shall frequently take advantage of the above device 
to apply a known pulling force to a body in any required 
direction. Thus, if we wish to exert a force of 4 lbs. wt. in 
a given dirt^ction, we have only to pass a string coinciding with 
that direction over a pulley, and load the free end with 4 lbs. 
An illustration of this use of a pulley immediately follows. 

6. Equilibrium of a body under the action of two 
forces. Two strings are fastened to a light ring and then 
passed over pulleys clamped some distance apart (Fig. 7). To 
the free ends of the strings equal weights are attached. That 
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i] Forces in One Straight Line 

tlu ring should reinaiii at rest appears natural, for we know that- 
it. is acted upon hy e(pial and opposite forces (Fig. la). These 
forces are said to balance and tlio ring on wliicli they act is said 
to l)e ill eqnUibrinni. 



Fig. 7«. 


If either of these forces is increased by making one of the 
weights greater than the other, the ring no longer remains at 
rest but moves in the direction of the greahir force. Note also 
that the ring will not remain at rest unless the forces lie in the 
same straight line; if we pull the ring aside and then let it go, 
we find that it always returns to its original position where the 
strings, and therefore the forces, lie in the same straight line. 
Hence we conclude that when any body remains at rest under 
the actions of two forces only, these two forces are equal and 
act in opposite senses along the same straight line. 

We will now bring the ring up to one pulley and start it 
moving in the direction of the other. If the pulleys are 
free from friction, the ring keeps moving at the same speed; that 
is, the motion given to it is undisturbed by the forces exerted by 
the strings. Since these forces are the same during steady 
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motion as when the ring is at rest (Art. 5), tliey continue to 
balance one fuiotlu^r and the ring is still said to Ijo in equilibrium. 
This exj)ression must therefore be taken to imply either ‘at 
rest’ or ‘moving at constant speed.’ 

7- Supported body. Fig. 8 r(‘])resents a light ring to 
which a weight of P Jbs. is attached, tln^ ring being supported on 
a fixed horizontal peg. Ji<it us first ask ours(dves wliy the ling 
is at rest. We see that it is acted upon by a downward force of 
P lbs. wt. To keep it in equilibrium we know that the p(?g 
must exert upon it an equal foi’ce upwards (Fig. 9). To make 
this quite clear we have only to attach to the ring a vertical 
string passing over a pulley and fasten to the other tmd of the 
string a weight of P lbs. If we now remove the p(‘g the ring 
remains at rest (Fig. 10), shewing that the upward force of P 
lbs. wt. now' exerted upon it by the ujiper string, is the same 
as that which the peg ex(‘rted in the first place. 

Let us now consider the weiglit itself in Fig. 8. Wc see from 
Fig. 10 that this weight is acted upon by an upward force of 
P lbs, wt. It follows therefore that there must bo acting 
upon it an equal force downwards (Fig. 11). Wo realise that 
this force which is acting on the weight downw^ards is due in 
some way to the Earth and we call it the Force of Gravitation or, 
simply, Gi'avity. Thc^ magnitude of the force with wliich the 
Eai'th attracts a body is called the weitjht of the body. Notice 
that, up to this point, we have (as in ordinary life) talked of tlie 
weight of a body as the force which tlie body (ixerts on anything 
which sujtports it; in future we must think of the w^eight of a 
body as a force, acting upon tlui Ixidy itself. 

It can be shewn that any body has a point of balance, and 
that if the body is supported, c.//. upon a pivot, at this point, it 
will remain in equilibrium in any position, and, so far as the body 
affects its support, it behaves as though its weight were a single 
force acting through the point of balance. We shall discuss this 
question more fully in Chapter V^I; in the meantime we shall 
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s])(‘,ik uf the wei^^ht of a body as a single foi'cc^ acting througli 
^]ie centre of balance of the body. Anticipating Cliaptcr VI. we 



Fig. H. Fig. 0. Fig. 10. Fig. 11. 


may call the point of balance the ‘centre of gravity.’ For 
instance, we shall spt'.ak of tl»o weight of a uniform straight rod 
as a single force acting through the rod’s centre. 

8. Equilibrium of a body under the action of 
several forces in one straight line. We will now fit up 

the arrangement shewn in Fig. 1 2. Thi*ee strings, carrying loads 
of 5, and 2 Ihs. respectively, are pas.sed over three separate 
pulleys and fastened to a small ring. The pulleys are supported 
in a straight line so that the strings carrying the loads of 2 and 3 
lbs. lie parallel to another. The ring is now acted upon by three 
forces in one line, namely, a pull of 5 lbs. wt. to the left and two 
j)ulls of 2 and 3 lbs. wt. to the right. 

As we should e^xpect, these forces balance and the ring is in 
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equilibrium. 8o also, when any number of forces act on a body 
in one straight line, the body is in equilibrium when tiie sum of 



the forces of one sense is equal to the sum of the forces of 
opposite sense. 

9. Resultant. Observe tliat, if we replace the weights 
of 2 and 3 lbs. in the preceding ease by one weight of 5 lbs., 
the ring is still in equilibrium. Hoikh*- a force of 5 lbs. wt. 
acting to the right lias thci same ellect as the two forces of 
2 and 3 lbs, wt. acting together. A force which, acting alone, 
has the same effect as two or more forces acting together, 
is called the resultant of these forces. We see that the i*(3sultant 
of forces acting in the same straight line, and of the sanu*. sense, 
is equal to their sum. 

Further, since we may regard the force of 2 lbs. wt. acting 
to the right as balancing the opposite forct's of 5 and 3 lbs. 
wt., it is clear that these last two forces ai*e equivalent to one 
of 2 lbs, wt. acting to the left. That is, the resultant of forces 
in the same line and of opposite sense is equal to their difference;. 

We shall find experimentally the resultant of a number of 
forces by first finding a single force which balances tliem, and 
then assuming that the resultant is equal in magnitude, but of 
opposite sense, to this ‘balancing force.' 

10. Experimental exercisea. The following pieces of 
apparatus are designed to illustrate the foregoing principles. 
The reader should fit up for himself several of these, or similar, 
arrangements, and should think out the answers to the following 
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qiiostioiis with tlu; ap]){iratus before him. li(' should tlum vt?nfy 
ills answers as far as possible. Since the spring-balances only 
weigh about 2 or 3 ozs. each, their weights may be neglected 
in comparison Math the other forces acting. If the I'oadings of 
the balances are found to differ slightly from tli(> values you 
predi{‘t, endeavour in each case* to find the reason for this. Tn 
the figures the numbers against the weights indicate ])ouiids; a 
shaded block represents a fixed support. 







Fig. 16. 


£x. 1. (Fig. 13.) (a) What are the readings of the balances A and B? 
(h) Specify the forces acting on the weight of 2 lbs. 

Sx. 2. (Fig. 14.) (a) What is the reading of the balance ? 

(h) Will the balance read the same if attached the other way round ? 

(c) What forces keep the balance in equilibrium ? 

Ex. 3. (Fig. 15.). {a) What are the readings of the balances A and B7 
(h) What forces are acting upon these balances and by what are they 
exerted ? 


Ex, 4. (Fig. 16.) (a) What do the balances read? 

{h) If the right-hand weight is given a start downwards, what do the 
balances read during the motion ? 




J 2 Forces in One Straight Line [cH. 

Ex. 6. (Fig. 17.) {^^) WJiat are the midinfjfs of the bahuiccR A aiul J> ? 
{()} Hpetiify the furcew acting on the weight of 1 lb. 

Ex. 6. (h’ig. 18.) {a) What forces are acting on the weiglit of 2 lbs. ? 
(h) What is the reading of the balance ? 




Ex. 7- (Fig. 19.) The weight is fastened by two separate strings to 
the balances whose rings are supported by your hands. 

(a) What is the sum of the readings of the balances ? 

{h) AVhat is the resultant of the forces which the strings exert on tlio 
weight ? 

((') If you separate your hands so that the strings are inclined to each 
other, is the sum of the rejidings of the balances the same as before ? 

Ex. 8. (Fig. 20.) (a) What force does each string exert on the balance, 

and what is their resultant? 

(h) What is the reading of the balance ? 

(c) What force balances the pulls of the strings and by what is it 
exerted ? 


Ex. 8 . (Fig. 21.) (a) W^hat arc the readings of the balances A and B? 

(b) What forces are acting on the weight of 2 lbs. ? 
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Ex. lO. (Fig. 22.) (a) What is the reading of HI 

{b) Wliat forces are acting on the weight of 7 lbs. ? 

(c) What is the reading of A? 

Ex. 11 . (Fig. 23.) The balance A is pulled upwards by the band. 

(а) If A reads lbs. wi. and Ji reads Q lbs. wt., specify all the forces 
acting on the weight of 7 lbs. 

(б) What is tlie value of P+Q ? 



Fig. 20. 


Ex. 12. (Fig. 24.) Pieces of the same thread arc used for the connections. 
Increase the b)ad W till the thread breaks. 

(a) Which piece of thread will break and why? 

(b) If the grejitest pull the thread can stand in 5 lbs. wt. , what is the 
value of JV? 



J^ig- 21. Fig. 22. Fig. 23. Fig. 24. 
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Ex. 13. (Fig. 25.) (ti) What forces are acting on the weight of 3 lbs. ? 
{b) Wliat is the reading of the balance ? 



Fig. 25. Fig. 26. 

Ex. 14. (Fig. 26.) The horizontal strings are first attached to the ring C 
and then the other strings are arranged vertically without disturbing them. 

(а) What are the forces acting on the weight of 7 lbs.? 

(б) What are the readings of the balances? 

(c) Draw a diagram shewing the forces acting on the ring C. 



Fig. 27. Fig- 28. 
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B3L. 15 . (Fig. 27.) The string passes round a movable pulley to which 
the weiglit is fastened, the string on each side being vertical. 

What is the reading of the balance? 

ZS3C. 16 . (Fig. 2H.) A light piece of cardboard is suspemded as shewn. 

(a) What forces are acting on the cardboard ? 

(b) Sketch the position in which the cardboard will come to rest when 
the bottom weight is removed. 

11. Action and Reaction. Stress, From thn foio- 
^oing examples we scii that, in considering the equilibrium of a 
bodj^, we must bc^ careful to recognise and (.‘Onfine our attention 
to all the forces acting on it. These forces, however, are exerted 
hj/ other bodies and if we turn our attention to these bodies, we 
realise that they also are act(‘d ujiGn by the body in question. 
Let us examine, this mutual action between bodies. 

If you press witli 3 mur right hand on your left, you realise 
that your left baiul presses back on your right. If you pull on a 
lixed string you feel tlu', string pulling back on your hand. Thus 
we observe^ that, whenever a force is exerted, we got not a single 
force but a pair of forces which act in opposite directions on 
dilffu'ent bodies. Moreover, these two fori^cs are al way’s of equal 
magnitude. To demonstrate this, we hook togetlier two spring- 

A B 

Fig. 29. 

balances as sliewui in Fig. 29 and pull the rings of the balances 
apart. We see that the readings of the two balances are always 
equal, shewing that the pull of A on B (indicated by the reading 
of B) is always equal to the pull oi B on A (indicated by the 
reading of A), Thus, when we pull on the hook of a spring- 
balance, it pulls back with an equal and opposite force, and 
therefore the reading of the balance may be taken to register 
either the force acting upon it or the force which it exerts. 

In the same way by taking two compression balances, placing 
them end to end and pressing them together, we may shew that 
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the push whicli the first oxerte on the second is equal and 
opposite to that which tlie s(‘cond exei’ts on the fn'st. 

Tliese are illustrations of «u more general result which may ho 
stated thus: whc‘ncvoj* one body exerts force upon another, tho 
second body exerts an equal and opjiosite force on the iirst. 
This latter force, whicli is called into play l)y the aciion of the 
first body on the second, may be called a reaction. Jlenco tliis 
principle is usually expiessed shortly by saying that ‘lo (jvery 
Actitui there is an equal and opposiU^ Keaction.’ 

Since it is conveiiioJit to have a name for this pair of forces 
which constitute a mutual action hctwe(‘n two l>odies (or two 
parts of a body) wc call it a Stress. 

As a further example of what is meant by those terms, take 
the case of a hoy standing on the ground. His fo(?t press on 
the ground with a total downward force*, which is equal to his 
weight. The ground presses Iwick on his feet with an (H(ual 
upward reaction. These two forces tog(:*thei* constitute a stress. 
We do not always think of the i-oactioii of the ground, hut it 
hoconies painfully obvious when we walk with bare feiit a 
pebbly boach. 

12. Friction. Just as important as the vertical sti’ess 
between our feet and the ground is the horizontal stress set up 
when we start to walk. Tn this case th(*. reaction brought into 
play acts along the surface of contact and is caused by what is 
called Friction. Let us examine the nature of this friction. 

T\^hen we hold up a book or a plate of glass with its plane 
vertical, by pressing it between the finger and thumb, why does 
it not slip downwards? The horizontal forces (jxerted upon it 
by the finger and thumb balance one another but have no 
direct effect in preventing the object from falling. We therefore 
infer that upward forces acting on the object have been called 
into play at the places where our finger and thumb are pressed 
against it. Again, consider a book resting on a table. The 
only forces acting upon it are its weight downwai*ds and the 
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equal upward reaclieu of the table. If we now apply a ^enth^ 
horizontal push or pull to it we find it does not move. By our 
action we have evidently called into ])Jay an equal and opposite 
reaction which prevents the book from moving. Further, if wt‘ 
increase the ai)plied force until th(» book starts to move, we 
find that w(' must continue to exert a certain fol■cc^ to kei‘p it in 
steady motion. H(‘nc(*, in this case also th(ue must be acting 
on the under surface of the book an e(|ual horizontal reaction 
opposing its motion. 

This force which prtwents or tends to prevent the sliding 
of ont5 surface ovei* another is called the Force of Friefion or 
Frictional Resistance. It owes its {existence to the inequalities 
of the sui-fa<-es in contact-; the rougher these ar(‘, the greater is 
t.lui force of friction which can be called into play between tluuii. 
W(*, cannot slide far on a stone floor, how(^ver smc)oth it appears 
to b(\ With the same effort we can slide much farther on a sheet 
of ice, and farther still if we put on skates and thus substitute 
polished st.(H‘,l runners for the comparatively rough surface of the 
soles of our boots. Now, no surface can be made absolutely 
smooth; even the surface of polisluHl silver, when viewed under 
a microscope*, is seen to be covered with innumerable scratches. 
Hence it follows that when jiny two surfaces (however highly 
polished) are })ressed togetlKT, minute projections on one surface 
interlock to some extent with minute hollows on the other, and 
consequently force is required to make oiu^ slide over the other. 
The following simple experiment will help you to realise the 
nature of friction. 

Kxj)eriment, Connc^ct a spring-balance by a sti’ing to one 
end of a thin flat piece of wood. Place this on a smooth table 

, ‘"■wo*".' 

Fifi. 30. 

or horizontal plane of some kind and load it with a weight of 
10 lbs. (Fig. 30). Pull the ring of the balance horizontally. If 
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the pull is applied gradually tlie wooden slide at first remains 
at rest. As the pull increases, the friction increases and always 
opposes to it an equal and opf)osite force. Hence the reading of 
tlie balance gives the force of fiiction at any moment. But we 
find that, as we increase the pull, the friction cannot increase 
beyond a certain limit, for when the pull exceeds a certain value 
the slide starts to move. 

Tlie maximum value of the force of friction, which is indicated 
by the reading of the balance when the slide is just on the point 
of moving, is called the JAmitlny Friction or Hiartimj Friction. 
Jf we now read the balance while we pull the slide along witli 
steady motion we obtain the value of wliat is called the Sliding 
Friction, The forces acting on the 'wooden slide when it is in 
equilibrium, i,e. when at rest or moving steadily, are shewn in 
Fig. 31, the magnitude of the friction in each case being equal 

Weight 


^ Pull 

A 

Reaction 

Fig. 31. 

to the pull we exert. We find that the pull necessary to start the 
motion is always somewhat greater than that necessary to main- 
tain it, that is, the Starting Friction is greater than the Sliding 
Friction. The magnitude of the Limiting Force of Friction, 
which one surface can exert on another, is found to obey certain 
simple laws, but we will defer the experimental investigation of 
these laws till Chapter IV. 

We may remark here, however, that common experience tells 
us the chief factors which govern the Limiting Friction between 


Friction 

< 
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surfaces. Thus, we know it largely depends on the ni;itcrials in 
contact; for instance, there is less tendency to slip on a dry 
surface if we have rubber soles to our shoes. Again, friction 
increases with the pressure or normal stress betwejen the surfaces. 
This fact we niakc^ use of instinctively; for instance, to diminish 
the tendency of a cricket bat to slip in our hands we grasp it 
more tightly; to increase the friction between the brake and tlie 
rim of the whetd of a bicy cle we pi ess harder on the opt', rating 
lever. 


13. Effects of Friction. We have only to examine any 
machine in action, for instance, a screw-jack or any kind of 
engine, to observe that surfaces between different parts of the 
machine are sliding over one another. Sliding friction is there- 
fore brought into play and opposes the motion which it is 
necessary to maintain. Clearly the efiect of this is that a force 
has to be applied to work the machine greater than would 
be necessaiy if there were no friction. For instance, in Art. 5 
we shewed that we could raise a weight by a string passing over 
a pulley, by pulling on the free end with a force very nearly 
equal to the weight, providing the pulley was specially constructed 
so as to be as free from friction as possible. 

If we repeat this experiment with an ordinary commercial 
article such as a common ship’s pulley block, we shall find that 
to raise a weight of 56 lbs. we shall have to pull with a force of 
about 63 lbs. wt. We can regard this force as the sum of two 
forces, namely, one of 56 lbs. wt., which is instrumental in raising 
the load, and one of 7 lbs. wt., which is instrumental in making 
the sheave of the pulley block turn against the opposing frictional 
resistance at its axle. 

Having indicated the ill-effect of friction in impeding motion, 
we should at the same time point out that friction has often a 
very useful effect in being indirectly the cause of motion. For 
example, but for friction between our feet and the ground we 
could not walk. Unless there were friction between the driving- 
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wheels of a loeoinotiv(i and the rails, no train could be moved. 
It is owing to friction tliat motion can be tran.sniitted by means 
of belts and pulleys as, for instance, in iiiotor bicycles, or by 
friction-clutches, as in motor cars. It is to increase friction that 
a locomotive is provided with an apparatus for putting sand on 
the rails when tliese are slippery. For similar reasons a billiard 
player chalks his cue, a gymnast puts resin on his hands, and 
a bowler uses sawdust on a wet day. 

14. Methods of reducing the effect of friction. 

Friction can be grc^atly reduced by interposing betwecui the 
surfaces a lubricant, such as oil or greas(\ In such cases the 
surfaces are not in actual contact but separated by a thin 
film of the lubricant over which they slides For lubricated 
surfaces the friction depends on the quality of the lubricant and 



Fig. 32. 


on the extent to which it succeeds in keeping the surfaces clear of 
one another. We can still further reduce the resistance offered 
to the movement of one surface over another by interposing 
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l)etweon thorn a nunilx^r of small hard spheres, which roll as the 
movement takes place. Thus, if we rest a book on a number of 
largo-sized shot placwl on a table, we find that a very small 
horizontal force will produce and maintain motion. The shot 
do not slide but roll over th(^ surfaces. 

There is a little resistance to rolling (so-c^alled llolling Friction) 
which is found to be due to the fact that the surfaces at the 
points of contact become to some extent inrlented. Better results 
are therefore obtained by using harder materials, as we can well 
illustrate by placing steel balls bctwcxm two plates of glass and 
comparing the lesistance to motion with that of the book on the 
shot. 8teel balls are used to reduce the axle 
friction of bicycles and motor cars. Fig. 32 shews 
ihe ordinary iidjustablo ball-beeiriugs of a bicycle 
wheel, the free running of which is familiar to every 
one. The hub of tlie wheel is separated from the axle 
about wliich it revolves by a circle of hai*d steel 
balls at each end. An end section in Fig. 33 
shews the arrangement of the balls between the hardened steel 
surfaces of the cone and hub. 

15. Transmiasion of force. Tension and Com- 
presaion. If one end of a cord is fastened to a staple in the 
wall and we pull on the other end, the force we exert is trans- 
mitted unchanged to the staple irrespective^ of the length of the 
cord (Fig. 34). Even supposing we were not aware of this fact 
at the outset, the experimental demonstrations in Arts. 5 and 10 
should have made it familiar. We will now examine this more 
closely. 

If the pull we exert on the end of tlie cord is P lbs. wt., 
the staple must exert an opposite force of P lbs. wt. on the 
other end to keep the cord in equilibrium (Fig. 34a). These two 
forces tend to stretch the cord ; the material in resisting exten- 
sion exerts equal and opposite reactions at its ends on the hand 
and on the staple (Fig. 34i). Thus the staple is being pulled by 



Fig. 33. 
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the cord with a force equal to that exerted by our hand and this 
is clearly indc^pendent of the length of the cord. 
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Fig. 34. 


Fig. 34rt. 



Fig. 34?>. 


The cord is said to be in tension^ and the two equal and 
opposite forces juding on its ends are said to constitute a Tension^ 
since they tend to stretch the material in the direction of the 
forces. The tension in the cord in this case is said to be F lbs. 
wt., that is, the tension is m(5asur(‘d by the magnitude of one 
of the forces which constitute it. 

If we substitute a light stiff rod for the cord above and press 
one end of it against the staple in th(». wall by applying a pushing 
foi’ce to the other end, the push we exei‘t is likewise transmitted 
by the rod to the staple. The rod in this case is in equilibrium 
under the action of two pushing forces at its ends which tend to 
shorten it and it is therefore said to be in compresaion. The rod in 
resisting this shortening (*ffect reacts on the hand and on the 
staple witli forces equal and opposite to those exerted upon it, 
with the result that the force which w^e apply to the end of the 
rod is transmitted unchanged to the staple, whatever the length 
of the rod may be. 


16 . Internal condition of a body under stress. Up 

to this point we have contined our attention to the stresses set 
up at the ends of a cord or rod. We will now consider what 
happens to the material itself when in tension or in compression. 
If we hold the ends of a stout piece of rubber cord with our 
hands and then pull them apart, we notice that the cord becomes 
longer and also thinner throughout its length (Fig. 35). This 
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shews that when the cord is in tension, every part of the material 
is stretched in the direction of the applied forces. Forces 
therefore must be pulling on the ends of every piece of the cord 
along its length. Also, since the whole and eveiy part of the 
cord ai*c in equilibrium, it follows that all these forces must be 
equal, that is, the tension must be the same throughout the 


J Elastic cord unsttetched. 



Fig. 35. 


length of the cord. Tf we pull on the ends of a rod, a piece of 
string, or a wire, instead of a rubber cord, the material behaves 
in the same manner, but this is not apparent because the altera- 
tions in the dimensions produced by the tension are too small 
to be observed by eye. That the material really is stretched, 
however, we can prove by the use of very accurate measuring 
instruments. The action and reaction between any two parts 
of the material tending to pull one part away from the other 
constitute an interiicd stress. 

Tlui alteration in the shape of the material caused by the 
stress is called the strain. This strain in the case of tension 
consists, as we have seen, of an increase in the length of the 
material in the direction of the stress and a corresponding 
decrease in its other dimensions. In the case of compression 
the strain produced is of exactly the opposite kind. For instance, 
when we press on the ends of a block of rubber, we obsei ve that 
the material is shortened in the direction of the forces and its 
section at right angles to this direction is increased. Thus we 
see that each part of the block is shortened and hence it is clear 
that forces must be pushing on the ends of every piece of the 
material along its length, For equilibrium we know that al} 
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these forces iniist be (icjual, that is, the compression must be the 
same througlioiit the lengtli of the block. 

The internal stn^ss in this case consists of the action and 
rwiction between any two parts of the material tending to pr(‘ss 
one part into the other. 

Although we have only con.siderc‘d, above, forces whicli, acting 
on a body, increase or decrease its length in their own direction, 
we may notice hc'-re that forces may produce other (‘ifects on the 
material. For instance, the forces acting ou a body may tend to 
make one part of the material slide over anotluT, wlien the 
material is said to lx', subjected to shear stress, A stress of 
this kind is sot up in a piece of thick cardboard wh(^n w(». cut 
it with a pair of scissors. This internal stn^ss is of a similar 
nature to the oxtoinal frictional stivss set up betwfjon two 
surfaces (Art. 12). 

17 . Rigid bodies. Transmissibility of Force. We 

SCO then that all bodies when acted upon by forcevs are subje(;ted 
to internal stresses which tend to Inx^ak them and which 2 )roduce 
in them some change^ of shapes Jt is iinportfint always to bear 
these facts in mind. At tlie same time we know that this change 
of sluqx^ is often so small as to be inappreciable. Now, in Statics, 
our aim is to discov(*r, aiid to use, the relations existing between 
forces which keej) a body in equilibrium. Hence, in this book, 
wo shall consider the tendencies of forces to move a body as a 
whole, ratJier than the effects which these forces i)roducc on 
the material of the body. For this reason we shall deal chiefly 
with bodies whose material is capable of withstanding the actions 
of applied foi’ces without undergoing any appreciable distortion. 
Such bodies are said to be riifid. In considering the equilibrium 
of a rigid body it is im})ortant to observe that we may regard 
any given force applied to it as acting at any point in the line 
of action of this forc(*. That is, the tendency of a force to move 
a body as a whole is not altered by altering its point of applica- 
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tion, provided this point remains in the line of action of the force 
'iiid is rigidly connected to the body. For instance, suppose we 
hang a sheet of cardboard from a spring-balance and suspend 
a weight by a string from a hook passing through the cardboard 
at A (Fig. 36). 



Fig. 3(). Fig. 37. 


If we now transfer tliis hook from A and pa*ss it through the 
cardboard at any point which lies in the direction of the string, 
such as 7i, we do not thereby alt(?r the position of the cardboard 
or the reading of the spring-balance. As regards the equilibrium 
of the cardboard, we may therefore consider the force which the 
weight exerts upon it as acting at any point in the line of action 
of the force. 

As another example, consider the arrangement in Fig. 37. 
A rigid spar pivoted at its lower end is held in position by 
applying a fm*ce to the end of the rope AB which is connected to 
two ropes BC and BD attached to the spar* at (J and D. In 
considering the equilibrium of the spar we may consider this 
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force as acting upon it at E, for if, instead of the arrangement 
shewn, we were to tie a rope at E and pull it with the same force 
in the direction BA the spar would still be found to be in 
equilibrium. The ropes BA^ BD and BC are in tension and, 
under these circumstances, behave as parts of a rigid body. The 
different arrangements of the ropes have the same effect upon the 
equilibrium of the spar as a whole though different effects upon 
the material of the spar. 

18. Rods hinged or pinned at each end. Ties and 
Struts. Lot us take a light stiff rod having a hole drilled 
through it at (*4ich end. Holding a pencil in each hand, let us 
pass them through those holes (Fig. 38). 



In what ways can we now exert forces on the ends of the rod 
so as to keep it in equilibrium ? 

The forces acting on the rod will be (1) the action of the 
pencil at (2) the action of the pencil at B, (3) the weight of 
the rod itself. If the weight of the rod is small in comparison 
with the other forces, we can neglect it. This being so, the 
forces exerted by the two pencils must balance one another, and 
this is only possible if they are equal and act in the same straight 
line, and this line must be AB, Hence the rod must be acted 
upon either by a direct pull or a direct thrust at each end, that 
is, it must be in tension or compression only. Note carefully, 
however, that this is no longer true if any other force is 
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applied to the rod between A and B in a direction inclined to it. 
Now rods, pinned or hinged at each end, like the one above, are 
used in the construction of many mechanisms and of many 
structures, such as those used for supporting roofs and bridges. 
For instance, consider the conm^ctiiig-rod of a st('am-engine, the 
jib of a crane (Fig. 133 on p. 257), the bar DH in Fig. 84 on p. 147. 
Tn all such cases as these, if we can neglect the weights of the 
meinbei’s themselves, these members ai'e acted upon only by 
forces exerted by the })ins at their ends and hence must be simply 
in tension or compression. Those members which are in a state 
of tension tivc called tws; those in a state of compression are 
called st7‘iUK. 

An important dilTerence between a tie and a strut should be 
noted. Tn a tie the pulls on the two ends tend to keep the rod 
straight, while in a strut, if the rod becomes but slightly bent, the 
thrusts on its ends tend to bend it more. Consequently, tics are 
usually made of solid rods of a simple sectioxi, round or rect- 
angular, while struts are made of a section specially designed 
to resist buckling. For instance, the members of a bicycle frame 
are made of a hollow section since a tube offers greater resistance 
to bending than a solid rod of the same weight. 


Examples I. 

1 . A spiral spring, when hung from a fixed support and loaded at the 
lower end with a weight of Gibs., is found to stretch 4 inches. What 
extension would be produced in this spring by a load of 4 lbs. ? 

2 . If a pull of 8 lbs. wt. is required to increase the length of a certain 
spring by 3 inches, what pull will be required to increase its original length 
by 6i inches ? 

8. Given a piece of stout indiarubber cord, explain how you would 
construct, and graduate, an instrument to measure forces. 

4 . A spiral spring was suspended from a fixed support and various 
weights were attached to its lower end. The heights of the upper and 
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lowf^r ends of tho spring above the table were measured for each load. The 
results in the following table were obtained : 


Stretching force 

Height of upper 
end of spring 

Height of lower 
end of spring 

Length of 
spring in 

in lbs. wt. 

in inches 

in inches 

inches 

0*fi 

l4-r> 

9-3 


0*8 

14*5 

8*(> 


1*0 

14*5 i 

7*9 


1-2 

14-5 j 

7*2 


1-4 

14*5 1 

Crr> 


IG 

14*5 i 

5-85 

1 

1*8 

14-5 i 

5-1 

I 

, ! 


Obtain the numbers for the last column. 

Plot a graph on squared paper to shew how the length of the spring varies 
with the stretching force, measuring the latter along the horizontal axis. 

Find from your graph the probable length of the spring (a) when 
unstretched, (h) when the stretching force is 0*2 lb. wt,, and (c) when the 
stretching force is 1*5 lbs. wt. 

6 . When a weight of 3 lbs. is suspended from the lower end of a spiral 
spring, the length of the spring is 6-9 inches. When the weight is increased 
to 5 lbs. , the length of the spring is 7-5 inches. 

What is the unstretched length of the spring ? What will its length be 
when the suspended weight is 4 lbs. ? 

6 . A spring-balance is hung from a fixed support and carries a load at 
its lower end. If the balance reads C lbs. wt., what forces are acting on the 
ends of the spring ? 

7 . A 12-stone man standing on the ground pulls downwards on a vertical 
rope which passes over a pulley and carries a load at its other end. What 
is the greatest load the man can raise in this manner, if the friction of tho 
pulley is negligible ? 

8 . When is a body said to be in equilibrium ? What is the condition 
for equilibrium in the case of a body acted upon by forces in one straight 
line? 


9. A sack of coals weighing 1 cwt. is being raised by a rope at a steady 
speed. What force is the rope exerting on the sack ? 
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10. A sleam tug, in towing a vessel at a certain steady speed, exerts on 
the tow rope a force of 5 cwt. What force does the rope exert on the tug? 
Whal resistance does the water offer to the vessel’s motion ? 

11 . The tension in a certain string is 5 lbs. wt. Explain what this 
means. What forces are being exerted by this string ? If a spring-balance 
is inserted in this string at any point without altering the tension, what will 
the balance read ? 

12 . If the strings in Fig. 7 on p. 7, instead of being fastened to the 
ring, are fastened to the ends of a light spring-balance, what will the 
balance read? If the balance is now moved steadily to the right or to the 
left, what will it read during the motion ? 

13 . What is meant by the resultant of two forces? 

One man pulls a cart with a force of CO lbs. wt. while another pushes 
behind with a force of 45 lbs. wt. What is the resultant of these forces ? 

If the motion of the cart is uniform, what is the resistance to its motion? 

14 . Explain what is meant by Friction. Under what circumstances is 
friction called into play between two surfaces ? 

15. Describe the action and reaction which are brought into play between 
two bodies 'when one is made to slide over the other. Explain the cause of 
this frictional stress. 

16 . A man pulls with a horizontal force of 8 lbs. wt. on the end of a 
plank resting on a horizontal bench, but the plank does not move. What 
is the force of friction acting on the plank? 

When another man, at the same time, pushes horizontally on the other 
end of the plank with a force of 7 lbs. wt., the plank just starts to move. 
What is the magnitude of the Limiting Friction ? 

When once started, one man can keep the plank moving steadily by exerting 
a force of 11 lbs. wt. What is the magnitude of the Sliding Friction ? 

17 . (Fig. a.) A wooden slide Ay which weighs ^ lb., and carries a load 



Fig. (a). 
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of 7 lbs., rests on a horizontal table. The ends of the slide are connected by 
stringy over pulleys (whose friction is negligible) to the weights F and Q. 

(i) It is found that when P~2 lbs. and Q = 3-5 lbs., no motion is 
produced. What is the force of friction acting on the slide and in what 
direction does this force act ? 

Draw a sketcli of the wooden slide alone, shewing all the forces acting 
upon it. 

(ii) When F~ 3*5 lbs. wt. and Q~0*3 lbs. wt., the slide, on being started, 
moves steadily along the table. What is the force of the Sliding Friction ? 

(iii) If g = 7‘5 lbs. wt., what must be the value of F so that on being 
started the slide will move steadily to the (a) left, [h) right ? 

(iv) If there wore no friction, what would be the resultant force acting on 
the slide in each case ? 

18 . A book weighing { lb. is at rest when pressed against a vertical 
wall by a horizontal force of 1*4 lbs. wt. 

Draw a figure shewing the horizontal and vertical forces acting on 
the book. 

If the book is on the point of sliding down, what is the magnitude of the 
Limiting Friction between the surfaces of the book and the wall ? 

19 . Describe any part of machinery you have seen in which the force 
of friction serves a useful purpose. Describe some other part in which the 
existence of friction is a drawback. 

20 . Why will a coin, when given the same shove on a table, travel 
farther on its edge than on its face ? 

When travelling on its edge, why does it go farther when there is no 
cloth on the table than when there is ? 

21 . If a pulley wheel works stiffly, we oil it. Explain how this reduces 
the friction. 

22 . To raise a weight of 85 lbs. by means of a rope passing over a 
pulley, a man finds he has to exert a pull of 96 lbs. wt. How much of this 
force is required to overcome the friction of the pulley ? 

23 . Describe how you would design a laboratory form of pulley to have 
as little friction as possible. 

24 . A pile of 6 note-books rests on a table. If you apply a horizontal 
force to the top book, why does it alone slide? If you apply a horizontal 
force to the third book from the top, why do the top three books move 
together? 
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25. A row of light spring-balances are hooked togetlier and one end of 
the row is fastened to a fixed support. The other end is now pulled with a 
force of 8 lbs. wt. What does each balance register ? What forces are 
acting on the ends of each of the springs ? What forces are exerted by each 
spring ? 

26. A chain is fastened at one end and is pulled at the other end with 
a force of 80 lbs. wt. Sketch one link of the chain and shew what forces 
are acting upon it. The weight of the link need not be considered. What 
forces are being exerted by this link on the links with which it is coupled ? 

27. A pile of 5 books, each weighing 2 lbs., is placed on a table. What 
is the stress between the lowest book and the table? What is the stress 
between the third and fourth books from the top ? 

28. A telegraph pole is partly supported by a wire stay fastened to 
a stake in the ground. What is meant by saying that the tension is the 
same throughout the length of the stay ? If this tension is GO lbs. wt. , what 
forces are acting on the stay, and hy what bodies are these forces exerted ? 

What forces does the stay itself exert, and on what bodies arc these forces 
exerted ? 


29. Fig. (b) represents a pair of Dutch draw longs, hung from a bar /f. 
The end of a wireaZ^, which has a tension of 300 lbs. wt., is clamped between 
the jawsyy of the tongs. What is the resultant force of friction of the jaws 
on the wire ? 

What force does the tension in the wire produce on the bar B ? 

If the weight of the tongs is 12 lbs., what is the reaction of the bar B ? 
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MACH INKS. PKlNCfl'LE OF WORK 

19. Machines. Howovct a man may bo, thcMc^ is 

a limit to tlic muscular force whicli he can oxcart. No man, 
for instance, can din^ctly lift a body weighing a ton. It is true 
that if the body is capable of b(‘ing divided up into a numbeii* of 
})arts, say, 40 parts each of 56 lbs., he can then raise the body, for 
he has only to exert a foi‘ce of 56 lbs. vvt. Notice, however, that to 
i-aise the body any given height he has to exert this force through 
a distances 40 times the height which the whole body is raised. 
But this method is often impossible or inconvenient in pi*actice. 
He can, however, bodily lift a load of a ton by using a 
suitable machine. For example, if lie wishes to raise one end of 
a motor eai* until the wlieels are clear of the ground, he uses a 
screw-jack, for by applying a small force to this machine and by 
continuing to exert this foi*ce through a considerable distance, he 
gives the machine the capacity of exei'ting a very large force 
through the necessary few inches. A more common type of 
machine which we use to multiply our effort is a simple lever*. 
For instance, when we employ an iron bar to prise open the lid of 
a box, a large resistance is overcome by one end of the bar when 
we apply a comparatively small effort to the other* end. Notice 
again that we exert this effort through a much greater distance 
than that through which the resistance or load is oveioome. 

Besides levers and screw-jacks, there arc many other kinds of 
machines, such as winches and various arrangements of pulleys, 
which we shall presently describe. In each of these, also, a 
comparatively small force, called the effort, acting through a 
certain distance, is used to overcome a lai*ge resistance, called 
the load, through a much smaller distance. There are also certain 
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machines in whicli the reverse ef!ec;t is prcxliietnl. We shall st'e 
that a bicycle and a hydraulic craiKi are examples of this class. 
In thesis a large forc^e acting through a coiiipai’atively small 
distance is usc^fi to overcome a smaller forces through a much 
greater distan(;e. 

A machine, then, is a mechanical contrivance by means of 
which a small foi*<*e acting through a large distance may be 
made to o\'(Tcom(* a larger force through a smaller distance; or 
\'ice versa. 

What is th(' primtiple underlying this valuable ])i‘o])(U'ty of 
machines whend)y force can Ixi multiplied? 

Befor(‘- searching for this principle \v(‘ may remark that we 
know from experience that friction has an imf)ortant effect on tlu^ 
Is'liaviour of a machine. If a machine works more* stiffly than 
usual we attiibnU', this to excessive friction, and <jil it. We (jan, 
however, constru(;t c(Ttain sim])le machint^s in which tin; (effect of 
f!*iction may be r(‘ndcr<jd negligible and it is with siujh machines 
thfit W(‘. shall first (‘xj»eriment. 

20. Experiment on a Simple Lever. Th(‘, following 
ex]>eriinent with a sim})le straight lever will (uiable us to com- 
pare the forces (^x(;rted on and by this machine, and tlici distances 
through which these forces acjt. 

A straight rod A H is ])ivot(xl at C, the pivot (iw fulcrum as it 
is called) be'ing as frictionless as possible (Fig. 39). The lever may 
be balanced so that it will remain at rest at any inclination, by 



Fig. 39. 


placing a counterpoise weight on the shorter arm AC, To find 
what downward efl’ort {P) applied at B wdll overcome a given 
resistance (If) at a load of TTlbs. is placed on a pin passing 

3 


M.&K, 
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through the rod at and then weights (P) arti added to a similar 
pin at B until, on being given a start., the tmd B moves down with 
steady motion. 

By measuring the vertical lunghts of the pins at A and B 
from the tables wlnai the r(xl is horizontal, and again when the 
rod has been <lisj)laced thi-ough an}’ angle, we find the vertical 
distances througli which tliese weights have moved, namely the 
distances DA and BE (Fig. 40). 



If EB is the vertical distance through which the effort P has 
acted, DA is the corresponding v(u-tical lieight by which the load 
FT has been raised. We see from the similar triangl('.s in the 
figure (or alternatively we may prove by direct measurement) 
that the distance through which the effoi’t acts and the lieight by 
which the load is raised are in the same proportion one to the 
other as the corresponding arms of the lever, 
le. EBjAD^ECICD, 

Let us use a lever 1 metre long so arranged that we can fix 
the fulcrum at any point we please; let us make tho distance of 
C from A successively 50 cms., 33^^ cms., 25 cms. and 20 cms., and 
therefore the corresponding distances of C from B 50 cms., 
66g cms., 75 cms. and ^>0 cms. In the first case the arms of the 
lever are equal and the weight is raised a height equal to the 
distance through which the effort acts; in the second case the 
effort arm of the lever is twice the length of the weight-lifting 
arm and the weight is raised a height equal to half the distance 
through which the effort acts; similarly in the third case the 
weight is raised a height equal to one-tbird, and in the fourth case 
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equal to one-fourth of the distance ih rough which the effort 
acts. 

We may now find by experiment for each of these positions of 
the fulcrum what effort is requii'od to raise a given load of say 
12 lbs. (Note that in the first position of the lever, i.e. when it 
has equal arms, it is not necessary to (!ounterpoise it before 
loading; in each of the three remaining positions it is necessary 
to counterpoise the lever afresh before loading.) 

The following are the results of this expt;rimont tabulated : 


Position 

Vertical height the 
wcif^lit is raised 

Vertical distance 
the effort acts 

Load 

liffort 

1 

1 iiicli 

1 iiiOi 

12 lljK. 

J2 lbs. 

2 

1 

2 inches 



3 

1 >, 

3 „ 

12 „ 

1 „ 

4 

1 

4 „ 

12 „ 

3 „ 


We have used the level* to do the same thing in each case, i,e. 
to raise a load of 12 lbs. 1 inch. Wo have changed the distance 
through which the effort acts, making it first 1 inch, then twice 
as much, then three times as much, ami then four times as much; 
in doing so we have found it possible to reduce the eflbrt in the 
same proportion as we have increased the distance through which 
it acted. Putting the result in other words, we have found that 
however we have changed the effort, the product of the effort and 
the distance through which it acted has remained the same. 

The lever we used moved almost without friction, and we 
notice that not only is the product of the effort and the distance 
through which it acted the same in each case, but also this product 
is equal to the product of the weight of the load and the height 
the load is raised. 

21. Work. If we give the name WORK to the product of 
a force and the distance through which in its own direction a force 




36 Madiines [cn. 

acts, we can express what we have, learnt of the action of the lever 
still more shortly : 

A certain quantity of WORK is chmt) in raising? the load of 
12 lbs. a height of 1 inch. 

The WORK done by the effort is the same, whether a smaller 
effort acts through a longer distarujo or a larger effort 
through a shorter distance. 

The WORK done on the load is ccjual to the WORK done by 
the effort. 

Using the word ‘ work * in this semse, we have given a spc'cial 
moaning to a common word, and therefore it is important strictly 
to define what we have done. 

22. Definition of Work in Mechanics. Wlnuievca- 
wo exert ourseh es in any way, either physically or mcui tally, we 
are accustomed, in ordinary language, to say that Ave do work. In 
Mechanics, lu)W(*-ver, ‘woi*k’ is a tiTni which is used in a more 
limit(?d sense. When w(5 exei*t force on a body we may, or may 
not, do mechanical work. As a ruh',, oni’ (efforts ar(‘- dire<d.ed 
towards making some Ixwly move in opposition t(> s(»mo resistance. 
If we succeed in moving the bcnly against this resistance we ar-e 
said to do mechanical work. But if the body does not mov(», in 
the direction of the force apjdied, we do no mechanicial work upon 
it, however gi*eat this force may ht\ Suppose, for example^, we 
exert ourselves to lift a h(‘avy weight from the floor and fail to do 
so. The exertion tires us and thus, in a sense, we do work in 
making the eflbrt; but as long as the weight dot's not move in 
response to the force we do no mechanical work in the sense 
in which hereafter we intend to use the word ‘work’ in this book. 
If we succeed in raising the weight against thti o})posing forct! with 
which the earth attracts it, then, while doing so, we are exerting 
force through a certain distance and are thereby doing mechanical 
work. A pillar supporting a roof or a bridge is exerting enormous 
forces but is doing no work because these forces are not being 
exerted through any distance. A man when cutting a lawn 
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with a inowiiii^ uiatliiiKi d(K‘s work, tor h(' ox(M*ts a force on the 
iiiacihiiie sufficient to overcome the resistanct^ offeri*d ami thereby 
exerts this force! throuf];]i a certain (listanct^. Worh^ is said 
to be done when a force acts thronifh a errtaui distance alomj its line 
of ncJ.iftn. 

23 . Measurement of Work. Wlum a labourer is 
(iiigaf^eil on piece-work, he is paid for ihe (quantity of work luj 
does. Upon what do(^s quantity of work deptuid? In tlu^ first 
j>lace noh'. that in estimating work we take no account of time. 
P\>r instanci*, if a man lias a lawn to out he lias a coi'tain ‘jol) 
of work’ to do. Clearly In* will do the saiiu^ amount of work 
whether ho takers one hour or several hours to finish his job. 
In consider ing this Juan at work, it wrmld seem that woi*k is a 
quantity depending directly on two things only, namely, the foi’ce 
he ex(U‘ts and tluj distance through which he ('.xerts it. Thus, if 
the grass is long, he has to exert a large fore(‘. on the machine and 
he will tell you that it is ‘hard work.^ Again, when he has cut 
half the lawn he has done only half his job, and has only exerted 
the Hiquirc^d force through half the distance necessary to cut 
the whole. 

If, thei’ciore, we agi*ee that a man does the Siime amount of 
work when he exerts a force of 6 lbs. wt. thi'ough 2 inches as when 
he exerts a force of 12 lbs. wt. through 1 inch, and to this con- 
clusion our experiment with the lever led us, we shall measure 
work correctly by tlu^ pi-oduct force x duta^ice. * 

More precisely w(^ say that, The Work done by a force 
is measured by the product of the number of units 
in the force and the number of units in the distance 
through which the force is exerted along its line of 
action. 

The usual unit, in terms of which work is measurtxl, is called 
a foot-pound (written ft. lb.). It is the work done when a weight 
of 1 lb. is lift^ to a height of 1 foot, that is, when a force of I lb. 
wt. is exerted through a distance of 1 foot along its line of action. 
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For example, to lift 14 lbs. to a hei.i(bt of 5 fe(;t we hav(^ to 
do 5x14 ft. lbs. ~ 70 ft. lbs., that is, sev enty times as much work 
as when we lift a weight of 1 lb. to a height of 1 foot. 

In m(^asuT*illg large amounts <^f work the foot- ton is often the 
unit em])loye(i, this being the work done wlien a force of 1 ton wt. 
acts through a distance of 1 foot. 

Ex. 1. How much work is clone in raising 20 gallons of water from a 
well 90 feet deep ? 

Since 1 gall, of water weighs 10 lbs., the required force is 200 lbs. wt. and 
this is exerted through 90 feet, hence 

Work done = 200 x 90 ft. lbs. = 18000 ft. lbs. 

Ex. 2. If a locomotive exerts a steady pull of tons wt., how much 
work does it do on the train in travelling 1 mile ? 

Here, a force of tons wt. is exerted through 5280 feet, hence 
Work done = l^ x 5280 ft. tons = 7920 ft. tons. 

Ex. a. A man applies a steady force of 14 lbs. wt. at right angles to a 
handle attached to a crank 0" long (Fig. 41). If the direction of the force 
is always at right angles to the crank, calculate the work done in turning 
the handle once. Here, although the direction of the force is continually 
changing, its point of application is always moving in its direction; hence 
the distance through which the force is exerted is equal to the circumference 
of a circle of 9" radius, 

i.e, distance through which force is exerted =2^ x 9 inches 



Fig. 41. Fig. 42. 
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Ex. 4. A roller 11 is puslied up a slope from A to B by applying a 
liorizoutal force of 80 lbs. wt. (Fig. 42). AB is 10 feet, and the angle BAG 
is 85°. Calculate the work done by the force. 

Since the force always acts horizontally, the distance through which it is 
exerted in its own direction is the horizontal distance AG, 

AC 

Now -COS 35°, or ^C=4i> cos 35 = 10 X *819- 8-iy feet. 

AB 

Hence the work done by the force = 30 < 8*19 = 246’7 ft. lbs. 

24. The Principle of Work. lu our (‘xperimont with 
a lovtn' (Art. 20) w^e found that 

Load X distance through wdiicli the load is raised 

- Effort X distaiKje through which the effort acts. 
We expressed this by saying that the work done on the load is equal 
to the work done hy the ejfort during a niovennuit of the machine, 
when there is no friction. This is called the Principle of Work, 
This principle underlies the action of all machines. It suggests 
that, could we eliminate friction from any machine, we should get 
as much work out of the machine as we put into it. 

Since, however, no })vactical machine is free from friction, 
we will now enquire how we must modify the expression of the 
principl(‘. to apply it to all working machines. 

25. Further experimental illUBtrations of the 
Principle of Work. Inclined Plane. A solid metal roller 
is fitted with a stirruf) pivoted loosely on the ends of its axle 



Fig. 43. Cylinder rolling. 

can be pulled in the same manner as a garden rollei* 
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(Fi". 4(‘}). ]}y jxillin;; on a spring; Iwlaiifo 's\'bich in atiacliocl by 

a string to the stirrup, the roller is moved with steady moiion 
up an inclined planer wliich may well consist of a plate of glass 
supported at one end by a block of wood. Since the hai-d surfatrc' 
of the cylinder rolls over the hard sui*faet‘ of the plant* and since 
the sliding friction at tlit^ bearings is v^t'iy small, the total resist- 
ance due to frictitm is inapprt*ciable. This is slu‘-wn by tht^ fact 
that, whethtT th<i roller is at r(*st or moving u]) or down with 
steady motion, the balance* roads vmy nearly the sanu*. 

In a certain expei’imcnt the following results wore obtaintul: 
Weight of roller -2 lbs. Koading of spring-balance i Ib wt. 

Length AB-^^ feet. Height hC - J foot. 

From these results we hc.g that, in pulling tlui roller from A to /*, 
Work done by effort - J x 2 - 1 ft. lb. 

Now, the load of 2 lbs. is therc^by raised vertically through the 
distance CB which is J foot, hence 

Work done on loiwl - 2 x | _ 1 ft. lb. 

That is, the work done by the effort “ work done oii the load, wh(‘n 
the friction is nogligibk*. 1 n the saim*, way we iind that, howev(*r 
we altei- the inclination of the plane, 

P X All always equals IF x VB. 

This experiment is now i*eptiated in a slightly different form; 
instead of rolling, the cylinder is made to slide lengthwise^ up the 
plane by attaching the string to one end (Fig. 44). Tlie reading of 

P 


W 

Fig. 44. Cylinder sliding. 
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tlic balance', is now j^j*cat('.r, owing to friction oj>jM)sing tlic inoticni. 
Witli the plant*, inclined as in the abovt! example, it was found, fta* 
instance, that the effort recpurtHl to slide the. cylinder up with 
steady motion was Jib. wt. instead of ^ lb. wt. hleiice the friction 
accounts for \ lb. wt., ajul the work done against friction wht'n the 
cylinder is pulled from A to y>, a distance, of 2 feet, is 

X ‘J or 1 ft. lb. 

Tlui useful woi’k done on the load is the same as before, namely 
1 ft. lb., and the total work done by the eftV>rt is J x 2 = ft. lb. 
Hem^t*. in this case* we extend the Principle of Work by saying, 
Work done by the eftoi't — Work done on the load 

4 Woik done against friction., 

WhfieJ and DruDt. This is a type of imichine frequently met 
with. Tn the form in which we are going to use it for experimental 
purposes it consists of a drum and a wheel fixed to a spindh'. This 



spindle rests horizontally in two wooden bearings (Fig. 45). The 
load W is attached to a cord fastened to the drum and the effort P 
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is exertol on a string fastened to and wrappin:! round the whe(*l. 
This macliine is often known as a ‘Wheel and Axle/ since it is 
possible to dispense with the drum by winding the eord attached 
to thci load din^ctly on the axle of the wliecil. In cixperiinenting 
with this niacjhine we begin by eliminating friction as much as 
possible by substituting ball-bearings for the oi*dinary bearings. 
This can be quickly done by lifting out the spindle, and inserting 
its ends into two well-fitting ball journals which are placed in semi- 
circular notches in the supports just above the ordinary bearings. 
This arrangement can be understo(Kl from Fig. 46, which shews th(^ 
ball-bearing at one end. 



(a) Ball-bearing Fig. 46. (&) Ordinary bearing 

To find what effort P is required to raise any particular load, 
such as 28 lbs., we add weights to the end of the string attached 
to th(^ wheel until, on being givtui a start, P moves down steadily. 
To find the relation between the distanccis moved by P and 
we first measure the heights of the lower edges of these weights 
from the table with a long wooden scale. Then, standing the 
scale vertically beside W, P is pulled down until W is raised 
a convenient distance. In this way it is found with this par- 
ticular machine that when W is raised J foot, P descends 2 feet; 
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when W is raiscnl 8 inches, P descends 32 inclu‘s. Tliat is, 
P aJways moves through four times the distance that. W is 
raised. 

In an (^x|uu’iinent (ioiio witli tliis machine it was found that a 
load of 28 lbs. was i*aised by an effort of 7’OC lbs. wt. Suppose the 
load to be rais(*.d a distance of \ foot. Thtui we have 
Work doiK'. on th(‘ UmmI — 28 a J -- 14 ft. 11 )s. 

During this movenuiut P has desceiidwl 2 fec^t, and 

Work done by the effort = 7-06 x 2 = 14*12 ft. lbs. 

Tliese n^sults are so ncsarly equal that we ai*e hid to believe 
that th('y would agi*ee (exactly if we could (Uitirely eliininate 
friction. This is another illustration of the Principle of Work, 
namely, that when friction is negligible, 

Work dom^ by the effort = Work done on the load. 

Next the spindle is replaced in its ordinary bciirings, and the 
experiment repeated. It is now found that to raise a load of 
28 lbs. an effort of 8*3 lbs. wt. is required. In this case the work 
done to raise the load 1 foot is the same as befo!*e, namely 
28 X 1 - 14 ft. lbs., 
but the work dime by the effort is 

8-3 X 2 =--16*6 ft. lbs. 

It is n^asonable to assume, as we sliewtid was the case in pulling 
a weight up a slopii, that the difference between the work done by 
the effort and tlie work done on the load, which in this case is 
16*6 14 "2*6 ft. lbs., is the work required to overcome the 

frictional resistances of the machim^, in ac(!ordance with the 
Extended Principle of Work, namely. 

Work done by the (effort = Work don(‘ on the load 

+ Work done against friction. 

26 . Eaqplanation of terms applied to Machlneg. 
Veloclty"Ratio . In the Cjase of the Wheel and Drum in the 
preceding ai-ticle, we found that the effort is always exerted 
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through four* ij’iiios lire clistaiico load is raisod. W(* ex|)rt\ss 
this hy saying tliat the x'^elodf y-ratio of tho machine is 4. That 
is, the velocity-ratio is given by the relation 

_ Disj»laceinent (jf (^fifort 

eoci yia 10 (lisjdaeeiiient of load* 

This ratio does not depend in any way on tlie load or on the 
friction of the machine. It is solt'Jy govenird by' the d(!sign,and 
can alw’ays be calculated from the dimensions of the inachiiKi. 

Foi* instance, with tli(‘ Wheel anrl Drum in Fig, 45, wv. see 
that when tlie spindle tui*ns once, the disi>lacoment of the effoi*t 
is (^qual to the ciiruinferiuice of the wheel, and the corresponding 
displacement of the load is (jqual to tlu^ circumference of the 
drum if we neglect the thickness of th<* cord in t‘ach case; hence 
the velocity-ratio of this machine is given by 

Circumference of the Wheel 
Circuinfercmce of the Drum * 

It is advisable, however, always to check the calculattid value 
of the velocity-ratio by direct measurement. The origin of the*, 
term v(*loeity-ratio or sjreed-ratio Ix^eoines ehiar when we I’eniark 
that, in a machine whose velocity-ratio is 20, tlie effort moves 
20 times as far as the? load in th(‘ same time, and hence alway^s 
moves 20 tiiiujs as fast, 

Mevhanical advantage. The mechanical advaiitag(^ of a 
machine is the ratio of the load to th<^ corresponding effort 
required, that is 

Mechanical advantage • 


This ratio is determined by experiment, that is, by finding 
the effort required to overcome a given load. For instance, if 
with a certain machine we find that a load of 1 cwt. can he 
raised by applying an effort of 12 lbs. wt., then the mechanical 
advantage in this particular case is 

that the mechanical advantage of any machine is not constant 
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l:)ut depends on the loml. If, however, there is no friction in 
a machine, we can shew that the mechanical advantage is constant. 
For in this case we have 

Work done on the load - Work done by the effort; 

that is, 

Load X displac(jment of load - EfPrirt x displaciiment of effort, 

Load Displac‘(mi(*iit of (dibit 

M,rt - Di.spla™.t of load = Volo.aty-rat.o. 

So we s(»e that to obtain a inachiiu^ with a large inc^chaiiical 
advantage- we must design it to have a large* vcdocity-ratio. 

EjjiAenr.jf. A knowknlge of the velocity-ratio of a machine 
enabU^s us to calculati^ what fraction of the woj*k done on the 
ina(jhine is usefully eiTiployed in raising the load, when wo have 
found the necessary effort by experiment. This fraction is called 
the Efficiency of the machine, thus 

. Useful work done on the load 

(/icncy done by the effort 

during any given time or during any given movement of the 
machine. 

For example, suppose that for a Whe-(3l and Axle whose 
velocity-ratio is 20, it is found that an effort of 12 lbs. wt. is 
r(^quired to overcome a load of 1 cwt. 

Considc-ring the work done on and by the. machine during any 
convenient movement, for instance, when the load is overcome 
through 1 foot, we have 

Useful work done on the load = 1 1 2 x 1 = 1 12 ft. lbs. 

Since the velocity-ratio is 20 we know that during the move- 
ment the effort is exei’ted through 20 feet, hence 

Work done by the effort = 12 x 20 ~ 240 ft. lbs. 

Tliat is. Efficiency -- = 0*4r 

This means that for every 1 ft. lb. of work done on the machine 
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(ill raising the partieulai' loa^l) we only get back 0'467 ft. lb. 
in a useful form, or, for every 100 ft. lbs. we get back 

100x0-467 = 4f)-7ft. lbs. 

This is expressed l>y saying tliat the ettieit'iiey is 46*7 per 
In tliis particular ease the nunaiiiing per cent, of the work 
done on tlie inaehine is expeiuloil in ovci'corning the internal 
frictional resistaiujes of tlu'. niacliine. 

When we come to test machines we shall find that the 
eificiency, like the mechanical advantage, is not constant for any 
machine but incr(*as(\s as the load increases. 

Frictiou-pffect. We know that friction ocjcurs wherc^ver 
one part of a machine slides over another with which it is in 
contact. At this siag(', how(‘.ver, we shall not eoncern our- 
selves with the actual forces of fruition at the varif>us rubbing 
surfaces within the machine; we shall only consider the gcmeral 
effec.ts which friction produces without entjuiring exactly when? 
it occurs. As we are already aware, the presence of friction 
retpiires more work to 1)6 expended than would ho ne(u\ssary 
if friction were absent ; and to perform this i*xtra work an 
additional effort is ne<;essary. This ‘ wasted ’ effort we will 
call the Frictiov -effect. This force is cle^trly the difference 
between the actual effort requii*ed in any given case, and the 
effort which would be n^quired if there were no friction. Now 
we have alre^ady shewn, from the Principle of Work, that, if 

there is no friction, Velocity-ratio. That is, the effort 

without friction, or what we will call the ‘usefuP effort, is equal 

to — r-. Hence, by subtracting this from the actual 

Velocity-ratio 

effort we obtain that part of this effort which is instrumental in 
overcoming the unknown resistances within the machine, that is, 
we obtain the Friction-c*/fftK;t. 

Let us illustrate this with reference to the foregoing example 
of a Wheel and Axle having a velocity-ratio of 20, and with which 
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it is found possible to raise 1 ewt. by an (effort of 12 lbs. wt. If 
there were no friction in this machine, the effort required would 
bo Vo"- - lbs. wt. This nie^ins that 12 — 5*6 or 6*4 IVrs. wt. 

is that part of th(' effoi’t whhdi is effective in making the 
machine work against the opposing I’csistances within it. That 
is, we say the Friction-effect is 6*1 lbs. wt. 

In the TKJxt c.hapt(‘i* we shall shew that the friction -offcict 
increases with tlu^ load and that a simple law connects tlu'se two 
forces. 

27. Applications— Simple arrangement of Pulleys 

(Fig. 47). A cord, fastened at A, passes j*ound a movable pulley 
from which tlui load is suspended and 
them oven* a fixed i)ulley. The. load is 
raised by pulling on the free end of the 
cord at I\ 

To calridatr, the velocity-ratio we will 
find how far P moves when the load 
is raised through 1 foot. Since th (5 
movable pulley rises 1 foot, each part 
of the cord supporting it is shortened 
by this ^amount.. Henc(^ th(‘/ cor'd 
foi'iniiig tire whole loop is shortened by 
2 feet. That is, P des(;ends 2 feet or 
twice as far as the load is raised. 

The velocity ratio is thercfor*e 2. 

In a c(u*tain experiment It was found that to raise a load of 
28 lbs. an effoi't of 18*5 lbs. wt. was required. 

To calculate the efficiency we will find the work done on the 
load and the wor k done by the effort when the load is raised 
1 foot. Here the work done on the load = 28 x 1 = 28 ft. lbs. 
Since the effort is exerted through 2 feet, the work done by 
the effort ~ 18*5 X 2 = 37 ft. lbs. 

Hence Efficiency - x 100 7^ - 75*67 7^. 

To calculate the friction-effect we first find what effort would 
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be required if there were no resistance to be overconie in the 
machine itself ; this would bo or 14 lbs. wt. Subtracting this 
from 18*5 lbs. wt. we find that 4*/5 lbs. wt. is the force necessary 
to overcome the internal resistanecis. 

Although we call this force of 4*0 lbs. wt. tin* fi-iction-ell’ect, 
it should be rimiarkod that the internal resistances to be over- 
come in this (^ase are not eaiiscnl solely by friction, f(»r part of 
this foi’co is used in raising th(‘ movable pulley. For instance, if 
this pulley weighs 0*()lb., the force required to rais(^ it is 0*3 lb. 
wt. Strictly then, th(5 fruition of the macliine in this case 
is 4*0 -- 0-3 or 4*2 lbs. wt. T)ier(‘fore, in (l(4ining the friction- 
effect as that part of the actual effort which is not usefully 
employed, we should note that, with those lifting machines such 
as the above where jwirts of the machine itsiOf ai*e raised, this 
friction-effect includes the small constant forci' necessary to raise 
these parts. 

28 . Worm and Worm»WheeL This machine is shewn 
in Fig. 48 in a form in whieli we e^in directly experiment with it. 
A worm on a horizontal spindle All is in geai* with a toothed 
wlu’cl (called th(‘ Worm-Wheel). Fixed to tlie horizontal spindle 
of the worm-wheel is a drum round which a cord 4s wound. 
From the end of this cord tlic load is suspended. The effort is 
applkid to another cord wound cm the wheel B which is fixed to the 
spindle of the worm. 

In this particular machine, the diameter of the wheel B is 
9 inches and the diameter of the drum D is 4 iiuihes. The w'orm- 
whecl has 30 teeth. 

To calmlate tlie velocity-ratio it wdll be found con\'enient to 
find the displacements of W and P when the drum D turns once. 
In this case 

the displacement of the load W - circumference of drum D 

~ 47r indies. 

Now, since the worm is single-threaded, it will pass one tooth 
along for each revolution it makes and hence it must revolve 
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30 times to pass 30 teeth along, i.e. to make the woT*m -wheel 
revolve once. That is, during the, abo\(' displacement of the 



Fig. 48. 


load, the effort is exerted through a distance equal to 30 times 
the circumference of the whetd 

or displacement of effort = 30 x Ott inches. 


Hence 


,1 1 .. 30 X Ott 

the velocity-ratio = — ^ — = 67? . 


In a certain experiment with this machinci it was found 
that a load of 50 lbs, could be raised by an effort of 2*6 lbs. wt. 
What are the Efficiency and the Friction-effect of the machine for 
this load? [Ans, 28*5 7^ ; 1*86 lbs. wt.J 


M. & K. 


4 
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The low efficiency of this machine is due to the considcTable 
sliding friction between the t}n*(iads of the screw and the teeth of 
the wheel, in addition to tlie friction at all the bearings. How- 
ever, a conv(mi(uit result of this (^xcessivi‘, friction is that the 
machine does not ‘ov(}rhaul,’ that is to say the load does not 
run down when the effort is removed. We sliall find that a 
machine will not overhaul when its efficiency is less than 50 . 

29. The Bicycle. Bo far we have only dealt with 
machines designed to multiply the effort exerted upon them; 
that is, in each case the mechanical advantage, and hence the 
velocity-ratio, have been greater than unity. We will now briefly 
consider two examples of machines designed to produce the 
reverse effect. 

To calculMe the velocity-ratio of a bicycle. A bicycle is driven 
by thrusting on the pedals with each foot alternately. Although 
not strictly true, we will assume that this thrust is always exerted 
at right angles to the crank. If the cranks are 7 inches in length, 
then for each complete revolution which they make, the eflbrt 
is exerted through a distance of 7 x 27r inches. The motion of 

w 


Kg. 49. 

the pedals is communicated to the back wheel by an endless 
chain, w’hose links engage with the teeth of the sprocket wheels 
8 and T (Fig. 49). 8 is mounted on the axle to which the 
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cranks are fixed, and T is fixed to the hub of the back wheel. 
S is always of a greater diameter than T. Suppose ^ to have 
36 teeth and 7' to liave I t teeth and the diameter of the wheels 
of the bicycle to be 28 inches. When the chain moves through 
any distance it must engage with exactly the same number of 
teeth on each sprocket wheel. Conseijuently T must rotate more 
quickly than S. Now when 36 links of chain pass over S it 
makes one complete n^volution : vvluiii 36 links pass over T it 
makes revolutions, 'riierefore for each revolution of the pedals 
the back wheel makes revolutions, and the machine travels 
•JJ X 287r inches. 

Hence the velocity-ratio = -g- - . 

Notice that the velocity- ratio is less than 1. Wo are making 
a lai’ge force, acting through a certain distance, overcome a small 
force through a larger ilistance. The resistance which has to be 
overconu* is chiefly that of the air, for the friction of the machine 
is very small owing to the adoption of ball-bearings for all the 
rotating parts. The old typo high bicycle, common twenty-five 
years ago, and now to be seen in the South Kensington Museum, 
had a very large wheel in front directly driven from the pedals. 
When we say that a bicycle is geared up to 80, we mean that it 
will go as far for one revolution of the pedals as would a direct 
driven bicycle whose wheel had a diameter of 80 inches. 

What is the gear of the bicycle discussed above ? Call it D, 
This means that for one revolution of the pedals the bicycle 
would travel irl) inches. 

Therefore ttD = x 287r, 

or 2> = 72. 

30. Hydraulic crane. Fig. 50 shews the hydraulic 
cylinder which operates the wire rope by which the load is raised. 
There are two pulley wheels on the end of the cylinder at B and 
also two similar wheels on the end of the plunger at A, The 
wire rope is fastened to the cylinder and passes round the wheels 

4-2 
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at A and B in turn and then passes over pulleys on the crane to 
the load. The (^fibrt is exerted by the pressure B of the wat(U* on 
the plunder. Jf tli (3 stroke of the plunger is 6 feet, then during 
a stroke, each of tlie 4 parts of the wire rope passing along tlie 



cylinder is lengthened by this amount. Hence the load is raised 
4 X G or 24 feet. The velocity-ratio is therefore ], the objfjct in 
this case being to obtain a large travel of the wire rope for 
a comparatively small movement of the plunger. 

31, Energy. Energy wasted in friction. Suppose 
that in using a certain machine to raise a load of 200 lbs. to a 
height of 1 foot, we find that we liave to do 300 ft. lbs. of work. 
The Principle of Work states that in this case 100 ft. lbs, of 
work are expended in overcoming the resistances in the machine. 
If no work is done in raising parts of the machine itself, we 
assume that this quantity of work is equal to the sum of all the 
diflereiit quantities of work which are expended in overcoming 
the forces of friction at the various rubbing surfaces of the 
machine. We will try to indicate briefly the broader principle 
upon which this assumption is based. 

Observe that in raising the load, we thereby give it the 
capacity of doing 200 ft. lbs. of work, for in descending to its 
original position it is capable of exerting a force of 200 lbs. wt. 
through 1 foot. 
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The capacity or capability of doing work wo call eneryjf. 
Thus we say that iu raising the load of 200 lbs. through 1 foot 
we give it 200 ft, lbs. of energy. 

If no work had to be done in overcoming resistances in th(? 
machine, we should only have to do this amount of work; in 
other words, our capacity of doing work, that is, our energy, 
would be lessoned by 200 ft. lbs. In this case no energy would 
be wasted. What happens to the additional 100 ft. lbs. of our 
energy which we have assumed arc expended in doing work against 
friction ? This energy is certainly wasted for we do not get back 
any useful work from it. Tt has not disappeared however but 
remains in the machine in such a form that we cannot make use 
of it. To understand this let us notice what happens when wo 
do work against friction. Tf we rub two pieces of wood together 
we find that the rubbing surfaces become hot; that is, for our 
expenditure of entu’gy we g(^fc some heat produced. Now, heat 
possesses the capa(;ity of doing work. For instance, wc realise 
that the mechanical work done by a steam-engine is derived 
from the heat given out when the coal burns. Heat we say is a 
form of energy. Jleverting to the alK)ve example, you will now 
be more ready to accept the statement that when we expend 
100 ft. lbs. of our energy in doing work against friction in the 
machine, this energy is (joiiverted at the various rubbing surfaces 
into a certain quantity of heat energy. And further, a long series 
of exjwrimcnts has shewn that if we could, so to speak, harness 
this heat energy and make it do all the mechanical work of 
which it is capable (for instance, in raising a load) we should then 
get back exactly our 100 ft. lbs. of mechanical energy. To sum 
up, none of the energy we expend on a mechanical machine 
is lost; part of this energy we get back from the machine in 
a useful form and the remainder is converted into an equivalent 
quantity of some form of energy (chiefly heat) in the machine. 
When you become familiar with the various forms that energy 
can take, and the method.s by which these forms can be changed 
one into the other, you will realise more fully the broad funda- 
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mental principle whicli asserts that whatever transformation 
energy undergoes, no energy can ever be created or destroyed. 

This principle is known as the Conservation of Energy, 

The Principle of Work expresses this fundamental principle 
in tlie limited form in which we use it in Statics. 

Examples TT. 

1 . Find the work done when a weight of 10 lbs. is lifted 40 feet. 

2 . A 50-ton gun is lifted hy a crane to a height of 12 feet. What is the 
work done on the gun ? 

3. A boy, who weighs 8 stone, mounts two flights of stairs, each 20 feet 
high. How much work docs he do 1 

4 . A force of 35 lbs. wt. acts through a distance of 6 feet 4 inches. Find 
the work done. 

5. What force acting through a distance of 2 feet 8 inches will do 
2 ft. tons of work? 

6. If 16,000 ft. lbs, of work are done in lifting 2 tons of coal, through 
what height is the coal lifted ? 

7 . Through what distance in feet must a force of 1200 lbs. wt. be exerted 
in order to perform 20 inch tons of work ? 

8. A boy who climbs to a height of 20 feet does 1400 ft. lbs. of work. 
What is his weight ? 

9. How much work is done when a bucket, which weighs 2 lbs, and 
contains 2 gallons of water, is lifted 30 feet from a well ? [1 gall, of water 
weighs 10 lbs,] 

10. A horse draws a cart with a steady pull of 90 lbs. wt. How much 
work does it do in drawing the cart 1 mile ? 

Iri. What is the total amount of work done by a man of 15 stone when 
he carries a load of 60 lbs. up a ladder through a vertical height of 20 feet ? 

How much work would he do if instead of mounting the ladder, he were 
to haul the weight up through the same height by means of a rope passed 
over a pulley? (Neglect the work done in overcoming the friction of the 
pulley.) 

12 . What work has to be done to lift 50 tons of coal from a lighter 
to the deck of a ship if the average distance through which it has to be 
raised is 30 feet ? 
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13 . A man rowing in a boat-race exerts on his oar, during each stroke, 
a steady horizontal pull of 33 lbs. wt. through a distance of 4 feet. If he 
rows for 7 minutes at an average rate of 36 strokes per minute, find tho 
total amount of work he does in the time. 


14 . If 220 ft. lbs. of work are expended in pulling a box a distance of 
12 feet along the floor, calculate the force of friction. 

15 . If the resistance to the motion of a cyclist be taken as 5 lbs. wt., 
how much work does ho do when he travels half a mile ? 

16 . During the forw'ard stroke with a jack-plane, in planing a piece of 
wood, a man exerts a constant force of 4 lbs. wt. through a distance of 
3 feet. To bring tho plane hack again he applies a constant force of ^ lb. wt. 
Find how much work he does in making 20 complete strokes. 

17 . A punch exerts a uniform force of 30 tons wt. in punching a hole 
through a \ inch iron plate. What is the work done ? 

18 . An anchor whose weight is 5 cwt. is 40 feet below the surface of the 
water. Find the work which has to be done on it to raise it to the surface, 
and then lift it a further height of 20 feet, supposing that the apparent 
weight of the anchor in water is ^ths of its weight in air. 

13 . A man in turning a winch exerts a constant force of 35 lbs. wt. on 
the handle of a crank, 30 inches long. If the direction of this force is always 
at right angles to the crank, find the work done in 40 revolutions of the 
handle. 


ao. Suppose that a cyclist applies an average driving force of 10 lbs. wt. 
continuously in a direction always at right angles to the cranks, which are 
7 inches long. If for one revf\lution of the pedals he travels a distance 
of 19 feet, how much work docx^ he do on the bicycle when he rides half 
a mile ? 


ai. Calculate the work d^€ . in pulling a roller weighing 3 cwt. a 
distance of 40 yards up a slope 1 in 20 (the slope rises 1 foot vertically 
for every 20 feet along the slope). The pull is exerted in a direction parallel 
to the slope. Neglect the effect of friction. 

Hence, by the Principle of Work, calculate the steady pull required. 


^ What work does a boy do when he rides a bicycle a hundred yard 
on the level ? The force to be overcome is chiefly the resistance of th^ir 
which may be taken to be 3 lbs. wt. ^ 

If the boy and bicycle together weigh 140 lbs., how much wu 
boy do in riding up a hill, a quarter of a mile long, if the road ri 
vertically for every 18 feet along the surface, assuming that f ^ 
of the air remains the same ? 
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23 . In awheel and drum (as shewn in Fig. 45 on page 41) the diameters 
of the wheel and drum are 10 inches and 3 inches respectively. Neglecting 
friction, calculate by the Principle of Work what effort is required to balance 
a load of 48 lbs. 

24 . Referring to the arrangement in Fig. (a), the movable pulley is pulled 
down by a force P. Neglecting friction and the weight of the movable 
puUey, calculate the work done in pulling the movable pulley down 1 foot. 
Hence find the value of the force P required. 




25 . (See Fig. 43 on page 39.) Negle,r4ing friction, find the work done 
in pulling a roller weighing 5 lbs. a distf tnc'^f 2 feet up a plane inclined at 
an angle of 30° to the horizontal. What fie pull required ? 

26 . To pull a roller, weighing 10 lbs., up an inclined plane a force of 
3 lbs. wt. is required, when applied in a direction parallel to the plane. If 
the friction is negligible, find the inclination of the plane. 

27 . (Fig. h,) A sunple winch consists of a drum D turned by 'C .Vj 
handle H. The rope attached to the load of 80 lbs. passes over a fixed 
pulley and is wound on the drum. The diameter of the drum is 6 inches, 
and the length of the crank is 14 inches. Calculate the work done on the 
load when the handle makes one revolution. Hence, neglecting friction, 
find what force P must be applied to the handle at right angles to the crank 
in order to raise this load. 
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28 . To di*aw a cart weighing 1 ton up a slope of 1 in 30 requires 
a force of 112 lbs. wt. Calculate the work done against friction in pulling 
the cart 100 yards up the slope. 

29 . To drag a box weighing 1 cwt. up an incline of 1 in 4 requires a 
force of 80 lbs. wt. Calculate the force of friction. 



30 . (Fig. r.) A load of 200 lbs. is raised by means of a simple 
winch and a movable pulley. The diameter of the drum of the winch is 
7 inches and the length of the crank is 16 inches. Calculate the work done 
on the load when the winch makes one turn. 

Hence, neglecting friction and the weight of the movable pulley, calculate 
what force must be applied to the handle of the winch to raise the load with 
steady motion. 

31 . A roller weighing 2 cwt. is pushed up a slope of 10° by applying a 
horizontal force to it. Find the work done on the roller in moving it 10 feet 
up the slope, and find the distance through which the horizontal force has 
been exerted in its own direction. Hence, neglecting friction, calculate by 
the Principle of Work the horizontal force required. 

82 . Fig. (d) shews a method by which a heavy cylinder may be raised. 
A rope is fixed at A and pulled in the direction P so as to cause the cylinder 
to roll up the sloping rails. These rails are 8 feet long and rise to a height 
of 3 feet. 

Calculate the work done on the cylinder in raising it vertically 8 feet, 
and find through what distance the force P has to be exerted to do this. 
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Hence, by the Principle of Work, calculate the magnitude of the pull P 
required. 



83 . What is meant by saying that the velocity-ratio of a certain 
machine is 16? What load could be overcome by applying an effort of 
20 lbs. wt. to this machine if there were no resistances to be overcome in the 
machine itself ? 

84 . A lifting machine has a velocity-ratio of 20, and a weight of 100 lbs. 
is lifted by an effort of 12 lbs. wt. Find the mechanical advantage and the 
efficiency of the machine in this case. 

86 . With the aid of a certain arrangement of pulleys or ‘tackle,’ 
whose velocity-ratio is 6, a load of 160 lbs. is raised by an effort of 44 lbs. wt. 
After the pulleys have been oiled, the effort required to lift the same weight 
is only 37 lbs. wt. Find the efficiency of the machine in each case. 

86 . By means of a certain lifting machine it is found that a load of 
500 lbs. can be raised 1 foot by exerting an effort of 60 lbs. wt. through a 
distance of 20 feet. What is the velocity-ratio of this machine? What are 
the mechanical advantage and the efficiency of the machine in this particular 
case ? 

87 . A certain machine has a velocity-ratio of 6. For loads of 50 lbs., 
100 lbs. , and 150 lbs. the corresponding efforts are found by experiment to 
be 24 lbs, wt., 43 lbs. wt., and 53 lbs. wt. respectively. Find the efficiency 
for each of these loads. 
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38 . In Fig. (6), if the diameter of the drum of the winch is 4 inches 
and the length of the crank 1 foot, calculate the velocity-ratio. 

39 . A Bramah Press has a velocity-ratio of 144. Assuming its efficiency 
to be 80 7o> what load or resistance can be overcome by an effort of 
50 lbs. wt. 

40 . If a lifting machine having a velocity-ratio of 28 lifts a load of 
250 lbs. with an efficiency of 42*5 what effort is required and what is the 
mechanical advantage? 

41 . (Fig. r.) If the diameter of the drum of the winch is 5 inches 
and the length of the crank is 14 inches, calculate the velocity- ratio of the 
machine. If it is found that a load of 2 cwt. can be raised by exerting 
an effort of 18 lbs. wt., calculate the efficiency in this case. 

43 . A machine is contrived by means of which a weight of 125 lbs. in 
falling 12 feet is able to lift a weight of 15 cwt. to a height of 4 inches. 
Find the work done by the falling weight, and what part of the work is used 
in overcoming the friction of the machine. 

43 . With a system of pulley-blocks such as is shewn in Fig. 47 on 
page 47 it was found that an effort of 12 lbs. wt. was required to raise a 
load of 19 lbs. Calculate the mechanical advantage and the efficiency 
in this case. 

If the movable pulley weighed 1 lb., calculate how much of the effort 
was employed in overcoming the friction of the machine. 

44 . With a machine having a velocity-ratio of 28, it is found that a 
load of 5 cwt. can be raised by an effort of 42 lbs. wt. What is the friction- 
effect, that is, what part of the effort is used in overcoming the resistances 
in the machine? 

How much work is done against friction in raising this load 2 feet? 

45 . Calculate the velocity-ratios of the tackles shewn in Figs, (e), (/), (<?) 
and (/i), giving in each case the reasoning on which you base your answer. 

46 . Find what load can be lifted by each of the tackles in Example 45 
by an effort of 50 lbs. wt., assuming them all to have an efficiency of 607o« 

47 . Assuming all the tackles in Example 45 to have an efficiency 
of 64 7o» what effort must be applied in each case to lift a load of 
200 lbs. wt. 

48 . Draw diagrams to shew howyou would construct tackles with velocity- 
ratios of 7 and 8 respectively. 

How would you find the efficiency of one of these for a load of 2 cwt. ? 
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49 . Sketch a worm and worm-wheel, and describe its action. 

50 . A. worm and worm-wheel are naed for applying the twist to a bar of 
iron under a torsion test. The worm is turned by a hand-wheel, and the bar 
under test is connected to the shaft on which the worm-wheel is mounted. 
If the worm-wheel has 80 teeth and the worm is single-threaded, how many 
degrees of twist will be given to the iron bar by turning the hand- wheel 
through 160 revolutions ? 

51 . A bicycle fitted with 7-inch cranks has a back-wheel whose diameter 
is 28 indies, and is geared so that this wheel turns 2.^ times for each 
revolution of the pedals. Calculate the velocity-ratio of the bicycle. 

If it be supposed that the cyclist exerts a steady force of 20 lbs. wt. on the 
driving pedal always at right angles to the crank, and if the external resist- 
ance to motion be reckoned at 8.^ lbs. wt., find the eflicieiicy. 

52 . What is meant by saying tliat the gear of a bicycle is 72 ? 

The number of teeth in the sprocket wheels of a bicycle are 45 and 18 
respectively. If the diameter of the wheel is 28 inches, find the gear of the 
bicycle. 

Jf the cranks are 7 inches long, what is the velocity-ratio? 

53. You wish to design a machine to give a mechanical advantage 
of 20. If the maximum eflioiency which you can expect is 40 ^/q, what is the 
least value you could take for the velocity-ratio ? 

54 . The mechanism of a maclune is concealed in a closed case, from 
which hang down two chains. Yon find that if one chain is pulled down the 
other rises. How would you find by experiment the efficiency of the machine 
when employed to lift a given load ? 

W 

55 . Shew that with all machines the efficiency is given by jT y* where 
IF = the load, P=the corresponding effort, and F=the velocity-ratio. 

66. With a certain machine whose velocity-ratio is 16, it is found that 
an effort of 18 lbs. wt. is required to make the machine overcome a resistance 
of 1 cwt. How much of this effort is instrumental in making the machine 
overcome the resistance, and how much is employed in overcoming the 
friction of the machine ? 

57 . Calculate the velocity-ratio of a wheel and drum in which the 
wheel has a diameter of 2 feet 9 inches and the drum has a diameter of 
5 inches ; and neglect the size of the ropes. 

If the rope on the wheel is J inch in diameter and that on the drum 
\ inch in diameter, what is the true velocity-ratio ? 
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58 . An 18" pulley on an engine shaft drives by a belt a 32" pulley on 
another shaft. This second shaft has upon it a single-threaded worm which 
gears with a worm-wheel, having 80 teeth, on a third shaft. 

How many times must the shaft of the engine rotate in order to rotate 
this third shaft once ? 



50. In Fig. (0 A and B represent two pulleys keyed to the same spindle, 
and C and D two pulleys keyed to a parallel spindle. A baud or belt passes 
round B and C, A weight W is attached to a cord wound on A, and is 
balanced by a weight P on the end of a cord wound on P. 

The diameters of A, P, 0, and 1) are 5, 9, 3 and 11 inches respectively. 

Neglecting friction, calculate the ratio of W to P. 

60 . The ram or plunger of the cylinder which works a hydraulic crane 
in Fig. 50 on p. 52, has a diameter of 6 inches. If the pressure of the water 
is 1800 lbs. wt. per square inch, and the efficiency of the machine is 80 7o i 
calculate the greatest load which can be raised at a uniform speed. 




CHAPTER HI 


LAWS OF MACHINES 

32. Experiments on machines, hi the preceding 
chapter wc hav(3 learnt that, if there wcr(i no internal resistances 
to be overcome, we should get back as much work from a machine 
as we expend upon it; that is, the efficiency would be 1 or 
100“/^; and the mechanical advantage would equal the velocity- 
ratio. If we were to increase the load on such a machine, it is 
clear that the necessary effort would increase in tlie same ratio, 
while the mechanical advantage and efficiency would remain 
constant. We know, however, that the effects of friction are 
generally considerable and (i) increase the effort necessary to 
raise any given load, ami (ii) decixmse tlie mechanical advantage 
and efficiency. 

The next question which arises is, How do these effects change 
as the load on the machine increases ? 

To answer this question, we now proceed to test machines 
under various loads to find out if there is any simple law con- 
necting the friction-effect of the machine and the load upon it, 
and to ascertain how the effort, efficiency and mechanical advantage 
are thereby affected. 

These tests are carried out as follows : — (1) The velocity -ratio 
is calculated from th(i dimensions of the machine. (2) This 
value of the velocity-ratio is checked by direct measurement. 
(3) The load is increased by equal steps up to the maximum the 
machine can safely carry, and the corresponding efforts required 
to raise these loads are determined. These values are tabulated, 
and from them the friction-effect and the efficiency are calculated 
for each load. 

The values of these quantities are then plotted on squared 
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paper for cor respond! values of the load, to shew the relations 

existing between the 

Effort and Load, 

Friction-effect and Load, 

Efficiency and luoad. 

33. Test of a Wheel and Drum. A common type of 
this machine is a simple winch, illustrated in Fig. {!>) on p. 56. 
The effort is exerted on the handle of a crank which is keyed to 
the end of the spindle. In older to experiment upon the machine, 
we remove the crank and substitute a wheel having a radius 
equal to the length of the crank, and apply the effort to tlie end 
of a cord wound round it. We then have the machine in the form 
shewn in Fig. 45 on p. 41, which for convenience is piinted 
again here. 



(1) Velocity-ratio by calculation. When the spindle revolves 
once, the load W is raised a distance equal to the circumference 
of the drum, and the effort P descends a distance equal to the 
circumference of the wheel. 
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Hence the Velocity-ratio, which is 

Displacement of effort 
Oorrespondinp; displacement of load 
Circumference of Wheel 
Circumference of Drum ’ 

These cirourafei enecs are found by winding the cords used once 
round the wheel and drum, and then measuring on a scale the 
lengths require'd. 

With this particular machine, these mcasurementK were found 
to be 

(Hrcumference of Wheel - 37*8 inches. 
Circumference of Drum — 9*4 inches, 

1 'x X* 3/8 ms* _ ^ 

Velocity-ratio -i- - = 4 * 02 . 

9*4 ms. 

(2) Velocity-ratio hy exf)eriment. Two metre scales are 
clamped verticially close beside the weights W and 7^, and the 
position of IF is adjusted so that its lower (idge is opposite to 
a convenient division of the scale. The height of the lower edge 
of P is then measured. P is now pulled down till IF has risen 
a convenient distance, such as 20 cms., and the height of the 
lower edge of P is again measured. The difference between the 
initial and final heights of P gives the distance that P descends. 
Tn this way it was found with this machine that, to raise IF 
through 20 cms., P had to be pulled down 79*4 cms. 

Hence Velocity-ratio = 3-97. 

20 cms. 

In our calculations we shall take the velocity- ratio of this 
machine as 4. 

(3) We have next to find the efforts necessary to raise 
a series of loads. To do this we increase, step by step, the load 
on the end of the cord wound on the drum and at each step add 
weights to the end of the string wound on the wheel, until, on 

given a start, these weights descend steadily lb. and 
rirr weights are used). 

M.&K, 


5 
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The results of an experiment with this machine are given in 
the first two columns of Table T. 

Tablk T. Wheel and Ihnni, 

Velocity ratio 1. 


h^orces 

i 1 

the machine. 

JjOHCi 

Kllbrt 

Useful cflbrl 

or urn slid eflbrt 

lbs. wi< 

lbs. wf. 

lbs. wt. 

lbs. wt. 

0 

‘ 050 

0 

0-50 

2 

1*02 

0-50 

()-5‘2 

5 

! 1-80 

1-25 

0-61 

10 

, 3*29 

2-50 

0-79 

15 

i 4-67 1 

3*75 1 

0-92 

‘20 

j (>-05 1 

i 5-00 

1-05 

25 

1 7-50 

6*25 

1-25 

30 

; 8*80 

7-50 

1 1 -30 

35 

, 10-30 

8-75 

' 1-55 1 

40 

i 11-70 

1 10-00 

1 1-70 1 


The nHeJhl ofibrt (col. 3) is that part of the actual effort 
which is instrumental in raising the load only, and is found by 
dividing the load by 4, the velocity-ratio (Art. 26). By sub- 
tracting the useful ofl’ort from the actual effort we obtain the 
wasted effort or friction- effect (col. 4). 

34. Relation between Effort and Load. To illustrate 
this relation, we plot on squared paper the values of the efforts 
in col. 2 against the corresponding values of the loads in col, 1 
(Fig. 51). The latter are represented by distances measured 
parallel to the horizontal axis (abscissae), and the foi*mer by 
distances measured parallel to the vertical axis (ordinates). 

Now, if there is any simple law connecting the effort and 
load, wo should expect these points to lie on a straight line or 
a simple curve. We find that the points lie very nearly on a 
straight line, so we draw the straight line which lies most evenly 
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among all the points. This wo do by stretching a piece of fine 
cotton along the points, shifting it about until it appears to 
occupy the best position, then, pricking through the cotton at 
each end, we draw a straight line between the two points thus 
obtained. 



0 5 10 15 20 25 30 35 40 

Load (lbs. wt.) 

Fig. 51. Belation of Effort to Load in Wheel and Drum. 


What is th(* simple law here represented 1 We see that if we 
increase any load by 5 lbs. wt., the corresponding increase in the 
effort is 1'4 lbs. wt. ; if we increase any load by 10 lbs. wt., the 
increase in the effort is also twice as much as before, namely 
2*8 1V)S. wt. ; and so on. That is, the increase in the effort is 
directly proportional to the increase in the load. 


5*--2 
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The straight line does not pass through the origin but cuts 
the vertical axis at a point representing about 0*5 lb. wt. This 
is the effort required to work the unloaded machine and is there- 
fore the friction-effect of the machine alone. 

A similar simple law will be found to apply to all machines. 
The graph shewn by the dotted line is that obtained by plotting 
the values in col. 3 against the corresponding loads. This shews 
us at a glance the value of the effort which would be required to 
raise any given load if there were no resistances to be overcome 
in the machine itself, that is, it tells us what part of the actual 
effort is instrumental in raising the load. 

35. Relation between Friction-effect and Load. 

To illustrate this relation we plot the values of the friction-effect 
1-8 

1*6 

1*4 

- 1*2 
■*a 

if 

« 1-0 
jO ~ 

I 0*8 

I 0-6 

0-4 
0-2 

0 5 10 15 20 25 30 35 40 

Load (lbs. wt.) 

Fig. 52. Relation of Friction -effect to Load in Wheel and Drum. 

against the loads (Fig. 52). A larger scale, however, is here 
taken for the friction than that used for the effort in Fig. 51, 
Here again, we observe that the points lie approximately on 






in] Laws of Machines 69 

a straight line, shewing that any increase of the load produces 
a proportionate increase in the friction-effect. 

If we alter the bearings of our machine in any way, for 
instance, by cleaning them or by using difterent lubricants, we 
obtain a different series of values for the friction-effect, but we 
find that the law connecting this force and the load remains of 
the same simple kind. Moreover, if we carry out a similar test 
with any machine, be it an arrangement of pulleys, a screw-jack, 
or a worm and wheel gear, we always find a similar law. 

Reverting to Fig. 51, observe that the friction -effect, being 
the difference between the actual and the useful efforts, is repre- 
sented for any load by that part of the corresponding ordinate 
which lies between the two graphs. When there is no load, the 
friction-effect, which is about 0*5 lb. wt., is caused by the weights 
of parts of the machine itself. 

36. Relation between Efficiency and Load. Having 
considered the forces exerted on, and by, the machine, let us now 
consider the work done by each of these forces when the load is 
raised any given distance. 


Table II. Wheel and Drum, 
Analysis of work done on the machine. 


Work done on Load 

Corresponding work 

Work done 

Efficiency 

in raising it 1 foot 

done by Effort 

against Friction 

per cent. 

ft. lbs. 

ft. lbs. 

ft. lbs. 


0 

2*00 

2*00 

0 

2 

4*08 

2-08 

49*0 

5 

7*44 

2*44 

67*2 

10 

13*16 

3*16 

76*0 

15 

18*68 

• 3*68 

80*3 

20 

24*20 

4*20 

82*6 

25 

30*00 

6*00 

83*3 

30 

36*44 

5*44 

84*7 

35 

41*20 

6*20 

86*0 

40 

46*80 

6*80 

85*5 
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The values in Table 11 are calculated from our experimental 
results in the first two columns of Table I as follows. To take an 
example ; when a load of 10 lbs, is raised through 1 ft., the work 
done upon it is 10 ft. lbs. (col. 1). Since the corresponding 
effort, namely 3*29 lbs. wt., is exerted through 4 ft., the work 
done on the machine is 4 x 3*29 or 13*16 ft. lbs. (col. 2). The 
difference, namely 13*16 — 10 or 3*16 ft. lbs. is the work done 



0 5 10 15 20 25 30 35 40 

Load (lbs. wt.) 

Fig. 53. Eelation of Efficiency to Load in Wheel and Drum. 


against friction (col. 3). The same result is obtained by multi- 
plying the corresponding friction-effect by 4 ; hence these values 
in col. 3 increase with the load according to the same law as the 
friction-effect. That is, we can express the friction law of the 
machine by saying that any increase in the load causes a pro- 
portionate increase in the work done against friction^ during a 
given movement 
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Let us now see how the eiBcieiicy of the machine changes 
as the load is increased. Since the efficiency is the ratio 

Useful work done on load 


Corresponding work done by effiort ’ 


the values in col. 4 are obtained by dividing those in col. 1 by 
those in col. 2. Thus, when the load is 10 lbs. the efficiency 


10 ft. lbs. 
i:hl6 ft. lbs. 


= -76 ; or, for every 100 ft. lbs. of work done on 


the machine, we get back in a useful form 1 00 x *76 = 76 ft. lbs. 
That is, the efficiency per cent. = 76. The efficiencies are now 
calculated and plotted to a base of loads (Fig. 53). 

Here we find the points lie on a curve which is at first steep, 
but becomes less steep as the load increases and finally becomes 
nearly horizontal. The efficiency is low for small loads and rapidly 
increases up to a certain point beyond which the increase becomes 
very slow. 

It would obviously be uneconomical, as far as work is con- 
cerned, to use this machine for raising loads or overcoming other 
resistances if the values of these were less than about 15 lbs. wt. 

We notice with this machine that if the effort is removed, 
the load runs down, i.e. the machine ‘ overhauls.^ This is pre- 
vented in practice by using a brake or by fitting to the machine 
a pawl and ratchet wheel (Fig. 54). When the pawl engages the 
teeth, the spindle can only turn in the direction necessary to 
raise the load. Compare the winch used for pulling up a tennis net. 


37. The Screw«Jack. This machine is very extensively 
used in workshops, and for building operations, to lift very heavy 
weights through short distances. One common form of it is 
illustrated in Fig. 55. ^ is a square-threaded iron screw, which 

works in a stout nut C mounted on a strong tripod support. 
The screw terminates in a spherical iron head, which is pierced 
by two sockets at right angles to each, other. An iron cap is 
fitted to the top of the head, being held in position by a vertical 
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pin about which it can turn freely. To use the screw-jack it is 
placed beneath the object to be lifted, a bar is inserted in one 
of the sockets in the head and, by applying a force to the 
end of this bar, the screw is turned and the body thereby raised. 
The cap turns on the head, so no rotation is given to the object. 




Fig. 54, Pawl and 
ratchet wheel. 


One very convenient propeu’ty of this machine is that it does not 
‘ overhaul,^ a property which we found was not possessed by the 
Wheel and Drum. The screw when left to itself continues to 
support the load, and does not rotate backwards. 

38 . Velocity nratio of a Screw-Jack. When the screw- 
head, which is single-threaded, makes one complete revolution, 
the load is lifted through a distance equal to the pitch of the 
screw, that is, the distance between the lower faces of successive 
threads. The effort is applied to the end of the bar, and most 
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effectively in a direction always at right angles to it. Therefore, 
during one revolution, the effort moves through the circumference 
of a circle^ whose radius is the distance from the axis of the 
screw to the point of the bar at which the effort acts. Hence the 
velocity-ratio is the ratio of this circumference to the pitch of the 
screw. 

For instance, if the distance from the central axis of the screw 
to the point of the bar at which the effort acts is 2 feet, and the 
pitch of the screw is J inch, then 

__ , i^TT inches 

Velocity- ratio— ^ ~ 302 approx. 

The Screw-Jack has a very high velocity- ratio. 


39. Test of a Screw-Jack. A Screw-Jack adapted for 
experimental purposes is shewn in Fig. 5G. The spherical head 
of the screw is replaced by a flat horizontal table, on which to 



Fig. 56. Bottle Screw-Jack, adapted for testing purposes. 
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place the weights representing the load. The table is circular, 
and has a broad flat groove round its edge. A cord, one of 
whose ends is made fast to a stud, is coiled round the groove and 
passed over a small pulley carried on a projecting arm. Weights 
attached to the free end of tlie cord cause the screw to turn and 
lift the load. These weights measure the effort. 

To determine the velocity-ratio by experiment, a wooden scale 
is clamped vertically close to the table of the jack, and the 
height of the latter adjusted so that its ui)per edge is opposite 
to a convenient division of the scale. A pencil mark is then 
made on the edge of the table opposite the scale. The table 
is now raised by rotating it exactly 10 times, and the distance it 
has risen is measured on the scale. By dividing this distance by 
10 we obtain the pitch of the screw. The circumference of the 
table is now determined by winding the cord once round it and 
measuring on a scale the length required. This is the distance 
through which the effort is exerted to raise the load through tlie 
pitch of the screw, and therefore by dividing the former distance 
by the latter we obtain th(5 velocity-ratio. 

With the particular Screw-Jack we are testing, the pitch of 
the screw is found to be exactly \ inch, and the mean of three 
measurements of the effective circumference of the table gives 
a length of 25*5 inches. 


Hence, the velocity-ratio = 


25*5 ins. 
1 in. 


= 51 . 


In testing this machine we increase the loads by 28 lbs. at a 
time up to a total load of 168 lbs. The effort required to raise 
each load is found by adding sufficient weights to the end of the 
cord to make it descend steadily when once it has been started 
with a slight pull. 

The results are given in the first two columns of Table III. 
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Table HI. Tent of a Screw-Jack. 


V elocity-ratio ~ 51. 


Loud 

Eflbrt 

Useful elfort 

Friction-eflect 

ElTieieucy 

lbs. wt. 

lbs. wt. 

lbs. wf. 

lbs. wt. 

per cent. 

28 

1-85 

•55 

1-.30 

29*7 

56 

;j-20 

110 

2-10 

34*3 

84 

4*60 

1-65 

2-05 

36*6 

112 

5-85 

2-20 

3*65 

37 '5 

140 

7-30 

2*75 

4 *55 

38*1 

168 

8-50 

3-30 

5*20 

38*6 


How are the values in the last 3 columns obtained ] Fig. 57 
shews the results of plotting on squared paper the effort, friction- 
effect, and efficiency, to the same base of loads. The same vertical 
scale is used in this case for both the effort and the friction-effect, 
but a different scale is taken for tlie efficiency. 



140 


168 
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Although the values obtained for these ditferent quantities 
differ very much from those obtained with the Wheel and Drum 
— the greatest measured efficiency of this machine being less 
than half that of the Wheel and Drum — the graphs shew that the 
Screw-Jack obeys similar laws. When you have performed this 
test for yourself, ask someone who has weighed himself to tell you 
his weight. Find from your Effort-Load graph the effoi’t which 
should be required to raise him with the jack. Then while he 
stands on the table of the jack, test your result by finding 
what weight on the end of the cord is required to raise him. 

Note that the values given for the friction-effect include in 
each case that constant part of the effort which is used in raising 
the screw and table. The screw and table together are found to 


10*5 

weigh 10*5 lbs., and hence the force used in raising them is ~ - or 

0 1 

0*2 lb. wt. By subtracting this force from each of the values in 
the third column of Table III we could obtain a force in each 
experiment which is effective in turning the screw against the 
frictional force alone. We shall commonly use the name ‘friction- 
effect’ in the wider and not strictly accurate sense. 


40. Weston^s Differential Pulley Block. The Dif- 
ferential Pulley Block is another machine which is commonly 
used for lifting heavy weights. 

Its construction is explained by the diagram of Fig. 58. 
A is an iron block which has two sheaves of unequal diameters. 
These sheaves are cast in one piece and consequently turn together. 
An endless chain PQEF passes over each of the sheaves in 
turn, and hangs down in two loops. As it is essential that 
the chain should not slip when it is in contact with the 
upper block, pairs of lugs which project inwards are cast in the 
grooves of the sheaves, so spaced that there is just sufficient 
room for one link of chain to lie flat between consecutive pairs of 
them (Fig. 59). In addition, the chain passes through apertures 
at the ends of the arms C and D, which act as guides and ensure 
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that the chain is presented to the sheaves in such a way that it 
will be properly gripped by the lugs. 




Fig. 59. Side view of the upper 
block of a Weston’s Differential Pulley 
Block, shewing how the chain is 
gripped by the lugs. 


Fig. 58. Weston’s Differential Pulley Block. 


One of the loops carries a movable block B which has no lugs. 
The load is suspended from the hook below and is raised by 
pulling on the chain at P. We find that this machine, like the 
screw-jack, does not overhaul. 


41. Velocity-ratio of the Differential Pulley Block. 

A Differential Pulley Block, designed to lift ^ ton, has 8 pairs of 
lugs on the larger sheave and 7 pairs on the smaller one, and, on 
examining the chain on the block, we notice that for each pair of 
lugs we have two links of chain. Hence the effective circum- 
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ferences of these sheaves are equal in length to 16 and 14 links 
of chain respectively. 

!N^ow suppose we pull on the chain at 7^ until the upper block 
has made one complete revolution. During this movement 
16 links of chain pass from the loop to the loop But 

the smaller sheave has also made onci complete revolution, and in 
so doing has wound 14 links of chain from the loop on to the 
loop On the whole, then, the loop has been shortened 

by two links of chain. It follows that each side of the loop of the 
chain supporting the movable block and the load is shortened by 
one link, which is therefore the distance through which the load has 
been raised. Thus, when the effort is exerted through a distance 
equal to the length of 16 links of chain, the load is raised a 
distance of 1 link. The velocity-ratio is therefore 16. How would 
you test this value of the velocity-ratio by direct measurement 1 

42. Results of a test of a Pifferential Pulley 
Block. To hnd the efforts required to raise the same series 
of loads as we used in the case of the screw-jack, sufficient 
weights are hung from links on the chain P to make it descend 
steadily when once it has been given a start. These weights are 
conveniently attached by light steel hooks inserted into the links 
of the chain. 

The experimental results obtained with a Differential Pulley 
Block are given in the first two columns of Table IV. 

Table IV. Teai of a Westmih Differential Pulley Bloch, 

V elocity-ratio =16. 


Load 

Eflbrt 

Friction-effect 

Efficiency 

lbs. wt. 

lbs. wt. 

lbs. wt. 

per cent. 

28 

600 

4*25 

29*2 

56 

10-50 

7*00 

33-3 

84 

15*00 

9*75 

36-0 

112 

18*60 

[ 11*50 

35-9 

140 

23*75 

15*00 

36 •? 

168 

28*50 

I 18*00 

36-8 
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How are the values of the friction -effect and the efficiency 
calculated? Fig. 60 shews the results obtained by plotting these 
values in the same way as with the foregoing machines. As in 
the test of a screw-jack^ the same scale can conveniently be used 
for the effort and the friction, a different scale being used for the 
efficiency. 



Fig. 60. Results of test of Weston’s Differential Pulley Block. 


We again find similar laws governing the behaviour of this 
machine. 


43. Relation between Mechanical Advantage and 
Load. The load-efficiency graph may be used to illustrate the 
relation between the mechanical advantage and the load. 
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Efficiency may be expressed as a percentage or as a fraction. 
In the graphs of Figs. 53, 57 and 60 we have expressed it as 
a percentage, but in each instance the corresponding fraction may 
be read; e.g, an efficiency of 30 is an efficiency of 0*3. 

In calculating the efficiency at any load, we have : 

Work done in raising the load 1 ft. ~ W ft. lbs. 

While the load rises 1 foot, the effort acts through V feet, 
V being the velocity-ratio, so if P is the effort corresponding to a 
load W, 

Work done by the effort = P. V ft. lbs., 

and the efficiency (as a fraction) is WjP. V, that is IF/P, the 
mechanical advantage V x efficiency, and V is constant for any 
particular machine. 

The reader may now in each of Figs. 53, 57 and 60 set up 
(for convenience on the right-hand side) a scale of mechanical 
advantage, and, with this scale, the efficiency graph will illustrate 
the change of mechanical advantage with changing load. 

Like the efficiency, the mechanical advantage becomes nearly 
constant for loads approaching the magnitude of that for which 
the machine is designed. 

Further, since the effect of friction is to reduce the mechanical 
advantage of a machine to the same extent as it reduces the 
efficienc}^, we see from our results how great this effect is. For 
example, with the Differential Pulley Block, the highest value of 

1 68 

the mechanical advantage we obtained was = 5*9. If there 

2o’0 

had been no friction in the machine, this value would have been 
equal to the velocity-ratio, namely, 16. If we want a machine 
with a large mechanical advantage, we must design it to have 
not only a large velocity-ratio, but at the same time little 
friction. 

43a. Comparison of the characteristics and useful 
applications of the foregoing machines. The chief 
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characteristics of the three foregoing machines are summed up 
as follows : 




Higliest values obtained for 

Machine 

41 

Velocity-ratio 

Mech. Adv. 

Efficiency 

Wheel and Drum 

4 

3-4 

86 “/o 

Differential Pulley Block 

10 

5-9 

37°/o 

Screw-Jack 

51* 

19-7* 

■69% 


* These values are considerably greater in practice when using a bar to 
turn the Jack (Art. 38). 

In selecting a machine for any given purpose, especially when 
we want to use manual labour to the best advantage, the efficiency 
of the machine may be of secondary importance, and other con- 
siderations of greater consequence. For example, contrasting the 
Wheel and Drum with the other two machines we see that 
its advantage lies not only in its greater efficiency but in the fact 
that the load can be raised a greater distance, since a con- 
siderable length of rope can be wound on the drum. Thus, if 
we want to raise a sack of coals through 20 feet, we use a 
machine of this type. Its mechanical advantage however is low^^ 
and, although we can increase it by reducing the diameter of 
the drum, the result of this will be to diminish the amount of 
rope which can be effectively wound upon it. We can, however, 
increase the mechanical advantage by combining this machine 
with a screw, as in the Worm and Worm wheel (Art. 28), or 
with a train of toothed wheels, as in a Crab Winch (Fig. (e) on 
p. 92). 

Turning to the Differential Pulley Block and the Screw- 
Jack, we find their advantage over the Wheel and Drum lies 
in their greater compactness, the ease with which they are 
applied, and their convenient property of not overhauling. The 
screw-jack is specially remarkable for its high mechanical 
advantage. We use this machine when we want to overcome 


M.& K. 


6 
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a vcT'y large force through a very short distance. For example, 
to raise the axle of a motor car for the purpose of changing a 
tyre or a wheel, a screw-jack is obviously the proper machine to 
employ. Here the main consideration is to produce a large 
enough force without undue muscular effort; tlie low efficiency 
of the machine is of secondary importance, especially as the total 
work requinid for such an operation is not large. 

On the other hand, with machines which are worked con- 
tinuously and where much larger quantities of work are involved, 
the efficiency is generally the most important consideration. 
For instance, no one would buy a bicycle unless its efficiency 
were very high. 

Efficiency is specially important in machines which are driven, 
not by muscular effort, but by steam, gas, or water pressure. These 
machines as a rule run continuously and do great quantities of 
work. Clearly the cost of running such machines is smaller the 
greater their efficiency. Hence^, especially with large machines, 
the aim of the designer is chiefly directed towards securing a high 
efficiency. 


44. Gquations of Machines. Referring to the results 
#we obtained in our tests of machines, let us consider the numerical 
relation between the effort and load (and also the friction and 
load) which is graphically represented on squared paper by a 
straight line. 

This relation for any particular machine we can express 
algebraically by a simple equation of the form P — a + h. IF, 
which will give us the value of the effort P required to 
raise any given load W, a and h are two constants for the 
machine, the values of which depend on the velocity-ratio and 
the friction. 

To understand this let us examine these graphs, which are of 
the form represented in Fig. 61. 

Selecting any point A on the horizontal axis, we see that OA 
represents a certain load W, The ordinate AB^ the vertical 
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line drawn from A to the graph, represents the corresponding 
value of the effort P. 

Through (7, the point where the graph meets the vertical axis, 
draw CE parallel to OX to cut AB in E, 

Now CE equals OA and represents W lbs. wt. 

And AE equals OC and represents a constant effort which we 
will call a lbs. wt. 

Also ^(7 equals [AB — AE\ and therefore represents (P^a) 
lbs. wt. 



\E0 


= tan BCE 


')• 


(P-a)lbs. wt. , 4 . 4 . 4 .- 

Hence - , is a constant ratio. 

W lbs. wt. 

If we call this constant ratio b, we have 
P-a 


W 


-by or P = a + b , W. 


6—2 
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This is called the Equation of the Machine, It expresses the 
fact that the effort required to raise any load W is equal to 
a constant force a lbs. wt., which is the effort required to work 
the unloaded machine, plus a constant fraction h of the load. 
The equation enables us to calculate the effort required to raise 
any given load when the values of the constants a and h for the 
particular machine are known. Let us find the values of these 
constants in the case of the Wheel and Drum. Referring to our 
Effort-load graph we see that when IF - 0, the effort is approxi- 
mately 0*5 lb. wt. That is, a -0*5 lb. wt. 

Now, taking corresponding values of W and P from the graph 
we find, for example, that to overcome a resistance of 40 lbs. wt., 
an effort of 11*7 1V)S. wt. is required. Substituting these values 
in the equation P-a-vh, TF, we have 

11*7 = 0-5 + X 40, or 6 = 0*28. 

The equation of tfie machine is therefore given by 
P=0*05 + 0*28 IF. 

Test this equation by calculating from it what effort is 
necessary to raise a load of 22*5 lbs. wt., and then comparing 
this result with that read off from the graph. 

Shew that the equation for the Screw-Jack (Art. 39) is given 
by iP-0*5 + 0*047 and that for the Differential Pulley Block 
(Art. 42) by P = 1*5 + 0*16 TF. 

Since the relation between the friction-effect and the load is 
graphically represented by a similar straight line, it follows that 
this relation can also be expressed for each machine by an equation 
of the form 

Friction-efiect = a + c . IF. 

We see that a here is the same constant force as that in the 
equation of the machine, but c is a new constant. 

This equation expresses the fact that the friction-effect is 
equal to that of the unloaded machine, plus a constant fraction 
c of the load. 
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Note, The connection between this friction law and that governing the 
effort, which we must regard as dependent upon it, may be shewn thus : 

Actual effort = Useful effort + Friction-effect. 

W 

That is, P = Y^-fa + c.lF, 

♦ y 

where F=: velocity-ratio, or 

+ W. 

The expression -l- is constant for the machine, and is represented 
by h in the equation of the machine. 

44 a. Overhauling. Let us now enquire why it is that 
those machines, which (like the Bcrew-Jack) have a low efficiency, 
do not overhaul, i.e. do not allow the load to run back when the 
effort is removed, whereas this property is not possessed by 
machines (like the Wheel and Drum) whose efficiency is high. 

Suppose that, in using a certain machine to raise a load of 
100 lbs. through 1 ft., we have to do 200 ft. lbs. of work upon 
the machine. vSince only half of this work is usefully employed 
in raising the load, the other half must be expended in overcoming 
resistances in the machine, which we will assume are caused by 
friction only. Thus, the efficiency in this case is ^ or 50 7o‘ 

Now, if we assume (as is generally the case) that the removal 
of the effort does not materially alter the friction between the 
various rubbing surfaces of the machine, then, in order that the 
load may descend through 1 ft., it must be capable of doing 
100 ft. lbs. of work in overcoming the friction during this move- 
ment. We observe that the load of 100 lbs, in descending 1 ft. 
is just capable of doing this amount of work ; hence, if the 
machine is once set in motion, the load will descend. 

If, however, the efficiency of the machine is less than 50 , 

it means that in raising the load through 1 ft., we have to do 
more than 200 ft. lbs. of work, and hence more than 100 ft. lbs, 
in overcoming friction. Consequently, more than 100 ft. lbs. of 

* The common pulley block tackle is an exception. 



86 LawH of Machims [cii. 

work must be available for overcoming friction before the load 
can run back. 

Since, in descending 1 ft., the load is incapable of doing the 
work against friction which is now necessary, the machine will 
not overhaul. 

It should be clear from this example that a machine will, or will 
not, overhaul according as its efficiency is greater, or less than, 50"/^. 

We can further illustrate this general principle by shewing 
how it applies in the case of a simple machine such as an inclined 
plane. Consider the case of a load W being pulled up a plane by 
an effort exerted parallel to the plane. Let the inclination of 
the plane be such that when the effort is removed, the load is just 
supported by the friction between it and the plane, that is, over- 
hauling is on the point of taking place. This means that the load 
when given a start will move steadily down the plane again. 

Observe that when the load has moved down the plane a 
distance corresponding to a vertical drop of 1 ft., the load has 
done W ft. lbs. of work against friction. Now, to pull the load 
up the plane again through the same distance, the same amount 
of work has to be done against friction, and also a further W 
ft. lbs. of work are necessary to raise the load through the vertical 
height of 1 ft. Hence, to do W ft. lbs. of useful work on the 
load, the effort must do 2 IF ft. lbs. That is, the efficiency is 
i or 50 7^. 

Examples ITT, 

1 . The following results were obtained in a test of a Wheel and Drum. 

Effective circumference of wheel = 90 inches. 

Effective circumference of drum =15 inches. 


Load W 

Effort P 

lbs. wt. 

lbs. wt. 

20 

4-13 

40 

7*71 

60 

11*34 

80 

14*90 

100 

18 ’52 

120 

22*14 
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Plot on the same sheet of scjuared paper to the same base of loads the 
values of 

(а) the actual effort P, 

(б) the effort if there were no friction. 

[Use Jihe following scales : Load, 1” = 20 lbs. wt. ; Effort, l'' = 5 lbs. wt.J 
Find from your graphs 

(i) the effort required to overcome a load of 90 lbs. wt., and hence 
the mechanical advantage in this case, 

(ii) the effort required to turn the machine when unloaded, 

(iii) the friction- effect when the load is 8.5 lbs. wt. 


2 . From the results given for the Wheel and Drum in Ex. 1, calculate 
the values of the friction-effect for each load, and plot these values on 
squared paper to a base of loads. 

[Take the following scales : Load, 20 lbs. wt. = 1" ; Friction ‘5 lb. wt. = 1".] 
What do you learn from the graph thus obtained ? 


3. From the results given for the Wheel and Drum in Ex. 1, calculate 
the efficiencies (per cent.) of the machine when the given loads are raised. 
Plot these values to a base of loads, 

[Scales : Load, 20 lbs. wt. =1"; Efficiency, 20 °/o = l".] 

What do you learn from this curve ? 

(i) What is the efficiency corresponding to a load of 25 lbs. wt. ? 

(ii) What is the maximum efficiency of this machine, approximately? 

(iii) In overcoming a load of 100 lbs. wt. through a distance of 12 ft., 
how much work is done against friction ? 

4 . A simple lifting screw-jack has a screw whose pitch is ^ inch. How 
many revolutions must the screw make in order to raise a load through 
5 inches ? 

What must be the effective length of the lever used to tui^ it, in order 
that the velocity-ratio may be 132 ? 

What would this ratio be if the length of the lever were 2 ft. 4 ins. ? 


5. A screw-jack is used to lift a load of 5 cwt. The pitch of the screw 
is J in. If the efficiency of the machine for this load is 40 %» you did 
not wish to exert a force of more than 6 lbs. wt., what length of lever would 
you use ? 
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6 . Fig. (a) shews the construction of a Laboratory form of a Double- 
sheaved Pulley Block Tackle. A and B are two blocks, each with two 
sheaves. A cord is attached to a hook at the bottom of the upper block, 
and is passed round the sheaves in turn and then over a fixed block C. 
Wf the load to be raised, is hung from the lower block and is lifted by 
applying to the free end of the cord the effort P. 



(a) Double-sheaved Pulley Block Tackle. 

The following results were obtained in a test of this machine : 


Load 

Effort P 

lbs. wt. 

lbs, wt. 

0-5 

'28 

1-0 

•41 

1-5 

*55 

2 

•67 

3 

•94 

4 

1-21 

b 

1-73 

8 

2*27 

10 

2-8 
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((f) Calculate the velocity-ratio. 

(h) Tabulate the values of the efficiency for each load. 

(c) Plot on the same sheet of squared paper the effort and the efficiency 
to the same base of loads. 

*(i) What effort is required to raise a load of 2*5 lbs. and what is the 
efficiency in this case? 

(ii) What is the maximum mechanical advantage, and what is the 
maximum efficiency of this machine, approximately ? 

(iii) If the weight of the lower block is ^ lb., find how much of the 
effort is used in overcoming friction only, when the load is 10 lbs. 

7 . The pitch of the screw of a jack is J in. and the length of the lever 
used is 2 ft. Find the work that must be done to lift a load of 2 tons to 
a height of 10 ins., assuming that the efficiency of the machine for this load 
is 35 

How much work is done against friction in this case ? 

8 . The following results were obtained in a test of a screw-jack : 

Pitch, 2 threads to the inch. 

Ijength of arm, 30 inches. 

W P 

cwt. lbs. wt. 

1 1*4 

2 2*3 

3 3*2 

4 4-1 

5 4-9 

6 5-6 

7 0*5 

8 7-4 

Calculate and tabulate the values of the friction -effect and efficiency 
(per cent.). 

Plot on the same sheet of squared paper, the effort, friction-effect and 
efficiency to the same base of loads. Use the same vertical scale for the 
friction as for the effort. 

(i) How would you change the. scale on which you have plotted the 
efficiency so that this curve may represent the mechanical advantage in 
terms of the load ? 

(ii) What is the mechanical advantage when raising a load of 
3i cwt. ? 

(iii) In raising a load of 6J cwt. through 6 ins., how much work is 
done against friction ? 
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9 . The screw of a book-press (Fig. h) has a pitch of U in. Two forces, 
each of 20 lbs. wt., are applied in opposite directions to the ends of the 
handle and at right angles to it, at distances 10 ins. from its axis. Calculate 
the thrust produced on the book, assuming an efficiency of 40 



10. P"ig. (c) represents the screw-coupling used to connect together the 

carriages of a railway train. The links A and li are connected by a bar, 
one end of which has a right-handed, while the other end has a left-handed, 
screw. The pitch of each screw is J in. The efficiency is 45 . 

Calculate the greatest force which can be exerted on each carriage by 
applying a force of 40 lbs. wt. to the lever L in a plane at right angles to 
the axis of the screw, and at a distance of 16 ins. from this axis. 

11. Make a rough drawing of Weston’s Differential Purchase. 

If the effective diameters of the sheaves in the upper block are 3J and 
2J ins. respectively, find the velocity-ratio of the machine. 

If the efficiency for a load of 12 cwt. is 25 % , what ^orce is required to 
lift this load ? 

12 . In two experiments with a Differential Chain Pulley Block having 
a velocity-ratio of 16, it was found that, to raise a load of 40 lbs. required 
an effort of 9*6 lbs. wt. ; to raise a load of 100 lbs. required an effort of 
20*4 lbs. wt. 

What will be the effort required to raise a load of 80 lbs. ? 

How much work will be used in overcoming friction when a load of 120 lbs. 
is raised through 3 ft. ? 

13 . In a Weston’s Differential Purchase^ the differential block has sheaves 
whose effective diameters are in the ratio of 12 to 11. 

Calculate the velocity-ratio. 

Describe how you would carry out a test with this machine. 
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14 . The following data were obtained with a Worm and Worm-wheel 
(see Fig. 48 on p. 49): Diameter of wheel 7?-- 12". Diameter of drum D = 4". 

Worm single-threaded. Number of teeth on Worm-wheel — 90. 


• 

W lbs. wt. 

50 

100 j 150 

200 

250 

i 300 

1 


P lbs. wt. 

115 

2-00 , 2-94 

3*95 

4-86 

j 5-80 


{a) Calculate the velocity-ratio. 


(h) Plot on squared paper the actual effort, the useful effort, and the 
friction-effect to the same base of loads. 

(c) Plot on squared paper the mechanical advantage and the efficiency 
to the same base of loads. 

State the chief characteristics of this machine which your results demon- 
strate. 

15 . Fig. (d) represents a Train of Wheels. A pinion D (11 teeth) gears 
with a wheel G (24 teeth). On the same spindle as G is fixed a pinion B 
(11 teeth) which gears with the wheel A (24 teeth). 

How many revolutions does A make when D makes 120 ? 

If a load W on the end of a cord wound on a drum which is fixed to the 
spindle of A is balanced by a weight P on the end of a cord wound on 
a drum of the same diameter, fixed to the spindle of D, what is the ratio of 
W io F supposing that there is no friction ? 

If an effort P of 18 lbs. wt. is capable of keeping a load W of 80 lbs. 
moving upwards at a steady speed, what is the efficiency of the machine ? 
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16. With a certain machine having a velocity-ratio of 216 the following 
results were obtained : 


W lbs. wt. 

40 

80 

120 

160 

200 

P lbs. wt. 

2*24 

8-42 

4-55 

5*73 

1 

6-9 


Plot the friction -elf ect of the machine in terms of the load. 
Express in words the law which your graph represents. 
What is the friction -effect of the machine, when unloaded? 


17 . Fig. {e) represents in diagrammatic form a Crab Winch having a 
double gear. As shewn in the diagram, this machine has been adapted for 
experimental purposes by removing the crank-handles from the axle FE 
and substituting the wheel F, in order that we may conveniently apply the 
required effort P by means of a weight hung from a cord. The pinion E on 
the same axle as F gears with the wheel I>. On the same axle as D is 
another pinion C gearing with the wheel B. On the axle of B is fixed the 
drum A round which is wound a rope carrying the load W, 



(«) 
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Calculate the velocity-ratio of this machine from the following data ; 
Eifective circumference of drum A =17*6". 

Effective circumference of wheel E=32*2". 

Number of teeth on 11 — 6' =10, i) = 23, E’=l(). 

18 . The following results were obtained when testing the Crab Winch 
described in Ex. 17. 

When finding the velocity-ratio by direct measurement, W was lifted 
G-4 cms. while P was pulled down through 121 cms. 


W lbs. wt. 

0 

50 

112 

168 

221 

P lbs. wt. 

5-0 

1 

7-9 

11-0 i 

1 

14*0 

17-0 


Calculate and tabulate the values of the efficiency for each load. 

Draw the effort-load and efficiency-load curves on the same sheet of 
squared paper. 

Determine the equation of the machine. 

What is the least load at which the machine will overhaul ? 

19 . Shew that the relation between the effort and load for any machine 
can be expressed by an equation of the form P=r-[-s . W, 

What does the constant r signify? Upon what does the constant 
8 depend ? 

Find the equation for the machine in Ex. 1. 

80 . Find the equation for the screw-jack in Ex. 8. 

Determine from this equation what effort will be required to raise 1 ton 
with the jack. 

81. In two experiments with a certain machine it was found that, to 
overcome a resistance of 100 lbs. wt. an effort of 11*2 lbs. wt. was required; 
and to overcome a resistance of 200 lbs. wt. an effort of 17*2 lbs. wt. was 
required. 

What is the probable equation of the machine ? 

88 . The equation of a certain machine is given by 
P = 3-3 0-42 fT. 

If the velocity-ratio of the machine is 4, determine the equation con- 
necting the friction-effect and the load. 
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23 . When is a machine said to ‘ overhaul ’ ? If a machine is on the 
point of overhauling with a certain load, what is the efficiency of the machine 
for this load ? 

The equation of a certain machine is P = 4'02 { 0’3SJr. If the velocity- 
ratio is 12, will this machine overhaul ? 

24 . To raise 15 cwt. with a certain screw-jack whose velocity-ratio is 
300, an effort of 28 lbs. wt. is required. What effort will be required to 
lower this load ? 

26 . Explain why a machine will not overhaul if its efficiency is less 
than 50 

26 . To drag a load of 80 lbs. up an inclined plane, a force of 30 lbs. wt., 
acting along the plane, is required. If, on removing the aj^plied force, the 
load is on the point of sliding down the plane, find the inclination of the 
plane. 



C'HAPTER IV 


LAWS OF LIMITING FHICTJON 

45. Friction. Lc‘t ur first sum up the conclusions we 
arrived at in our preliminary study of friction in Chapter I 
(Art. 12). 

Wh(‘n we make, or try to make, one body slides over an<)ther 
a^^ainst wliicli it is pre^ssed, a fi'ictional stress is set up (owing to 
the ini'vitahlo roughness of the contact sui*fac(‘s), each body 
exerting a forc(i on tiie other along the surfaces of contact. 
This force, with which one surface opposes the sliding of another 
over it, is called the Force of Friction (or simply the Friction). 

As long as no sliding takes place, the force of friction on a 
surface always adjusts itself to balance the foi’ce tending to slide 
that surface over the other, and hence, when the latter force is 
increased, the force of friction likewise increase's until a certain 
limiting value is reached. 

This limiting value is greater when the surfaces arc on the 
point of sliding over one another than when sliding is actually 
taking place, that is, the Starting Friction is greater than the 
Sliding Friction. 

We now propose to experiment upon this limiting friction 
which is called into play when one surface slide.s, or is about to 
slide, over another under various conditions. 

Recollect that, when dealing with machines, we did not seek 
to discover the separate forces of sliding friction at the various 
rubbing surfaces in a machine, but only examined the total effect 
which these forces produced. This effect we called the friction- 
effect, and defined it as that part of the effort which is instru- 
mental in overcoming all the resistances within the machine. 
The simple nature of the law which we found to exist between 
this effect of friction of a machine and the load upon it, leads us 
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to expect that experiment will shew that the force of sliding 
friction of one surface on aiioilier also obeys laws of a simple kind. 

46 . Friction between dry surfaces. We will first 
investigate the limiting friction of smooth surfaces which are dry, 
i.e. not lubricated. 

The following simple but somewhat rough experiments are 
intended as an introduction to more accurate ones. 

A well-seasoned oak board, the surface of which has been 
planed smooth, is placed on a table. On this board is placed 
a smooth flat slide (also of some hard well-seasoned wood) to which 
a spring-balance is connected by a string, as illustrated in Fig. 30 
on page 17. 

(i) We place a weight of 14 lbs. on the slide, and increase 
the horizontal pull on the ring of the spring-balance until the 
slide start.s to move. The reading of the balance when the slide 
is just on the point of starting, gives us the value of the Starting 
Friction. The reading of the balance while we pull the slide 
with steady motion, gives us the value of the Sliding Friction. 
We notice that the starting friction is greater than the sliding 
friction. Moreover, if we repeat this experiment several times, 
we observe that whereas the values obtained for the sliding 
friction are remarkably constant, those for the starting friction 
vary between rather wide limits, shewing that the starting friction 
for these surfaces is a somewliat uncertain quantity. 

(ii) We next place some other smooth material, such as 
a plate of glass, between the slide and the board, and again 
determine the starting and sliding frictions. We now get values 
differing from those obtained in the first case, shewing that the 
frictions depend on the materials of the surfaces. 

This experiment should also be carrie^^ out with a smooth 
metal slide on a smooth metal plane. In this case it will be 
found that the values of the starting friction agree more closely 
among themselves and at the same time are only slightly greater 
than the values of the sliding friction. 
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(iii) We again place the slide on the hoard and determine 
the values of the starting and sliding frictions when the slide is 
loaded successively with 7, 14, and 21 lbs. 

We first remark that the friction increases with the load. 
Our results, however, indicate more tluin this, for we find that 
when the load is doubled, and then trebled, the friction also 
becomes approximately first doubfinl, and then trebled. This 
leads us to predict that inor(j careful measurements will shew 
that the limiting friction is directly proportional to the force 
with which one surface is pressed against the c.ther. That this 
most important law is true, we shall verify presently by a more 
accurate method of experiment. 

(iv) We now try the effect of altering the area of the 
rubbing surface. To do so, we determine, as before, the starting 
and sliding frictions for a certain load, and then reduce the area 
of contact by splitting off* about half tluj slide. On now repeating 
our observations with the same load on the smaller slide, we find 
that our results do not differ to any appreciable extent from 
those obtained with the larger one. It would appear therefore 
that the friction is independent of the area of contact. This 
also we shall verify by more careful experiment. 

(v) We now try the effect on the sliding friction of altering 
the speed with which we pull the slide along the board. We 
find that the readings of the spring-balance are approximately 
the same for different steady speeds, shewing that the friction is 
nearly independent of the speed of rubbing within the moderate 
range of speeds we can employ. 

47. To shew that the Force of Friction on a nib- 
bing surface is directly proportional to the Normal 
Reaction u pon it. Instead of using a spring-balance, we 
now resort to a more accurate method of measuring the force of 
friction. The string attached to the wooden slide is passed over 
a pulley mounted on a bracket which is screwed to the end of 

7 
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tlio })oai*(3, and wt^iglits are added to the end of this string until 
tlie slide, when given a start, moves with constant spe(‘d in the 
direction of the pulley (Fig. 62). 



^J'he horizontal forces no\\ acting on thi^ slide are the pull of 
the string, and the equal and (»pposite for(*e of friction. Since we 
nsf» a pulley which is very nearly free from friction, the pull of 
the string and hence the friction are each very nearly equal to the 
weight of the load on the end of the string. 

Considering now the vertical forces on the slide, we see that 
the weight downwards is balanced by the upward reaction of tlie 
plane. This reaction, being at right angles to the rubbing 
surface, is called the normal reofJion upon it. To ascertain how 
the force of friction depends on the normal reaction, we increase 
this reaction by increasing the load on the slide, step by step, 
and determine the corresponding values of the friction by finding 
what weight on the end of the string will cause the slide, when 
given a start, to continue to move steadily. The results in 
Table I below were obtained with an oak slide on an oak board, 
the grain of the wood of both being parallel to the direction of 
motion. The weight of the slide itself was 1 lb. and the load upon 
it was increased by 1 lb. at a time. 
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Table I. Besults of experimnit to determine the eomieetion 
he.tween SluU/ttg Frictioit nnd Normal Reaction. 


Oak slide on oak board. Weicjlit of slid(», 1 lb. 


normal rowilion 

Fori'i* of Slidms 

ilatio of Slidiiif? Friction 

oil surfiu’o of slide (A*) 

Erictioii (F) 

to nonnnl rea<ttion iFjR) 

lbs. wl.. 

lbs. \vt. 



1 

()“2] 

•210\ 

! 

0*42 

•210 


3 

0-62 

•206 

Mean value 

1 4 1 

0*83 

•207 

•210 

i 5 

1-07 

•211 


6 ^ 

1-23 

•215 J 



The numbers in the third column are obtainc?d by dividing 
the total normal reaction into the corresponding value of the 



Fig. 63. 


7—2 
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sliding friction in each case. The numliers thus obtained are so 
nearly equal that wij are justified in saying that the sliding^ 
filction is directly proportional to the normal reaction. 

Let us also illustrate this law graphically by plotting the 
results on squared paper (Fig. 63), the values of the iionnal 
reaction being taken as abscissae, and the corresponding values 
of the sliding friction as ordinates. 

The line which lies most evenly among the points is a straight 
line passing through the origin 0. From this graph we can read 
off the sliding friction corresponding to any given normal reaction. 
For instance, we see that the friction corresponding to a normal 
reaction of 4*5 lbs. wt, is 0 95 lb. wt. 

If we now repeat our experiments with slides and planes 
made of different materials, we dnd the same simple law always 

holds good. However, the value of the ratio — 

normal reaction 

although constant for any one jiair of surfaces, is found to Vie 
different for each different pair of surfaces we employ. 

48. To shew that the force of sliding friction on a 
body is independent of the area of the rubbing surface. 

A rectangular block of some close grained wood, such as boxwood, 
is prepared, for use as a slide, by planing as smooth as possible the 
two opposite faces. The area for contact for one face is reduced to 
about half its former area by cutting a channel from it with 
a chisel. The block is first placed with its larger face in contact 
with the plane and the sliding friction measui'ed as in the fore- 
going experiments. The block is then turned so tliat its smaller 
face is in contact with the plane and the friction again measured. 
The block should have two eyes screwed into its end at points such 
that, when the string is transferred from one to the other on 
turning the block over, this string is still parallel to the plane. 
Additional measurements should l:>e made with each face, in- 
creasing the load on the block step by step as in the foregoing 
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experiment, results in Table II below weio obtained with a 
pear wood block sliding on a polished steel plane. 


Table 11. lies alts of experiments to illustrate the effect of 
altering the area of the r\d>hi'Hg surface. 

Pear wood block on steel ]>lane. Weiglit of block, 0*7 lb. 


Total normal reaction 

1 

Eoree of Sliding Friction in lb. wt. 

I lbs. wt. 

Tjarge face 

Small fac(‘ 



0-7 

017 

015 

1 1*7 

0-40 

0-38 

‘ 2 '7 

1 

0*59 

_ 1 

o-co 


We see that the close agreement of the values in the 2nd 
and 3rd columns justifies the statement that the sliding friction 
is independent of the area of the ruhhhuj surface. 

You will more readily accept the truth of this law when you. 
perceive that it can be deduced, as follows, from the law which 
wo have already verified in the preceding article. The total 
force of friction on the block in each case is clearly the sum of 
all the forces of friction on every square inch of its rubbing 
surface. Let us suppose the area of this surface to bo doubled 
while the total load remains the same. Assuming this load to 
be equally distributed over the contact surface in each case, we 
observe that the effect of doubling the area is to halve the 
normal reaction on each square inch, for the same load is now 
supported by twice the number of scjuare inches. Hence the 
friction on each square? inch is now (^nly half that in the first 
case (for we already know that the friction for each square inch 
is proportional to the normal reaction upon it). Thus we see 
that, when the area is doubled, we have twice the number of 
square inches but the force of friction on each is only half what 
it was before; hence the total force of friction remains the same. 
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This is the traditional argument. Jt is, lunvever, open to 
question whether, in tlie experiment we liave d(‘scribod, we have 
succeeded in varying the area of contact in the w'^ay suggested. 
We cut away half one face of tlie slide and we left it to be under- 
stood that the surface of contact of one face w'as double that of 
the other. Now rub the surface of the plane, that on which the 
slide moves, lightly with powdered graphite; then, with the faces 
of the slide clean, move the slide up and dow'n the plane, first on 
one face and then on the other, and from the black marks left on 
the faces of the slide observe the actual areas of contact. The 
areas are not sharply defined or easily measured, and it is even 
possible that the surface which we attempted to reduce by 
channelling may in fact make the better contact; this will depend 
mor*e upon the quality of the planing than upon tln^ whole areas 
of the two faces. Contact over a whole paij* of faces is difficult to 
secure, so difficult that perhaps the experiment is beyond the 
scope of the work wliich we int(‘nd to covtu* in this book; still, if 
the r(\sources of the school laboratoiy permit, the experiment 
should prove interesting. In most machines the surfaces of the 
moving parts are not dry but lubricated; also it is likely that 
the area of contact, whatever it may be, will remain fairly 
constant. 

49. Summary of the Laws of laimiting Friction for 
Dry Surfaces, We can now sum up the laws of sliding 
friction as follows : the Force of Sliding Friction o'n a rtMing 
surface is 

(1) directlg proportional to the total normal reaction upon it 
(or the total force with which o'iie surface is 2*ressed against the 
other\ 

(2) independent of the area of the rubbing surface^ 

(3) independent of the speed of rubbing (for moderate speeds). 

The first two laws also hold good for Starting Friction, 

although, as we have demonstrated, the values obtained for this 
force under the same given conditions may not agree very closely 
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among ilierns(3lv(\s for certain surfaces. For liai-d polished metal 
sui’faces, however, the agreement is very (;lose. 


50. Ooeflacient of Friction, You will perceive that 
the foregoing laws are embodied in this one expression * the 
ratio of the sliding friction to the normal reaction is, for two given 
surfaces, a constant whose value de])ends solely on the nature of 
the surfaces, i.a. on the materials of which they are made and 
their degree of smoothness.’ 

Sliding Friction (F) 

Normal Rciictiou (Ji) 
sliding friction for the given surfaces, and is generally denoted 
by the Greek letter fx. 

F 

That is, = // oj* F= fx. JF, 


This ratio 


is called tlic Coefficient of 


For example, taking the mean of the numbers in the third 
column of Table T, we see that the coefllicient of sliding friction 
for the two oak surfaces has the value 0*21. Thus the relation 
between the force required to keep one of these surfaces sliding 
over the other, and the total normal reaction upon it, is given 

by j = ^'21 or 7'^=r()-2i R. Similarly, the ratio of the 

starting fi’iction to the normal reactit)n we call the ‘coefficient 
of starting friction.’ The value of this coefficient is somewhat 
uncertain in many cases, but it is always greater than the 
coefficient of sliding friction. 

As a rule we shall use simply the expression ‘ coefficient of 
friction,’ and in doing so we shall generally refer to sliding 
friction, ilowever, when using this expressum in any example 
you will find that tluTO is never any doubt as to which of the 
above coefficients is implied. 


51. Examples on the use of Coeffleient of Friction. 

Bx. 1. A man palls a block of wood, weighing 400 lbs., along a 
horizontal floor. What horizontal force must he exert to keep the block 
moving at a steady speed, if the coefficient of friction for the rubbing 
surfaces of the block and the floor is 0*28 ? 
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Here tlie total normal reaction of the floor on the block is equal to the 
\vei}<ht of the block, namely, 400 IbKS. wt. 

The force of slidinj^ friction opposing the steady motion of the block will 
therefore be 0-28 x400=112 lbs. wt., and this equals the horizontal force 
which the man must exert. 


Ex. 2. If the man in Kx. 1 weighs 13 stone, what must be the least 
value of the coefficient of starting friction between the soles of his boots and 
the floor to enable him to exert the necessary horizontal force? 

To exert the necessary horizontal force, the least force of friction of the 
floor on the man’s boots must be 112 lbs. wt. The normal reaction of the 
floor on his boots is equal to his weight, namely, 13 x 14 lbs. wt. If ^ is the 
necessary coeflicient of starting friction, then the greatest force he can exert 
is /A X 13 X 14 lbs. wt. Hence, we have 

/AX 13 xl4 = 112, or /A=-Ji" =0*61. 

^ 13 X 14 

Ex. 3. The weight on the driving wheels of a locomotive is 30 tons, 
and the coeflicient of starting friction for the wheels and the rails is 0‘18. 
What is the greatest pull the locomotive can exert ? 

The greatest pull the locomotive can exert is equal to the greatest 
horizontal force which the driving wheels can exert on the rails, which again 
is equal to the total limiting friction of the rails on the wheels. 

Now the limiting friction =/a. jR=0*18x 30 tons wt. = 6*4 tons wt., which 
is therefore equal to the greatest pull the locomotive can exert. 


Ex. 4. (Fig. 64.) A ring, weighing IJ lbs., 
on a uniform vertical mast is pulled horizontally 
by a force of P lbs. wt. applied to the end of a 
long cord fastened to the ring. If the coefficient 
of starting friction for the surfaces of the ring 

and the mast is 0-2, what is the least value of >p 

the force P necessary to prevent the ring from 
starting to slip downwards ? 

The horizontal forces acting on the ring are 
the pull P and the normal reaction of the mast, 
and these forces are equal and opposite. The 
vertical forces acting on the ring are its weight 
downwards and the force of limiting friction 
upwards. Now this force of friction =0-2 x normal reaction = 0*2 P lbs. wt., 
and since, to prevent the ring from slipping, this force must equal the 
weight of the ring, we have 

0‘2P=1J lbs. wt. or = lbs. wt. 


Fig. 64. 


0-2 
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52. Friction of bearings. Lubrication, To ex peri- 
inent upon the frictional force which the hearings of a shaft, or 
axle, exert upon it when rotating, we ^se a. hollow metal tube 
supported horizontally in two metal hearings (Fig. 65). Pins, pro- 
jecting axially from the tube, are fitted at its ends, so that these 
ends may be loaded by sliding on to them uniform circular brass 
weights. In the apparatus we use, the t\ihe weighs J lb. and has 
an external diameter of about 1 J incht^s ; the hearings are about 
6 inches apart, and the length of tube resting on each is about 
t inch. 



Fig, G5. Apparatus for experiment on friction of bearings. 


To measure the sliding friction of the bearings, a piece of 
tljread is fastened to the middle of the axle, wound round it and 
then passed horizontally from beneath over a pulley P (having 
ball-bearings) ; weights (f) are then added to the end of this 
thread until, on giving the axle a starting twist, it continues to 
turn steadily. The total vertical reaction of the bearings in this 
case is equal to the weight of the axle alone (tv). This can be 
increased by adding equal weights (each W) to the pins at the 
ends of the axle. In this case the forces acting on the axle, when 
turning steadily, are shewn in Fig, 66. Here, for simplicity, the 
two bearings are considered as one. The total reaction of the 
bearings (B) is equal to the weight of the axle plus the load upon 
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it, iiaiudy (?/’+ and ilie total friction of the hearings is eijiial 
to /’, the weight of the load on the end of the string. 



Friction 


Experiment 1. Bearimfs not Inbriccited, 

The following results in Table 111 were obtained by increasing 
each of the weights W by 1 lb. at a time, the friction of the dry 
bearings being determined by finding tlu^ weight f necessary to 
keep the axle turning steadily when given a start. For this 
purpose lb. and j ou were employed. 


Table HI. Friction of dry hearinys. 
Weight of axle alone ~ 0*75 lb. 


; Total normal roaotion on {ixlo= Total 
! load (075 + 2 in lbs. wt. 


Friction of hearings on 
axle=/lbs. wt. 


0-75 (axle alone) 
2-75 
4-75 
0*75 
B-75 
10*75 


0-17 

0*70 

1*20 

1*71 

2*25 

2*80 
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In ()7 is shown tbo msult of plotting the values of the 

f notion in terms of the corresponding reactions or loads, as we 
did in Art. 47 (Fig. 63). We find, as before, that for dry surfaces 
the friction is directly proportional to the normal reaction. To 
calculate the coeflicient of friction, we have only to take from the 



graph corresponding values of the friction and the reaction of the 
bearings, and divide tlie former by the latter. Thus, we see that 
the friction corresponding to a total reaction of 10 lbs. wt. is 
2*57 lbs. wt. ; hence 

2*57 lbs. wt. 

^ 10 lbs. wit. 


0*257. 
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Experimani 2.^ hearings lubricated. 

Afte.r lubricating the lieaiiiigs with machine oil, the above 
experiments were repeated, the results obtained lieing given in 
Table lY. 


Tahle tv. Friction of ordinary Inh'icaied hearings. 
Weight of axle alone ^ 0*75 lb. 


. . 

— _ 

Total norinol reaction on axle=Total load 

Friction of bearirif^s on 

(()'75 + 2>r) lbs. wt. 

axle =./' lbs. wl. 

0*75 (axle alone) 

0*0S 

i 2*75 

0*36 1 

! 4-75 

0*66 1 

0*75 

0*94 

8‘75 

1*24 

10*75 

1*50 


— ... . 


Plotting these results as we did those obtained in the foregoing 
experiment and on th(‘. same sheet of squared paper (Fig. 67), we 
again get a straight line which, if produced, passes through the 
origin. This shews that the same law holds good for ordinary 
open lubricated bearings as for dry bearings, namely, the friction 
is directly proportional to the normal reaction (or total load on 
the bearings). 

The reason for this may be that, for the loads experimented 
with, the pressure of the axle at the bearings is sufficient to 
squeeze out the oil to such an extent that the sliding surfaces 
are not kept completely apart by the oil. These surfaces therefore 
interact upon one another directly, though to a less extent than 
when dry. Hence, the effect of the oil in this case is not to alter 
the law which holds for dry surfaces, but only to reduce the 
amount of friction. This is shewn by calculating the new co> 
efficient of friction. For instance, we see from the graph that 
the friction corresponding to a load of 10 lbs. wt. is 1*4 lbs. wt. ; 
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that is, ^'==0 We see then that the effect of 

10 lbs. wt. 

lubrication in this particular case has been to reduce the coefficient 
of friction to nearly one-half of that for the same bearings when 
dry. 

Such lubrication as this is said to be iinperf(‘ct. This is tliti 
condition which (jxists in most machines, such as those already 
described in th(i preceding chapters ; lienee, in these machines the 
friction on most of the sliding surfa<^es is directly proportional to 
the normal reactions upon them. 

53. Perfect lubrication. When the pressure of a shaft 
at its bearings is such that the oil is not squeezed out, hut has 
sufficient ‘body’ to keep the .surface of the shaft quite clear of 
the surface of the bearings, or when this same condition is attained 
by supplying enclosed bearings with oil under pressure, the lubri- 
cation is said to be perfect. Under these conditions there is 
evidently no actual rubbing at all between the solid surfaceis, 
with the result that the friction is independent of the nature of 
these surfaces. Also, the amount of friction is found to be very 
small and to depend on the quality of the oil. For such bearing.s 
the laws of dry friction no longer hold good, as the nssults of the 
following experiment will shew. 

Experiment 3, Perfect luhrimtion of hearings. 

We re[)eat Experiment 2 with the same apparatus (Fig. 65) 
but with these differences ; th(3 load on the bearings is increased 
by only 0*4 lb. wt. at a time by adding 0*2 lb. to each end of the 
string passing round the axle; also, before each measurement 
the axle and bearings are smeared with a liberal quantity of 
thick cylinder oil, or Russian tallow. The following results in 
Table V are obtained in this manner. 
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Table Y, Perfect lubrication of heai'ings. 

Weight of axle alone — 0*75 lb. Lubricant used, cylinder oil. 


I Totnl load on Iwarin^s 
I ill lbs. wt. (0*7.5 +2 JT) 


' Friotion in lbs. wl. 

I 

1 


0*7/i (axle alone) 

i*]r, 

1*55 

1*95 


•04 

•01 

•05 

•05 


These rfjsults shew that when the lubrication is perfect, the 
friction is practically independent of the load on the bearings. 
Notice also how small the force of friction is in tliis case. More- 
over, it can be shewn by experiment that the f notion of lubricated 
surfaces such as these, differs from that of dry surfaces in that 
the former increases with the speed of sliding and also with the 
area of the sliding surfaces wotted })y the lubricant. 

64 *. Note on Arts. 52 and 53. 

It may be asked w hotluji*, with the thread ai-ranged as we have 
drawn it in Figs. 65 and 60, wo are justified in stating that the 
reaction of the bearing upon the tube is vertical, for it sereins 
possible that when the thre^l is pulled, the tube will roll on the 
surface of the bearing until it comes into equilibrium on a new 
line of contact above the lowest point of the bearing, so that the 
reaction will be inclined to the vertical, that is to say in one 
or other of the positions shewn in Fig. 67 a. 

Suppose the tube rolls into a position of equilibrium with the 
point of contact C displaced forward in the direction of the pull, 
as shewn in Fig. (i). Consider the momemts about the point G of 
all the forces which act upon the tube. The forces are: the 
weight of the tube (IF), the reaction of the bearing (/<-), the force 
of friction (F), and the pull of the string (F). U and F have no 
moment about (7, for they pass through G. W and P have 
* To be taken after Chapter Y. 
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moments about 0, but both monuiiits are in the name (lire<‘tion, 
clockwise about (7, so there is a resultant moment about (/, the 
tube is not in equilibrium, and this position is ihereforti im- 
possible. Tlic position of Fig. (h) is also impossible, for there is a 
resultant inoiiKMit about L. In each case the i*(isultant moment is 
such that if it wej*e set up, by forcibly displacing the tiibc^ in its 
bearing, it would tend to restore the tub(; b) its original position. 
It follows that if the thread is pulled off* tlie tube,, as shewn in 




Fig. 65, contact will remain at the lowest point while the tube 
rotates, the reaction will be vertical and equal to the weight, and 
the friction will be equal to the pull of the thread. 

The reader should draw figures for other positions, shewing the 
pull of the thread vertically downward, vertically upward and 
horizontal from the top of the tube, and should prove that in each 
of those three cases, though the force of friction is always equal 
to the pull of the thread, in only one of them is the reaction 
equal to the weight, and in none of them is the reaction vertical. 

55. Energy wasted in bearings. Heating of 
bearings. When a shaft is rotated, work is done in over- 
coming the frictional resistance of its bearings. Since this 
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resistance always acts along a tangent to the surface of the 
shaft, the work done against it, during one revolution, is equal 
to tijc product of this force and the circumference of the shaft 
at the bearings. 

Let the total load on the bearings, which is equal and oj)posite 
to the total reaction of the bearings on tlie shaft, be demoted by 
U lbs. wt., and let the coefficient of friction for the surfaces of 
the bearings and shaft be denoted by /x. 'I'hen the frictional 
resistan(;e is fiR lbs. wt. 

If d be the diameter of the shaft in feet, then the circum- 
ference of the shaft is ird feet. 

Hence the work done against friction during one revolution 
is fiEird ft. lbs. 

Now tlie coefficient of friction is independent of the diameter 
of the shaft. It follows that the work done against friction 
during one revolution varies directly with the diameter, which 
should therefore be made as small as possible, consistent with safety. 

The wheel of a vehicle is made large, and the axle, where 
rubbing takes place, is made as small as possible, because in this 
way the vehicle travels a considerable distance for a small amount 
of rubbing and, hence, for a small waste of work. 

As already stated in Art. 31, the mechanical energy expended 
in overcoming frictional resistance is transformed into heat. The 
rubbing bodies therefore rise in temperature until the rate at 
which they lose heat by conduction and radiation is equal to 
that at which they gain heat by the continued rubbing. The 
temperature of the bodies then remains constant. To ascertain 
if the friction at a bearing of a continuously running shaft is 
excessive, we feel it; for a high temperature at once results if 
the lubrication is inefficient. 

Experiments, first conducted by Dr Joule of Manchester, 
have demonstrated that for every 778 ft. lbs. of work which are 
done against friction, a quantity of heat is produced sufficient to 
raise 1 lb. of *water through one degree Fahrenheit. This quantity 
of heat is called a British thermal unit. By dividing the work done 
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(ill ft.-llis.) against friction in any operation liy 778 we obtain the 
resulting beat in British thermal units. 778 ft. lbs. is called the 
Mechanical Equivalent of one British Thermal Unit of Heat. 


Ex. 1. A shaft, of 4" diameter, makes 120 revolutions per minute. 
The weight of the shaft and the load upon it amount to 2 tons, and the 
coefficient of friction for the rubbing surfaces of the shaft and bearings 
is 0*03. Calculate the work done against friction per minute, and also the 
heat generated per minute. 

The total reaction of tlie bearings = total load upon them = 3 x 2240 lbs. wt. 

Force of friction on shaft = 0*03 x 3 x 2240 lbs. wt. 

47r 

Circumference of shaft = 47r inches— — ^ feet. 

In one minute this force of friction is overcome through a distance of 
120 X ^ feet. 

IJi 

Hence, work done against friction per minute 

= 0*03 X 3 X 2240 x 120 x = 25,344 ft. lbs. 


Since 1 British thermal unit of heat is produced by the expenditure 
of 778 ft. lbs., 


T-r . 25344 

Heat generated = -7;^ 

7 40 


= 32'6 British thermal units. 


Ex. 2. Equal weights, each of 20 lbs., hang on the ends of a cord over 
a pulley (Fig. 08), Tlie diameter of the pulley 
wheel is 0" and the diameter of the axle is J". 

If the weight of the pulley wheel alone is 4 lbs. 
and the coefficient of friction for the surfaces at 
the bearing is 0*00, calculate the downward force 
which must be applied to either end of the cord 
to maintain steady motion. Let / lbs. wt. be the 
required force. The work done by this force 
during 1 rev. — /x Ott in. lbs. and this, by the 
Principle of Work, equals the work done against 
friction at the bearing. That is, 

/ X Ott in.-lbs. = 0*09 x 44 x tt x ^ in. lbs. 


0*09 X 44 X TT 
~07rx2 


0-33 lb. wt. 


Notice that, if the diameter of the pulley wheel 
is doubled without altering the load upon the axle, 
this force will be halved. 



M. &:K. 
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Examples IV. 

1 . A siring is fastened at one end to a block of wood resting on a table, 
and passed along tbe surface of the table over a pulley at the edge. It is 
found that when a weight of 1 lb. is attached to the free end of this string, 
the block does not move. Neglecting the friction of the pulley, what is the 
force of friction exerted by the surface of the table on the block, and what is 
its direction? What is the force of friction exerted by the block on the 
table, and what is its direction ? If the weight of the block is 8 lbs., what is 
the total normal reaction of the table on the block ? 

If the coefficient of sliding friction for the contact surfaces of the block 
and table is 0‘35, what weight must be placed on the end of the string to 
keep the block moving steadily when given a start? 

2 . The following results were obtained in an experiment (carried out as 
described in Art. 47) to determine the sliding friction between a wood block 
and a polished steel plane for different loads : 


Total load in lbs. wt. 

0*87 

1*37 

' 1-87 

i 2*37 

2'87j 

3'37 j 

Sliding friction in lb. wt. 

0-17 

0‘28 

0-37 

1 1 

^0-48 

0-59 

1 1 

0-67 


Plot on squared paper the values of the force of sliding friction in 
terms of the corresponding values of the normal reaction of the plane on 
the block. 

Take the following scales: Normal reaction = l lb. wt.. Friction 
r=0'2 lb. wt. 

What conclusion do you draw from the line thus obtained ? 

With the aid of your graph, determine the coefficient of friction for the 
rubbing surfaces. 

3. To slide an empty box, weighing 40 lbs., along a floor with steady 
motion is found to require a horizontal force of 13*5 lbs. wt. What will be 
the force required if a load of 75 lbs. is now placed in the box ? 

What is the coefficient of friction for the rubbing surfaces ? 

4 . A thin slide, resting on a horizontal surface, has a contact area of 
12 square inches and the load upon it is 36 lbs. wt. A horizontal force of 
12 lbs. wt. is required to keep this slide moving with steady motion. 
Neglecting the weight of the slide, what is the normal reaction on each 
square inch of its contact surface; what is the force of friction on each 
square inch? 
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If the contact area of the slide is now reduced to 9 square inches, what 
is now the normal reaction on each square inch ; what is now the friction 
on each square inch of its contact surface? Hence, what is the total friction 
in the second case? 

6 . The hook of a spring-balance is connected to the end of a long 
plank resting wholly on a level table, and the ring of the spring-balance 
is pulled horizontaily with a force sufficient to keep the plank moving 
steadily. 

Will the reading of the spring-balance alter as an increasing length of the 
plank projects over the edge of the table ? 

6 . Two similar blocks rest on a smooth uniform horizontal surface and 
are connected together. The horizontal force required to keep the two 
blocks sliding steadily is 4*5 lbs. wt. What will this force be if one block is 
now placed on top of the other ? (live reasons for your answer. 

7 . It is found that a horizontal force of 7 lbs. wt. can keep a load, 
whose weight is 26 lbs, , in steady motion along a horizontal surface. What 
is the coefficient of friction for the rubbing surfaces ? 

8 . A block of stone, which weighs 5 cwt., is pulled along a horizontal 
wooden surface. If the coefficient of friction for the rubbing surfaces of the 
stone and wood is 0*4, calculate the horizontal force required to keep the 
block moving with steady motion, when once it has been started. Find also 
how much work must be done to slide the block a distance of 20 feet. 

9. The force of friction on a body, when sliding over another, is 
3 lbs. wt. If the coefficient of friction for the rubbing surfaces is 0*25, with 
what total normal force is one body being pressed against the other ? 

10. How do you account for the following statements : 

(i) If a horse on a slippery surface fails to move a cart on account of 
his shoes slipping, he is sometimes enabled to do so if a man gets on 
his back. 

(ii) When work is transmitted from one pulley to another by means 
of a belt, it is found that a tight belt is less liable to slip than a loose one. 

Why are the wheels of a locomotive coupled together ? 

11 . What horizontal force must be applied to a 28 lb. weight to keep it 
moving steadily along a level table if the coefficient of friction is 0-4 ? 

Compare the amount of work which has to be done to move the weight a 
distance of 10 feet along the table with that which has to be done to lift it 
through a vertical distance of 10 feet. 


8—2 
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12 . (Pig. a.) A flat polifihod slide of cast iron A is placed on a polished 
cast iron slab ii, which is separated from a smooth hard surface by a number 
of steel balls. Horizontal strings connected to A and B pass ov(ir pulleys 
as shewn. The weight of the slide ^ is 3 lbs. and the coefficient of sliding 
friction for the contact surfaces of A and B is 0’2. If rolling friction and 
the friction of the pulleys are negligible, find what weights must be attached 
to the ends of the strings to maintain steady sliding between A and B. 



13 . A horizontal pull of 48 lbs. wt. is required to slide a trunk along 
the floor. The coefficient of friction for the rubbing surfaces is 0’25, and 
the trunk, when empty, weighs 00 lbs. What weight of goods does the 
trunk contain? 

14 . When a load of 14 lbs. is placed on a thin wooden slide supported 
on a horizontal surface, the force of sliding friction is found to be 
3*5 lbs. wt. 

The area of the rubbing surface of the slide is now diminished by one- 
third, and the load is increased to 31*5 lbs. 

Assuming the weight of the slide in each case to be negligible, what is now 
the force of sliding friction ? 

15 . The saddle of a lathe weighs 4 cwt. If the coefficient of friction 
for the sliding surfaces of the saddle and its bed is 0*1, what is the hori- 
zontal force required to slide the saddle? 

16 . The following results were obtained when experimenting (by the 
method described in Art. 47) to determine the coefficients of starting and 
sliding frictions for various polished surfaces in contact with a polished steel 
plane. 
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Steel plane. Contact area of slide, about 3 sq. inches. Surfaces dry. 


(Slide 


Load placed on slide i Starting ; Slidinj? 
ill lbs. wt. i Friction , Friction 


Steel slide weighing 
11 ozs. 


1 -28 ; *27 

2 -80 *2^ 

8 -81 -28 


Wrought iion slidii 
weighing 11 '5 o/iS. 


•83 -211 : 

•88 • 2 ^) 

•87 i -29 ! 


Cast iron slide 
weighing 10 ozs. 


1 I -81 I *21 ! 

2 I -80 -‘id 1 

A ; -BH ; -20 


[lignum Vitae slide j 
weighing 2 ozs, j 


•41 ; -21 
•85 *22 

•89 ! -22 


Make out a table giving the total normal reactions on the slide (weight of 
slide 4- load), and the coefficients of starting and sliding frictions in each case. 
Calculate the mean values of these coefficients for each pair of surfaces. 
State any conclusions you draw from your results. 


17 . A drawer of a chest of drawers weighs 14 lbs. and contains articles 
having a total weight of 85 lbs. If the coefficient of sliding friction for the 
runners and their bearings is 0*2, calculate the total horizontal force required 
to pull out the drawer when once it has been set in motion. 


18 . With what horizontal force must a block, weighing 10 lbs., be 
pressed against the face of a wall to just prevent it from slipping down ? 
The block is only supported by the friction between the block and the wall, 
the coefficient of starting friction for the contact surfaces being 0’4. 


19 . To push up a window, whose area is 8 square feet, when no wind is 
blowing, requires a force of 4 lbs. wt. If a force of 7 lbs. wt. is required 
when a wind is producing a pressure on the window of 0*75 lb. wt. per 
square foot, what is the coefficient of friction for the rubbing surfaces of the 
window and its guides ? 


20. A fishing-boat, which weighs 8 tons, has, before being launched, to 
be dragged across 100 yards of level sandy beach. In order to make the 
task easier, flat boards are placed transversely underneath the keel. If the 
coefficient of friction for the iron of the keel and the wood is 0‘32, find what 
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horizontal force will keep the boat in motion, and the work which has to be 
done to get her to the sea. Supposing there were not enough men to exert 
the necessary force, what methods could you suggest for rendering the task 
still easier? 

21 . A boy of 8 stone pulls a heavy box along a stone floor. If the 
coefficient of limiting friction for the soles of his boots and the floor is 0*4, 
what is the greatest horizontal pull he can exert? 

22 . A horse, weighing 15 cwt., is engaged in pulling a cab along a level 
wood surface. If the coefficient of starting friction for its shoes and the 
w'ooden surface is 0*25, what is the greatest horizontal steady pull the horse 
is capable of exerting ? 

If, when the surface is wet, the horse cannot exert a greater steady pull 
than cwt. without slipping, what is now the coefficient of friction ? 

23 . Water exerts a total force of 3 tons wt. on one side of a vertical 
sluice-gate. If the weight of the gate is 2 cwt. and the coefficient of starting 
friction for the sliding surfaces of the gate and its guides is 0*22, calculate 
the vertical force required to start the gate moving upwards. 

24 . The working face of a slide valve of a steam-engine measures 
8''xl4J", and the steam pressure on the back of the valve is 140 lbs. wt. 
per sq. inch. If the coefficient of friction is 0*08, calculate the force re- 
quired to overcome the friction. 

25 . A small metal planing machine, the table of which weighs 140 lbs., 
makes 7 backward and 7 forward strokes, each of 4 feet, in a minute, and 
the coefficient of friction for the rubbing surfaces is 0*07. 

How much work is done against friction per minute ? 

26 . A man weighs 12 stone : what is the greatest weight he can pull 
along a floor by a horizontal rope if the coefficient of friction between the 
weight and the floor is 0*3, and that between his boot soles and the 
floor 0*5? 

27 . A horse-shoe magnet is fixed with the surfaces of its ends in a 
vertical plane, and a smooth block of iron, weighing 2 lbs., is placed 
symmetrically against these ends. If the coefficient of friction for the 
contact surfaces is 0*18, calculate what must be the least force of attraction 
of the magnet to just keep the iron block from slipping. 

28 . The load on the driving wheels of a locomotive is 25 tons and the 
coefficient of starting friction between the wheels and the rails is 0*2. Find 
the greatest horizontal force the locomotive can exert on the rails before the 
wheels begin to slip. 
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29 . The weight on the driving wheels of a locomotive is 30 tons and 
the coefficient of friction between the wheels and the rails is 0-19. Find the 
weight of the heaviest train it can draw on the level if the tractive resistance 
is 12 lbs. wt. per ton. 

30 . (Fig. h,) A block A, weighing 5 lbs., rests on the horizontal top of 
a slab B, weighing 12 lbs., and is connected by a horizontal string to a fixed 
spring-balance. The slab B rests on the level surface of a table. What 
force F will be required to keep B sliding, when once started, and what will 
be the reading of the spring-balance connected to A ? 


F 





( 6 ) 

The coefficient of friction for the contact surfaces of A and B is 0*25, and 
that for the surfaces of B and the table 0-83. 

31 . Suppose that you hold two rectangular blocks of wood, one in each 
hand, and press them horizontally against the sides of a brick, which is 
thereby prevented from falling solely by the friction between its surfaces and 
those of the blocks. If the weight of the brick is 6 lbs. and the coefficient of 
starting friction for the contact surfaces is 0*5, find the least horizontal force 
with which you must press with each hand to prevent the brick from falling. 

If each wooden block weighs 1 lb., what vertical force must each hand exert? 

32 . (Fig. r?.) The blocks A and B resting on a table are connected in 
tandem and a string from A passes over a pulley. 

A B 



(c) 
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The weights of A and 7)’ are 10 and 8 lbs. respectively and the cocflicients 
of friction for their rubbing surfaces and that of tlie table are 0-2 and 0’3 
respectively. Neglecting the friction of the pulley, calculate what weight 
must be attached to the end of the string to maintain steady motion when 
the blocks have once been started. 

What is the tension of the string between A and 7? ? 

If B is placed upon what weight must now be placed on the end of the 
string to maintain steady motion ? 

33 . A cart weighs f ton. If the resistance offered to its motion on 
a level road is 44 lbs. wt. per ton, find the work done w^hen the cart is 
drawn 1000 yards. 

How do you account for the resistance to the cart’s motion? 

34 . A horse pulls a cart, which weighs 12 cwt. and is loaded with 1 ton, 
along a level road. If the resistance is 40 lbs. wt. per ton, what force docs 
the horse exert on the cart, and how much work is done in pulling the cart 
a distance of 300 yards? 

35 . To draw out one note-book from a pile, it is pulled horizontally 
with the right hand while the one above it is prevented from moving by the 
left hand. 

If you have a pile of such bot>ks, each weighing 1 lb., and the coefficient 
of friction for all the surfaces of their covers is 0*3, calculate the horizontal 
force required to draw out (i) the 4th book from the top, (ii) the 9th book 
from the top. 

36 . A row of 10 note-books, each weighing 1 lb., is held horizontally 
between the tw'o hands (in the same manner as a concertina), the books 
between the extreme ones being prevented from falling solely by the friction 
between their covers. The coefficient of starting friction for all the covers 
is 0-3. If the horizontal pressure of the hands is gradually reduced, where 
will sliding first occur and why ? 

What is the least horizontal force which each hand must exert to prevent 
the books from falling ? What vertical force is each hand exerting ? 

37 . In going downhill, the brake of a carriage is kept on one wheel for 
a distance of 200 yards. If the normal force of the brake block on the rim 
of the wheel is 120 lbs. wt. and the coefficient of friction for the rubbing 
surfaces is 0*36, what is the force of friction on the wheel? Calculate also 
the total work done against the friction of the brake and the amount of heat 
produced. 

38. A flywheel is mounted on a spindle, the ends of which rest in 
horizontal bearings. The total thrust on the bearings is 80 lbs. wt., and 
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the diameter of the spindle is 1". If the coefficient of friction for the rubbing 
surfaces at the bearings is 0*05, find the work done against friction when 
the flywheel makes 2000 revolutions. 

39 . A lathe spindle, 2" in diameter, runs at 90 revs, per min. The 
total load on the bearings is 3^ cwt., and the coefficient of friction for the 
surfaces at the bearings is 0 *04. 

How many foot-pounds of work are wasted in friction per minute ? 

40. A shaft has a diameter of 4" and makes 200 revs, per min. The total 
load on the bearings is 25 cwt. , and the coefficient of friction is *025. Find 
the heat generated at the bearings per minute. 

41. The brakes on all the wheels of a moving railway carriage are put 
on so hard that the wlieels skid on the lines. If the coefficient of friction 
for the surfaces of the wheels and the lines is 0*18, and the weight of the 
carriage is 20 tons, calculate the heat generated when the carriage skids 
a distance of 20 yards. 

42. The following is a record of an experiment on the friction of a 
simple pulley. 

The pulley was suspended from a fixed support, and a cord w^as passed 
over the sheave. A weight P was attached to one end of the cord and the 
other end was then loaded with a weight Q, such that, when given a start, 
Q moved down with steady motion. 

Weight of pulley sheave, 5 lbs. 

Plbs. wt. r, 10 I 15 20 I 25 30 35 

ylbB. wt. 5-45 10-74 | IC.-OS 21-36 | 26-65 31-94 37-25 

i 1 

Tabulate the values of the total reaction of the bearings, namely 
(P-h Q-f weight of sheave), and the values of the force which is effective 
in overcoming the friction, namely (Q -F). Plot on squared paper these 
values of the effect of friction in terms of the total reaction. 

What conclusion do you draw from the result ? 

If the diameter of the sheave is 5" and the diameter of the bearing is 
0*75", calculate the coefficient of friction for the rubbing surfaces at the 
bearings. 

43 . A weight of 100 lbs., attached to a rope passing over a pulley, is 
raised by pulling vertically downwards on tlie free end of the rope. The 
pulley wheel has a diameter of 4", and the diameter of its axle is J", 

If the coefficient of friction for the rubbing surfaces at the axle is 0*2, 
calculate the effort required. (You may take the total load on the axle as 
200 lbs. wt.) 
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44 . When is the labrication of a bearing said to be perfect? 

How do the laws of friction for perfectly lubricated bearings differ from 
those for bearings whose lubrication is imperfect ? 

45 . A two-wheeled cart has wheels of 5 feet diameter, and the diameter 
of the axles is 2^ inches. The total load on the axles is 1*2 tons an^ the 
coellicient of friction for the rubbing surfaces is 0*08. Calculate the work 
done against axle friction when the cart travels | mile. 

46 . To pull a garden roller up a slope requires a force of 50 lbs. wt. 
The axle has a diameter of IJ" and the coefficient of friction is 012. Calcu- 
late the work done against axle friction during 10 revolutions of the roller. 
(The weight of the handle and its attachment to the axle is negligible.) 

47 . A block of wood rests on an inclined plane. It is found that 
a force of 25 lbs. wt. is necessary to keep it sliding up the plane, and a 
force of 7 lbs. wt. is necessary to keep it sliding down the piano, the force in 
each case acting parallel to the plane. 

What is the force of sliding friction of the plane on the block ? 

If the coefficient of friction is 0*3, what is the normal reaction of the 
plane on the block ? 

48 . The following data were obtained in an experiment with a wheel 
and drum (see Fig. 45 on p. 41). 

Combined weight of wheel, drum and axle =44 lbs. 

Diameter of wheel = 3'. 

Diameter of drum = 9". 

Diameter of axle = 2". 

Load Jr on rope fastened to drum = 3 60 lbs. 

Effort applied vertically downwards to end of cord on wheel to maintain 
steady upward motion of the load =42 lbs. wt. 

Calculate the coefficient of friction for the rubbing surfaces at the 
bearings. 


49 . What is meant by the term friction-effect when applied to a 
machine ? 

How do you account for the fact that this friction-effect is expressed by 
an equation of the form 

Friction-effect=a4'C . Wt 

where a and c are constants belonging to the machine ? 



CHAPTER V 

M0MKNT8 


3. force to turn a body about 
a fixed axis. Moment. In tliis chapter we propose to 
examine the tcmdency of a force to turn a body about a fixed axis. 

Let us consid{n' a door which is free to turn about the axis of 
the hinges. How do w(; try to open a door which has become 
jammed ? In addition to pushing or pulling as hard as we can, 
thus employing as great a force as we can command, wc in- 
stinctively apply that force as far from the line of the hinges as 
possible, for by doing so, we know that we are using our muscular 
effort to the best advantage. The turning effect of the force we 
use upon the door depends in part on the magnitude of the force 
and in part on the distance from the axis of turning to the point 
at which we push. To produce tlie greatest effect with a given 
force we apply it to the body at the greatest possible distance 
from the axis about which the body can turn : it is easier to turn 
a nut with a long spanner than with a short one ; the longer the 
lover used to turn a screw-jack the greater the load which can be 
lifted by a given effort. 

But is it only a question of the magnitude of the force and the 



Fig 69. 
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distance from tlie axis of turning to the point of application of tl [. 
force ? 

Let us consider a wheel which is free to turn about a fixed 
axle. We may try to turn the wheel by i)ushing on the rim, and 
if we keep to the rim the point of application of tlic force we use 
is always at the same distance from the axis of turning. Keepirg 
the iiiagiiitudo of the force constant as w(^ll as the distance of tlie 
point of application from the axis of turning, wo can change the 
direction of the force. Wo know intuitively, if not from experi- 
ence, that however hard w(i may push in tlie direction of the centre 
of the wheel, the force we use has no turning (^IToct upon the wheel. 
(Fig. G9.) We know that the force wo use will be most effective 
if we direct it tangentially. It seems therefore that to measure 
tlie turning effect of a force we must take account of the magni- 
tude, of the direction, and of the point of application of the force. 
We shall in future use the term MOMENT of a force, meaning 
by ‘ moment * the turning effect or turning valuer or timdency to 
turn, the ‘importance' of the force in turning. We must now 
find by expciriineiit how to measure moment of a force. 

B 

T 

5 


Fig. 70. 

Exp. 1. Take a wooden rod of uniform rectangular cross- 
section, fitted, as shewn in Fig. 70, with a notched strip so that it 
can be balanced on a peg, like the beam of a weighing machine. 
If the balance is imperfect, correct it by cutting away a little from 
the arm which goes down. 

When balanced in this way the forces which act on the rod 
are its weight, and the reaction of the peg acting upwards. The 
line of the i-eaction of the peg passes through (7, and has therefore 
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no moment on the rod about G ; neither lias the weight of the 
rod itself any nioimuit about C. 

Suspend a 2-lb. weight from one side of the rod by a loop of 
cotton from some point such as J, There is now acting on the 
rod at A a force of 2 lbs. wt. having a moment upon it about (J in 
a direction opposite to tliat of the hands of a clock ; this is called 
a couyiter<lockwise direction. From the otlier side suspend 
similarly a weight of 1 lb. from some such point as 7/. Then 
there is act ing on the rod at H a force of I lb. wt. having a clock- 
wise moment on tlie rod about C\ Adjust the distances (^A and 
CB until the rod once more balances in it horizontal position. 
When this is done, the moment of tlwi force of 2 lbs. wt. on the rod 
is just (Kjual and opposite to that of the force of J lb. wt. 

The moments of these forces are t^qual. The directions of the 
forces are the same. I'he forces are of diflerent magnitudes, and 
are applaud at diflerent distances from the axis of turning. In 
thes(i eircumstamtes we find that whatever length we make the 
arm GB^ the other arm GA is such that 


CM X 2 CB X ’ . 

If we repeat this (experiment several times, using different 
weights and altering their positions, we find in each case, when 
the rod is biilanced, that on multiplying the number of units in 
each weight by the number of units in the length of its arm 
we get the same product. 

The conclusion is that the moment of a force about a turning 
axis is properly im^asured by tlio product of the magnitude of the 
force and the distance of the point of application from the turning 
axis. 

By driving a fine pin through the lower edge of the rtid at 7), 
vertically below By we can hang the weight of J lb. from D 
instead of We find that the rod balances equally well, 
whether the weight is suspended from B or from D, DG is 
greater than BG (it may be much greater if the rod is a deep 
one), therefore since the moment of the force applied at D is the 
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same as tlie moment of the force applied at it cannot he correct 
to measure moment by the product of the force and the distance 
of the point of application from the axis of turning. The per- 
pendicular distance from the axis C on to the line of the force, 
whether applied at D or /?, is the same. It is therefore possible 
that the moment of a force is measured by the product of the 
magnitude of the forc(i and tlie perpendicular distance from the 
axis on to the line of action of the force. W(i will test this possibility 
in another experiment. 

Exp, 2. Take the same rod as was used in the last experi- 
ment. Suspend a 2-lb. weight from each arm. Fasten the 
cotton which supports the right-hand weiglit tightly round the 
nxl at some point B, and pass it over a pulley as shewn in 
Fig. 71. Move the point of support of the other weight until 
the rod balances in a horizontal position. 



Fig. 71. 

In this case the forces which tend to turn the rod about the 
pivot are a force of 2 lbs. wt. acting vertically downwards at 
and an equal force of 2 lbs. wt. acting at B along the string BP, 

Since the rod is at rest the moments of these two forces are 
equal. 

Measure the perpendicular distances CA and CN of the lines 
of action of these two forces from the edge 6^ using a foot rule 
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and a set square to measure CK. We find that these arms are 
equal. Hence 

Move the pulley so as to alter the angle of inclination of the 
right-liand string. We now have to alter A to balance the rod 
liorizon tally, but on measuring, we again find the perpendicular 
distances on the lines of action of the forces from (J to he equal. 

Ill each of tliesii experiments, when the rod is at rest in 
a horizontal position, the moments of tlu^ two forces on the i*od in 
opposite directions must he equal. And we notice also that if we 
multiply the number of units in each force by the number of 
units of length in the jierpendicular drawn to its line of action 
from the point about which the rod can turn, the products which 
we obtain are equal. Hence we arii led to a rule for measuring 
the moment of a force on a lK>dy about its point of support : 
Multiply the number of units in the force by the 
number of units of length in the perpendicular drawn 
flrom the point to the line of action of the force. 

This product measures the Moment of the Force alx>ut 
the point. 

Notic(i that when a body turns, it does not do so about a 
point but about a line or axis. However, we are dealing only 
with forces acting on a pivoted body in a plane at right angles 
to the axis about which the body can turn, and in all diagrams 
this plane is represented by the plane of the paper and the axis 
perpendicular to this plane is represented, by a point. Hence, 
although it is customary to define the moment of each foi*ce with 
respect to this point, it is clear that the expression ‘ Moment of a 
force about a point ' is a measure of the turning effect of the force 
about an (txis through this point, perpendicular to the plane in 
which tlie forces are acting. 

57. Units of Measurement of Moment. If the force is 
measured in lbs. wt. and the perpendicular or arm in inches, the 
unit in terms of which moments are measured is the moment of 
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a force of 1 lb. wt. having an arm of 1 inch. This is called a 
pound-inch, and is written lb. in. 

Moments may be measured in other conveniimt units such as 
a pound-foot or a ton-foot, etc. These units are expressed in 
this form to distinguish them from the foot pound, foot-ton, etc., 
which are units we have already employed for the measurement 
of Work. 

Suppose a force of 4 lbs. wt. to bo applied to a body at A in 
the direction shewn by the arrow 
(Fig. 72). Firstly, let the body 
be supposed to turn about an axis 
which is perpendicular to the paper 
and passes through P. 

Draw PM perpendicular tod/)*, 
the line of action of the force, and 
measure its length. Suppose it to 
be 10 inches. Then the moment 
of force about P is 

4 X 1 0 lb. ins. 

Since the force tends to turn Fig. 72. 

the body about P in the direction 

of the hands of a clock, the moment is said to be clockwise. 

Secondly, suppose the body to turn about an axis through 
the point Q, Measure the perpendicular QN ] suppose it to be 
4 inches. Then the moment of the force is 

4 X 4 lb. ins. 

This force tends to turn the body in a direction opposite to that 
of the hands of a clock, and the moment is said to be counter- 
clockwise. 

Lastly, suppose moments to be taken about an axis through 
a point such as N on the line of action of the force. Since N is 
on this line, no perpendicular can be drawn from it to the line. 
The moment is zero. This means that, as is obvious, the force 
does not tend to turn the body about W. The expression ‘tp 




Moments 


129 


V] 

take moments’ is commonly used to mean measuring moments 
according to the rule we formulated in Art. 56. 

68. Condition of equilibrium of a pivoted body 
acted on by several forces. To test further the validity 
of our rule for measuring moments, we will take an example of a 
body under the action of several forces. 

Hoop, 3. Pivot the rod as before at the middle of its length 
and suspend from it loads of 4 lbs. and 2 lbs. at the points A and 
G respectively (Fig. 73). Pass a third string carrying a load of 



1 lb. c>ver a pulley and fasten it to the rod at B, Arrange the 
position of the pulley so that the string at B is vertical. Let 
the points d, B and C be chosen so that the rod will remain at 
rest horizontally. 

The rod is now in equilibrium under the action of five forces ; 
a force of 4 lbs. wt. acting downwards at J , a force of 1 lb. wt. 
acting upwards at i?, and a force of 2 lbs. wt. acting downwards 
at 0. In addition we have the weight of the rod and the re- 
action of the support, neither of which has any moment about the 
pivot. 

To find the moments of the forces tending to turn the rod 
about 0, measure in inches the arms Od, OB^ and OG, 


M. 


9 
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Then the moment of the force of 4 lbs. wt. is 
4 X OA lb. ins. 

and is counter-clockwise. 

The moment of the force of 1 lb. wt. is 

1 X OB lb. ins. 

and is clockwise. 

The moment of the force of 2 lbs. wt. is 

2 X OC lb. ins. 

and is clockwise. 

Our results will sliew, with a reasonable degree of accuracy, 
that when the rod is in equilibrium, 

4 X 0.4 - 1 X OB + 2 X 00 lb. ins. 

If instead of three weights we employ four or more, and 
calculate the moments of all the forces tending to turn the 
rod about the pivot, we find a similar condition to hold good, 
provided the rod is balanced. 

This condition may be stated shortly thus: ‘‘the sum of the 
clockwise moments is equal to the sum of the counter-clockwise 
moments.” 


59. Principle of Moments, (Forces parallel.) Al- 
though so far we have only considered a body balanced about 
a fixed pivot, we can extend the above principle to the case of 
any body which is kept at rest by forces in one plane, observing 
that we are at liberty to consider any axis at right angles to 
this plane as a fixed axis about which each of the forces tends to 
turn the body. 

To make this clear let us pivot the rod at its centre and load 
it with 3 lbs. on one side and 4 lbs. on the other. If the load of 
3 lbs. is suspended at J, at a distance of 6 inches from the centre, 
the load of 4 lbs. must be placed at 5, distant 4| inches from 
the centre, to produce a balance, for then the moment of each 
force is equal to 18 lb. ins. Let us now replace the fixed 
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pivot by a stirrup connected to a spring-balance by a vertical 
string (Fig. 74 a). We find that all the strings remain vertical 



and the rod is still in equilibrium for the pull of the string now 
replaces the reaction of the pivot. This force, which we will call 
P lbs. wt., will be registered by the spring- balance. The rod is 
now in equilibrium under the action of the three forces shewn in 
Fig. 74 6. (Since probably the weight of the rod is less than 



Fig. 74 6. 
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2 ozs., its effect will be barely appreciable, so that for simplicity 
we will neglect it.) 

Now suppose we bore a hole through the rod at A and stick 
a bradawl through it into the board behind. Since the bradawl 
exerts no force on the rod the equilibrium will be undisturbed. 
Moreover the load of 3 lbs. can now be removed without dis- 
turbing the rod, since it is clear that the bradawl will in this case 
exert a force of 3 lbs. wt. downwards. Now, taking moments 
about the fixed axis of the pivot at we have 

Px 6 = 4 X 101 or P = 71bs. wt. 

This result we find to correspond closely with the reading of the 
spring-balance. Observe that this force is equal to the sum of 
the downward pulls, a result we should expect from the fact that 
the forces are parallel. 

Similarly, by taking moments about a pivot at B, we obtain 
the same result, for in this case we have 

X = 3 X 10| , hence P - 7 lbs. wt. 

Now let us take moments of all the forces about any point of 
the rod. For instance, taking moments about a point 2 inches 
outside A, we have 

Moment of force of 4 lbs. wt. = 4 x 12| = 50 lb. ins. clockwise. 
Moment of force of 3 lbs. wt. = 3x2 — 6 lb. ins. clockwise. 

Moment of force of 7 lbs. wt. = 7x8 = 56 lb. ins. counter-clockwise. 
The sum of the clockwise moments is 50 + 6 = 56 lb. ins., which 
is equal to the counter-clockwise moment. This relation we also 
find to hold good if we take moments about any axis at right 
angles to the paper, whether the axis passes through the body or not. 

We can now state that : When a body is in equilibrium 
under the action of forces in one plane^ and the 
moments of all the forces are taken about any axis 
at right angles to this plane^ the sum of the clockwise 
moments is equal to the sum of the counter-clockwise 
moments. 
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Although we have confined our attention to a body in 
equilibrium under the action of three parallel forces, we can 
apply the same reasoning to shew that this principle holds good 
for all cases of equilibrium of forces in one plane. This can be 
verified experimentally by such a method as that described in the 
following article. 

60. Principle of Moments. (Forces inclined.) 

Exp, 4. Take a disc of cardboard and bore four holes through 
it at various points not far from its edge. Rest this disc on a 
few steel balls placed on a small sheet of glass on a horizontal 
table (Fig. 7 5 a). Arrange that the disc is kept at rest by any 



four horizontal forces. Each of these forces is applied by putting 
a hook, to which a thread is attached, into one of the holes and 
passing the thread over a pulley, a weight being fastened to the 
other end. Adjust the weights and positions of the pulleys, which 
can be clamped to the edge of the table, so that the disc is kept 
at rest in about the middle of the table. 

The forces which act on the disc are the pulls along the four 
strings, which are severally measured by the weights which are 
attached to them. 
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Now choose any point 0 which is not in the line of action of 
any of the forces and stick a pin through the cardboard at this jioint 
so as to form a fixed pivot. This pin exerts no force on the disc. 

Although each of the forces, acting alone, would turn the 
body about the pin, their total turning effect is nil. Calculate 
the moments of all the forces about this axis through 0 . To 
measure the moments, it is first necessary to draw with a ruler 
the lines of action of the forces on the disc, being careful not to 
disturb its position. Mark along c^ach line the magnitude of the 
force which acts along it and remove the disc. With a set 
square draw perpendiculars from 0 to each line and measure 
them. By multiplying the number of lbs. wt. in each force by 
the number of inches in its perpendicular distance from 0 we get 
its moment about the axis selected. 



In a certain experiment the results shewn in Fig. 75 6 were 
obtained. The forces were 2*4, 2 ’2, 1*4 and 1*9 lbs. wt. respec- 
tively and the corresponding perpendicular distances (or arms) 
were found to measure 2-8, 3*7, 4*8 and 4*2 inches respectively. 
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The clockwise moments about 0 are 

2*4 X 2*8 i- 2-2 X 3*7 - 14-86 lb. ins. 

The counter-clockwise moiiuuits are 

1*4 X 4*8 -f 1*9 X 4-2 = 14-7 lb. ins. 

Similarly it will be found that, whatever axis we select, the 
sum of the clockwise moments equals the sum of the counter- 
clockwise moments about this axis. 

It should be noticed that if we agree to call the moments 
tending to turn a body in one direction and those tending 

to turn it in the opposite direction negative^ we can express the 
Frincijde of Momenta as follows : When a body is in equilibrium 
under the action oj forces in one plmie, the algebraical sum of the 
moments of all the forces about any axis at right angles to this plane 
is zero. 


61. Exercises in Taking Moments. 

Sx. 1. (Fig. 76.) A uniform bar, 6 feet long, is pivoted 1 foot from one 
end and is loaded at this end with a weight of 80 lbs. The weight of the bar 
is 8 lbs. Find what vertical force (F) must be applied at the other end to 
balance the bar horizontally and find also the force (E) exerted by the pivot. 


R 


y 


!<-- V— ) 

^ 2--^ 
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80 ^ 

Fig. 76. 


We must first specify all the forces acting on the bar. We shall assume 
that the weight of a uniform bar acts through its middle point ; an assumption 
we shall justify later. 

The forces acting on the bar are shewn in the figure. E is the upward 
reaction of the pivot called into play to keep the bar in equilibrium. 
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Taking moments about the axis of the pivot, we have 
Moment of Jt lbs. wt. =/? x 0=0. 

Moment of F lbs. wt.=JPx5 lb. ft. clockwise. 

Moment of the weight of the rod =8 x 2 lb. ft. clockwise. 

Moment of 80 lbs. wt. =80 x 1 lb. ft. counter-clockwise. 

Since the sum of the clockwise moments is equal to the counter-clockwise 
moment, we have 

J^^x 5 + 8x2 = 80x1 lb. ft. 

Hence ^^=ia‘8 lb». wt. 

5 

We can now determine the force JR by taking moments about any other point. 
If we decide to take moments about the right-hand end of the bar, and equate 
the clockwise and counter-clockwise moments, we obtain the equation 
/ix 5 = 8x3 + 80x0 lb. ft.; 
hence R = 100*8 lbs. wt. 

Notice that, since F has already been determined, R can be found more 
quickly by adding together the downward forces, i.e, 

80 + 8 + 12-8 = 100*8 Iba. wt. 



Hx. 8. (Fig. 77.) A uniform bar AB, 8 ft. long and weighing 1 owt,, 
is hinged to a vertical wall at A and supported in a horizontal position by 
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a tie BG inclined at 37° to the rod. Find the tension in the tie when a load 
of 3 cwt. is suspended from B. 

Call this tension T cwt. Now the rod is in equilibrium under the action 
of four forces, namely, the three forces shewn in the diagram and also the 
reaction of the hinge. We bnow that the latter force acts through A, but we 
do not know in what direction. However, if we choose A as the point about 
which to take moments, the moment of the reaction will be zero, since a force 
has no moment about a point on its line of action. Therefore we selec t A as 
the point about which to take moments, and thereby obtain the equ‘',tion 

7'x^7> = l x4 + 3x8 cwt. ft., ^ 

where AB is the perpendicular drawn from A to the line of action of the 
force T. If a diagram is drawn to scale, AT> can be found by measurement ; 
otherwise we can calculate it thus, 

AT) 

— ^; = sin37° or 8in37°=8 x •0=r4-8 feet. 

AU 

28 

Thus 7'=l^=6*8 cwt. 

Note particular ly that we cannot use the principle of moments to find th e 
r eaction of the hinge in this case as we did in Ex. 1. since, the forces n ot 
being parahei. we do not at present know how to determin e the directioi^ pf 
this force. 


Note on Taking Moments. — Important Rule. 


In applying the principle of moments to the forces keeping a 
body at rest we are at liberty to take moments about any axis 
at right angles to the plane of the forces. However, if we 
judiciously select this axis through a point in the line of action of 
one of the forces, the moment of this force being zero, we may 
obtain a simple relation connecting the remaining forces. There- 
fore, as in the examples above, we shall generally simplify a 
problem by taking moments about an axis through a point in the 
line of action of one unknown force. 

It will be well to emphasize here the importance of the follow- 
ing rule to which we have already drawn attention and which 
should always be rigidly adhered to when attacking any problem 
dealing with forces: Before applying any principle to the 


solution of a nroblem state definite 




eqnilibriun^yon are going to consider, and spec 
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t he for ces act in g on this body. A diagram of the body 
sho uld be drawn .showing tlie known directions of the forces 
acting npon it. 

63. Reactions of the Supports of a Iioaded Hori- 
zontal Beam. As a further example, we will use the principle 
of moments to calculate the reactions of the supports of a loaded 
oeaiii ai/1 will verify oui* results by experiment. 

5. Rest a uniform graduated rod on two compression 
spring-balances which carry small wedges so as to give definite 
}ioints of support. Arrange the rod so that the points of supports 
A and B are equidistant from the ends (Fig. 78«). Suspend a 
load of 4 lbs. at some point D. The weight of the rod is supposed 
to be 1 lb. and may be taken as acting at the middle point C. 



Fig. 78 


lAn=r J 

Fig. 78 6. 

The forces acting on the rod are shewn in Fig. 78 6, in which 
P and Q are the upward reactions of the supports at A and B 
respectively. Suppose, in a certain case, that AB is 30 inches 
and AD 9 inches. Since we have here two unknown forces P 
and Qj we take moments about a point in the line of action of 
one of them. Thus, taking moments about A, the moment of P 
is zero, and by the principle of moments we have 
Qx AB=: 1 X A(7 + 4 X AD lb. ins. 
or <Jx 30 = 1x15 + 4x9, hence <2 = | J = 1"7 Ibfl. wt. 
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Similarly, taking moments about 7i, the moment of Q is zero, 
and we get the equation 

or 7^ X 30 = 1 X 15 + 4 X 21, hence 7"-|^ = 3*3 Ibs. wt. 

Compare these results with the readings of the spring-balances. 
Notice that 7^ -f - 1 '7 + 3*3 =- 5 lbs. wi., which is equal to the sum 
of the downward forces. Moreov(U‘, we tind that wherever we 
suspend the weight, the readings of the two balances add up 
to 5 lbs. wt. 

As a further exercise let us calculate where the load of 4 lbs. 
must be placed to produce reatlings of 3 and 2 lbs. \vt. on the 
spring-balances at A and B respectively. 

Let the required position be x inches from A . 

Taking moments about A^ we have 

4ii?+ 1 X 15 - 2 X 30 lb. ins., hence = - 11 J inches. 

Verify this result by reading the balances when the load is 
placed 11 J inches from A, 

Sx. A uniform beam AJi spans an opening of 10 feet and rests on 
supports at its ends. It carries loads of 6 cwt. and 8 cwt. at distances of 
4 feet and 13 feet respectively from the end A. If the weight of the beam 
is 4 cwt., determine the reactions at its ends. Let these reactions be P and 
0, cwt. 

^i)=r4' 
JC = d' 
-Al!! = 13'- 


Draw a sketch of the beam and shew all the forces acting upon it, 
(Fig. 79.) 

Here we have two unknown forces. However, by taking moments about 



Fig. 79. 
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an axis through A, the moment of P is zero, and by the principle of 
moments we obtaito the equation 

16^ = 6x4 + 4x8 + 8x13=160 cwt. ft., 

160 

hence = lO cwt. 

Since the sum of the upward forces mu.st equal the sum of the downward 
forces, 

P+ <y=(6-f 4 + 8) cwt. = 18 cwt. 
so that P = 18 - 10=8 cwt. 

Check this result by taking moments about an axis through B. 


64. Simple Machines. — Levers. A lever is a machine, 
which in one form or another lias been employed from the earliest 
times. It consists of a rigid bar, either straight or bent, which 
is pivoted at some point of its length. This pivot about which 
it turns is called tlie fulcrum. For instance, a crow-bar when 
used for raising a body is an example of the simplest type of 



lever. This is a bar of iron having one end flattened. The flat 
end is inserted under the body, and lieneath the bar is placed a 
block of wood, or stone, to serve as a support about which it may 
turn (Fig. 80 a). When a downward force is applied to the free 
end of the bar an upwai-d force is communicated to the body. 
Suppose a vertical ferce of F lbs. wt. to be applied to the crow- 
bar at the point B and that, in consequence, a vertical force of 
Q lbs. wt. is transmitted to the body at J, the bar being taken 
as horizontal. 
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Since we are going to consider the equilibrium of the bar we 
must specify all the forces acting on it. These forces are shewn 
in Fig. 80 6 ; we have here left out of consideration the weight of 
the bar, the effect of which is assumed to be negligible. Notice 
that Q is equal and opposite to the force which the bar exerts on 
the body, and Ji is the reaction of the fulcrum which is brought 



into play by P and Q, and balances them. This reaction, how- 
ever, has no moment about F, so that, on taking moments about 
this point we have as the condition of equilibrium 

FxFB^QxFA or = 

P FA 

For example, if FB is 30 inches and FA is 5 inches, and we 
wish to overcome a resistance Q of 600 lbs. wt., then 

X 30 lb. ins. = 600 x 5 lb. ins. 

or P = 100 lbs. wt., 

. $ 600 lbs. wt. 

and the mechanical advantage is ^ = iTr^r— - = 6. 

° P 100 lbs. wt. 

By placing the fulcrum nearer to the end A we can increase 

FB 

the ratio of the arms, namely (sometimes called the * lever- 
age^), and thus obtain a larger mechanical advantage. 

As another example of the use of levers, we will take one 
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such as that used to work the plunger of a hydraulic press 
(Fig. 81 a). 



(7 is the lever which can turn about a fixed pivot at A. At a 
loosely jointed rod connects the lever to the top of the plunger P, 
If a force of 50 lbs. wt- is applied to the lever at C in a 
vertically downward direction, what force will act on the plunger 
if AB- 6 ins., AC ins., and BP is vertical? Consider the 
equilibrium of the lever. The forces acting upon it (neglecting, 
as before, its weight) are shewn in Fig. 81 6, namely, 50 lbs. wt. 

Q 


B 


YR 


Fig. 81 h. 


Y 

bOlbs.wt 


vertically downwards at G; the reaction of the connecting-rod, 
Q lbs. wt., which, for the position shewn in the diagram, acts 
vertically upwards at J?; and the reaction R of the pivot A 
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which has no nioinent about this point. If, then, we take 
moments about -4, we have for the condition of equilibrium, 

X 6 lb. ins. = 50 X 24 lb. ins. ov 200 lbs. wt., 
and this is equal and opposite to the thrust produced on the 
plungi^i*. 

The ratio or mechanical advantage is given by 

200 lbs. wt. ^ 

50 lbs. wt. 

Do not forget, however, that we an‘ here neglecting both the 
weight of the hjver and the friction at the pivot and joints. 

Wc often use double levers of various types, such as scissors, 
pliers, nut-crackers, shears, etc. In Fig. 82 is shewn one type of a 



double lover, namely, a pair of tongs, which may be regarded as a 
combination of two equal levers pivoted at their common fulcrum 
(7. Considering, for simplicity, the two levers in the same hori- 
zontal plane, and shewing only the horizontal forces acting upon 
them, we see that each lever is acted upon by the force P, 
exerted by the grasp of the hand ; the force W with which the 
lump of coal reacts on the end ; and the reaction of the pivot P. 
Considering the equilibrium of either lever, and taking moments 

W GA 

about the pivot (7, we have P x CA = TT x CB or ^ . You 

may notice that this type of lever differs from a pair of pliers 
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and nut-crackors in that the mechanical advantage is less than 1, 
the use of such tongs being, not to exert large forces, but simply 
to avoid handling the coal. 




bB 


Fig. 83 a. 


65. Continuous lever.— Simple winch. When using 
a simple lever for lifting a weight, 
we can only raise this v^eight 
through a shor t distance. How- 
ever, by a simple modification 
which we have called a ‘Wheel 
and Drum,' we can secure con- 
tinuous action. As an example 
of this type of continuous lever, 
let us consider a simple winch, 
such as is used for raising water from a well (Fig. 83 a). To one 
end of a spindle AB^ which is mounted horizontally in two 
bearings, is keyed a wheel, or simple iron crank, to which a 
handle is fastened. On AB is mounted a drum 1). One end of 
the rope is made fast to the drum and the other end carries the 
bucket. 

Let the radius of the drum be r inches ; for more accurate 
calculations this distance should be measured from the centre of 
the drum to the middle of the rope. Let the effective radius of 
the wheel, that is, the distance of its centre from the centre of the 
handle, be li inches. 

Suppose that a constant force of F lbs. wt., applied to the 
handle in a direction always at right angles to the crank, is 
required to lift a bucket of water weighing W lbs. 

Since the weight of the wheel and drum and the reactions of 
the bearings upon it all act through the central axis, F and W 
are the only forces which tend to turn it about this axis (Fig. 
836). For equilibrium, the moments of these forces about this 
axis must be equal, that is, 


W R 
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For example, if the effective radius of the handle is four times that 
of the drum, we should be able to balance a load of 40 lbs. by an 
effort of 10 lbs. wt. 





In practice, the effort required just to balance a given weight 
is found to be somewhat smaller, and the effort to raise the 
weight is found to be somewhat larger, than that calculated from 
the above equation ; why is this ? 

Examples of various types of this machine are frequently met 
with in practice; for instance, a capstan or windlass: two toothed 
wheels on the same spindle such as you can observe in any ‘ train 
of wheels’: two belt pulleys on the same shafting: etc. 

66. Alternative solution, using the Principle of 
Work, The above relation between the load and effort in the 
case of the simple winch can be verified by the same experiment 
as that employed in Art. 25 to verify the principle of work ; or it 
can be deduced from that principle as follows. If we assume, as 
we did above, that the friction at the bearings of the winch is 
negligible, then the principle of work states that the work done 

10 


M.&K. 
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by the eflFort or applied force is equal to the work done oti the 
load during any given movement of the machine. 

Let us consider this movement to be one revolution of the 
axle. 

Then the work done by P 

^P X distance moved in direction of P 
- P X 2TrP inch lbs. 

Similarly, the work done on the load W x 2rrT inch lbs. 

Neglecting frictional resistances, we have 
P X -Wx 2Trr 

or P X R - W X r, 

that is, the moment of the force tending to turn the body clock- 
wise is equal to the moment of the force tending to turn it 
counter-clockwise. 

It will be found that the majoidty of problems in Statics can 
be solved by alternative methods. Ability to recognise the easiest 
method of solution can only be cultivated by frequent practice in 
solving such problems by the application of different principles. 

67 . Compound Levers. Fig. 84a represents a type of 
compound lever such as is used to operate railway points. It 
consists of a combination of a straight lever turning about a fixed 
pivot (7, and a bent (or bell-crank) lever whose fixed pivot is F. 

The connecting-rod DB is jointed to the levers at B and D \ 
the bent lever is also jointed at E to another rod EG, What 
force P must be applied horizontally at A so that the rod EG 
may overcome a resistance of IT ? 

We shall here leave out of consideration the eflfects of friction 
at the pivots and joints and also the effects produced by the 
weights of parts of the machine itself. 

The equilibrium of each part of the mechanism must be 
considered separately. 

If T is the tension produced in DB^ it is clear that this rod is 
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in equilibrium under the two equal and opposite forces shewn in 
Fig. 846, these forces being equal and opposite to the forces 
which this rod exerts on the levers. Figs. 84 c and 84 d represent 
the two levers and the forces which tend to turn them about their 
respective pivots. Each lever is also acted upon by the reaction 
of its pivot. In the case of the bent lever this reaction is not 
shewn since we do not yet know its direction, but we know that 
it has no moment about the pivot 



T 


■c= 

D 


Fig. 84. 



Let us first consider the equilibrium of the bent lever. Draw 
perpendiculars FN and FM from F on to the lines of action of 
the forces W and T, Then, taking moments about F^ we have 

T^FM^W^FN or T^Wx~. 

£ M 

Secondly, considering the equilibrium of the straight lever, 
and taking moments about (7, we have 

j>ri 

Py^AC^Ty^BO or P:=.Ty~, 

Au 

Substituting in this equation the above value of T, we have 

FF^ BO 
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teeth of the pinion on the wheel and the equal and opposite 
reaction on the pinion are represented by the forces marked Q, 
Remember that each spindle is also acted upon by the reactions 
of the bearings which, however, produce no turning effect. 

Considering the first spindle and taking moments about its 
central axis, we have 

(3x/?.--rx6 or 

where R and h are the effective^ radii of the toothed wheel and 
barrel respectively. 

Similarly, the condition of eciuilibriiuri of the second spindle 
is given by 

F X c -Q xr or F - Q x- ^ 
c 

where c and r are the effective radii of the crank circle and 
pinion respectively. 

Substituting the above value of Q in this equation, we have 

» iir ^ ^ W R c 

R c Fro 

Now -< , being the ratio of the effective radii of the two gear 

wheels, is therefore equal to the ratio of the circumferences of 
their pitch circles, which is equal to the ratio of the numbers of 
teeth in the two wheels, for the teeth are all of the same size. 
To make this clear, let N and n be the numbers of teeth in the 
large and small wheels respectively, and let p be the distance 
from the centre of one tooth to the centre of the next, measured 
along the circumference. 


Hence, we can write the above equation 
W_N c 
P~ n'' b' 

The importance of this lies in the fact that it is often easier to 
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count the number of teeth in a wheel than to measure its 
efifective radius. 

Let us work out the following example by this method and 
also by applying the principle of work. 

Sx. Neglecting friction, find what weight can be hoisted with a simple- 
geared crab winch by applying a force of 20 lbs. wt. to the handle, given 
that 

Eadius of barrel = 3", Length of crank = 8", 
and the numbers of teeth in the wheel and pinion are 45 and 10 respectively. 

(1) PrincAple of Moments. Working with these numerical 
values on the lines indicated above, Ave get 

W _ 45 8 
20 10 3 ■ 

■TT tir 2d X 45 X 8 _ - - . 

Hence W - - - 240 lbs. wt, 

10 X 3 

(2) Principle of Work. Since aa^c are supposing that no 
work is done against friction we can state that 

Work done by effort 

= Work done on load during any given movement of tlie machine. 

Let this movement be one revolution of the crank. Then the 
work done by the effort of 20 lbs. wt. = 20 x 27r x 8 inch lbs. 

Now, during one revolution of the pinion the wheel turns 
through an angle subtended by 10 teeth or of a revolution, 
and since the barrel turns through the same fraction of a revolu- 
tion, it follows that the rope is wound up a distance equal to 
of the circumference of the barrel or x 27r x 3 inches. 

Therefore the work done on the load 


= IT X X 27r X 3 inch lbs. 
Equating, we have 

IT X X 27r X 3 = 20 X 27r X 8 
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69. Inclined Plane. An inclined plane facilitates the 
transfer of loads from one level to another. For instance, a 
garden roller may be pulled up a slope by a force much smaller 
than the weight of the roller ; the less the slope, the smaller the 
effort required. The question naturally arises ^ How does the 
relation of the weight of the body to the effort required to pull 
it up a slope depend on the inclination of the slope?’ The 
equilibrium of a body on an inclined plane we ha^’e already 
partially dealt with in Art. 25, where we illustrated by experi- 
ment the principle of work. Here, however, we will shew that 
we can answer the above question by applying either of the 
two principles which we have so far established; and since the 
answer is more siirrply arrived at by applying the principle of 
work w’c will apply this in the first place. 

(1) Principle of Work, A uniform cylinder or roller of 
weight W is steadily pulled up a plane from A to B by a force P 
applied to the axis « in a direction parallel to the plane (Fig. 86). 



Fig, 86, 


The work done by P is. measured by P x AB^ and since during 
this movement the load is lifted a vertical distance BC, the work 
doue o^ the load \S ipeasured by IT x BG* If no appreciable 
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amount of work is dono aj,'ainst friction, these quantities must be 
equal, that is 

HC 

Py All =^Wy. JIC or P - Tf^ x ^ W sin BA C. 

(2) Principle of MonieitU Since the cylinder is uniform, 
we will assume that its weight acts through the centre of its 
axis. Tin*, forces keeping the body in equilihriuin are shewn in 
the figure, which rei)T(^sents a central section of the cylinder. 
Note that, since the rea<‘tion B of Ihe plane acts at b the point 
of contact, we shall not require for our present puipose to know 
its dir<*ction, for we shall select this point t(» take moments about. 
However, it is not difficult to understand that in this case it must 
act at right angles to the plane. 

Now, P and W are the only forces tcmding to turn the roller 
about its line of contact with the plane, and hence, for equilibrium, 
th(^ moments of these forces about this line must be equal. Thus, 
if he is the perpondiculai* drawn from h to the line of action of ir, 
we have 

rxah-W>^bc or 

ab 

Seeing that the triangles ahe and ABC arc* equiangular (why?) 
and therefoT’e similar, we have -- , lienee 


r sin 7^26'. 

AB 

This result can he easily veidfied experimentally by attaching 
a spring-balance to the axle of a metal roller on an inclined plane, 
as described in Art. 25. 

BC 

^ or sin BAO is called the slope of the plane. For instance, 

AB 

when we speak of a road liaving a slope of 1 in 20, we mean the 
rojwl rises 1 foot for every 20 feet measured along the road ; that 
is, is the sine of the angle at which the road is inclined to the 
horizontal The force necessary to pull a cart up this incline 
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would 1x3 equal to of the weight of the cart. Boar in mind, 
however, that we are here neglecting the rolling friction of the 
wheels and the friction at their bearings. 

The above important pi'oporty of the inclined plane is made use 
of in other machines, such as the wedge and the. screw, which we 
shall refer to later. These machines ar(3 especially remarkable for 
the important part tliat friction plays in their behaviour. 


70- Effect of Friction. We havci treaUxl tlu^ foregoing 
simple machin(\s from a luther impractical standpoint, having, for 
simplicity, h‘ft out of consideiutioii in our calculations the influence 
of friction. Howev er, in predhiting the behaviour of any machine, 
or ill designing a machine for any giv(*n purpose, due considera- 
tion must obviously be given to the frictional forces brought into 
action between the various parts of the machine. It is for this 
reason that we emphasized early in the book the. importance of 
carrying out practical tests with actual machines under working 
conditions, in order to determine the effect of friction upon the 
behaviour and efficiency of the machine in each case. 

We discussed in Chapter IV the factors which govern the 
amount of friction brought into play in machines. The conclu- 
sions there imcheil apply as well to the machines described in 
this cha})ter. 

For instance, in the case *»f the simpler winch, the friction 
is principally that called into play between the rubbing surfaces 
at tlie lijariiigs of the spindle. If the total reaction of the 
liearings on tlie spindle ha denoted by //, and the coefficient of 
friction by /u., wc know that when the sj)indlc turns, there is 
acting upon it a force of friction given by fiR, This force acts 
tangentially the cireumfercnce of the spindle and therefore 

has a moment about the central axis given by fiR , - , where d is 

the diameter of the spindle at the hearings. Since this moment 
opjioses the rotation of the sjiindle, it is clear that the effort 
required, as calculated for the frictionloss machine, must be 
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increased till its moment about the central axis is greater by 
this amount. 

Again, the force required to slide, instead of to roll, a body 
of weight W up a ])lane inclined at an angle a to the horizontal 
will be greater than that deduced in the preceding article, 
namely IF sin a, by the force of friction (railed into play at the 
sliding surfaces. Tliis force, again, we know is given by fxMy 
where R is the normal reaction of the plane on the body, and 
the co(itlicient of friction. VVe sec?, then, that in all cases, before 
we can (ralculate the (‘ffeert of friction, we must know, in addition 
to other factoi’s, the coeflicient of friction, a reliable value for 
which can bo obtained only by experimenting with the actual 
surfaces concerned. It follows, therefore, that the simplest 
method of determining the eflect of friction is to subject the 
machine its(df to direct experiment. 

71. Resultant of Parallel Forces. We have already 
shewn in Art. 09 that two paralhd forces acting in the same 
sense can b(^ balan(3(jd by a single force whose magnitude is equal 
to their sum. For example, l(*t two parallel forct^s of 4 and 
6 lbs. wt. be balanced by a force o/ 10 lbs. wt. (Fig. tS7). If 

10 

4^ 


D 


A 


4 


£ 


I 

I 

I 

I 




R=10 


Fig. 87. 


B 


6 


these forces t>f 4 and C 11 )s. wt. are roplactxl by a single force of 
10 lbs. wt. acting along the same line as, but in the opposite 
direction to, their * balancing-force,* equilibrium will still be main- 
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tained. This force, whose direction is shewn by the dotted lino, 
is the resultant of the forces of 4 and 6 lbs. wt., since it 1ms the 
same effect as these two forces acting together. The latter ar(‘ 
called the coinjtoupnts of the resultant. 

Further, since by the principle of moments tlu^ sum of the 
clockwise moments about a point D of the 4 and G lbs. wt. is equal 
to the couuter-clockwlsr. moment of tlujir balancing-force tak(‘n 
about the same point, it follow.s that the sum of the clockwise 
moments of these two forces is also equal to the clockwise moment 
of their resultant about the same jioiiit. This is simply expressing 
quantitativ(4y the fact that the turning (‘ffect of the resultant is 
equal to the combined turning effects of its compoiumts about any 
point. It is clear that this must also he true fur the r(vsiiltant of 
any number of parallel forces. 

kSo we see that the resultant of any number of parallel 
forces acting in one plane, and in the same sense, is 
equal to their sum, and its moment about any point is 
equal to the sum of their moments about the same point. 

Tf this point is so chosen that the moments of some of the 
components are clockwise and the moments of otlu^rs counter- 
clockwise, the above statement will still apply provided we call 
the moments in one direction positive and those in the opposite 
direction negative (see end of Art. 60). 

Referring to the diagram above, it should Ik; noted that the 
position of tlie point C^ through which the balamung- force and 
the resultant of the forces of 4 and 6 lbs. wt. act, is expressed by 
any of the following relations, for, by taking moments about (7, 
we have .{(^ c 

4K^lC’'--6x7yc^ or 

Js(j 4 

taking moments aljout A, we have 

10x^6’=--6x^/f or 

AIS 10 

taking moments about I), we have 

iA A 7 ^A p nu nn 4 x 2)^1 -f 6 x Z>/jf 

10 X DC ~ 4 X DA + 6 X DB or DC ~ i • 
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Observe also that we can look upon any one of the three 
forces as the balancing-force of the other two and therefore as 
equal and opposite to their resultant. For example, the force of 
6 lbs. wt. balances the forces of 4 and 10 lbs. wt. The resultant 
of these last two forces is therefore a force of 6 lbs. wt. acting 
upwards at B, Here, we see that the resultant of parallel forces 
of opposite sense is equal to their difference and its line of action 
can be found by taking moments, as shewn by the above 
equations. 

Example, Four parallel forces of 7, 6, 4 and 9 lbs. wt. 
respectively are applied to a rigid body as shewn in Fig. 88. 
What is the magnitude of their resultant R and what is the 
perpendicular distance of its line of action from the point A % 



Fig. 88. 


Draw the dotted line A BODE at right angles to the lines of 
action of the forces. Ijct X be the point where the line of action 
of the resultant cuts^this line. 
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The magnitude of the resultant jS = 7 + 6 + 4 + 9=:26 lbs. Wt. 

Also, taking moments about d, we know that the moment of 
the resultant is e(iual to the sum of the moments of its com- 
ponents, that is, 

26x^X=7 xd/^-i-6x A(J -1 4 X AD -i- 9 x AE. 

Given that J(7- 6", AD- W and AK~- U'\ this 

equation becomes 

2G X dA==7x2-»-GxGH-4x 11 + 9 X 14, 
and hence AX - 8- S'". 

That is, tlie resultant is a force of 2G lbs, wt. and the 
perpendicular distance of its line of action from A is 8*5 inches. 


72 . Couples. If two equal parallel forces act on a body 
in opposite sense and not in the same straight line, they are said 
to form a couple. The effect of a couple is to turn a body round 
without moving it as a whole in any direction. The following 
practical illustrations will make this clear. 

Ex}). 1. Take a circular wooden disc having a groove round 
its edge, and support it by a few steel balls on a horizontal table 
(Fig. 89 a). Fasten two threads to the groove, and coil them in 







BP 

Fig. 89 a. 


PB 


the same direction round the disc, and then lead the free ends 
away from the opposite extremities of a diameter. Holding the 
disc at rest, pass these threads over pulleys, so arranged that the 
threads are parallel, and attach equal weights to their ends. The 
threads exert on the disc two equal forces of opposite sense, each 
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equal to P (Fig. 89 On releasing the disc it rotates about its 
centre but does not move bodily. 



Exp. 2. Put a magnetised needle on a cork floating in the 
centre of a large dish of water. If the needle is released when 
it is not pointing N. and kS., it turns round and comes to rest in 
the meridian, but does not move bodily in either direction. The 
reason of this is that the forces on the poles of the magnet caused 
by the earth’s magnetism are equal, parallel, and opposite, and 
hence form a couple. 

The following interesting properties of a couple can be deduced 
from the principle of moments and verified by experiments with 
the apparatus illustrated above ; they are left as useful exercises 
for the more advanced student. 

(1) nan uo t- be balanced by a single lo^ce. 

(2) The turning effect of a couple is the same about any 
axis at right angles to its plane, for its moment is alway s equa l 
fcTthe product of one of the forces and the perpendicular di stan ce 
l^twoon their two lines of action, ».e. in Fig. 89^ above,- the 
moment of the couple -J * . d. 

(3) two couples having equal moments but opposite 
^rning tendencies will balance. 
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Examples V. 

Note, hi (ULswermtf these questiom remjL'rithcrJJic rule given in Art.^02, 
Begin hy making a sketch of the hody you are going to consider^ fdl in all 
known quomtitres, and^ as far as you can^ 8he7c the forces acting on the hodtf. 

The weight of a uniform bar may he taken as acting on the bar at its 
centreZ 

1 . A force of 40 lbs. wt. is applied to the pedal of a bi(;ycle at right 
angles to the crank which is (> inches long. What is the moment of the 
force about the axis of the spindle ? 

2 . If a turning moment of 80 lb. ins. is necessary to unscrew a nut, 
what force must be applied at the end of a spanner 8 inches long ? 

3 . To raise a weight by means of a screw-jack a force of 16 lbs. wt. is 
required at the end of a bar projecting 9 inches from the centre. What force 
would be required if the bar were 15 inches long ? 

4 . A force of 9 lbs. wt. is applied to one end of a rod which is 10 inches 
long. Find the moment of this force about the other end of the rod when 
the force acts (i) at right angles to the rod, (ii) at an angle of 50^ to the rod. 

5 . A uniform ])ar is balanced horizontally about a fixed pivot at its 
centre. If a load of 12 lbs. is suspended from the bar at a distance of 
9 inches from the pivot, where must a load of 8 lbs. be suspended to keep 
the bar in equilibrium ? 

6. A uniform plank, 1 1 feet long, supported at its centre on a barrel, is 
used as a see-saw. A man at 5 feet from the centre balances a boy of 9 stone 
at the far end. What is the weight of the man ? 

If the plank weighs 1 cwt., what is the force on the barrel? 

7 . A man pulls on the handle of an oar with a force of 80 lbs. wt. If 
one-third of the oar is inboard, calculate the force exerted by the oar on the 
rowlock. 

8. If a wheel can turn freely about a fixed pivot at its centre, and a 
force of 35 lbs. wt. is applied at right angles to a spoke at a distance of 
9 inches from the centre, calculate the least force which must be applied to 
the circumference to keep the wheel from turning, the radius of the wheel 
being 16 inches. 

9. A stiff uniform pole has one end embedded in a wall from which it 
sticks out horizontally a distance of 12 feet. Given that the pole would 
break if a weight of 50 lbs. were hung at the end, how far out along the pole 
may a man weighing 10 stone venture ? 
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10. A pulley, driven by a belt, has a diameter of 15 inches. If the 
tension in the tight side of the belt is 120 lbs. wt., and the tension in the 
slack side 4B lbs. wt., what is the resultant turning moment about the centre 
of the pulley caused by the belt ? 

11. To stop a wheel which is rotating about its centre, a block of wood 
is pressed on the rim with a force of 30 lbs. wt. The diameter of the wheel 
is 3 feet and the coefficient of friction for the surfaces of the wood and rim 
is 0*3. Calculate the moment of the frictional force tending to stop the 
wheel. 

12 . The pressure of the water on the rudder of a yacht when sailing 
produces a total force of 160 lbs. wt. at right angles to the rudder at a point 
9 inches from the axis about which it turns. Find the force which must be 
applied to the end of the tiller to balance this if the length of the tiller is 
3J feet. 

13. If the pressure of the wind on a front door when closed is 
equivalent to a force of 40 lbs. wt. at its centre, what is the force on the 
latch ? 

14. Given a 10-gram weight, describe how you would use it to find the 
weight of a metre rule. 

16. A uniform girder lies on the floor. To raise one end requires a 
vertical force of 96 lbs. wt. What is the weight of the girder? 

16. State the Principle of Moments. Explain, by taking a practical 
example, why, in applying this principle, we usually take moments about an 
axis through a point in the line of action of one of the forces. 

17. A uniform rod AB, of weight 16 lbs. and length 12 ft., is hinged at 
A and supported in a horizontal position by a vertical rope at B, Find the 
tension in the rope when a load of 30 lbs. is suspended from the rod at a 
point 9 feet from A, Show that the result will be the same if the rod is not 
horizontal, provided that the rope remains vertical. 

18. A uniform light rod, pivoted at its centre, carries on the left-hand 
side loads of 4 and 7 lbs. at distances of 3 and 4 feet respectively from the 
centre. Where must a load of 8 lbs. be placed to maintain the bar in equi- 
librium and what will be the force on the pivot ? 

19. A uniform light rod is supported on a fixed pin through a hole at 
its centre, and a weight of 4 lbs. is suspended from the rod at a distance of 
9 inches from the centre. The rod is balanced in a horizontal position by 
applying to it a vertical force of 6 lbs. wt. Shew that this force may be 
applied at either of two points, and find the reaction of the pin in each case. 
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20 . A uniform rod 2 feet long rests upon a support at one end and is 
kept in a horizontal position by a vertical string connecting the other end to 
a spring-balance. The balance reads ^ lb. wt. A load of 6 lbs. is now 
suspended from the rod at a distance of 9 inches from the support. Wliat 
is the reading of the spring-balance, and what is the reaction of the 
support ? 

21. The flap of a table is hinged along one edge and supported by 
a leg at a point distant 15 inches from the line of the hinges. The force 
on the leg due to the flap alone is 4 lbs. wt. Calculate the force on the leg 
when the following weights are placed on the flap together : 

3 lbs. at 20", 8 lbs. at 9" and 14 lbs. at G" from the line of the hinges. 

22 . A crowbar A UC is 4 feet long and is placed on a fulcrum at i?, 
G inches from Neglecting the weight of the bar, find what force applied 
at A Avill balance a load of 4 cwt. at (!. 

23. A man who weighs 13 stone, wishing to raise a rock, leans with his 
whole weight on one end of a horizontal crowbar 5 feet long, which is 
supported on a prop at a distance of 5 inches from the end in contact 
with the rock. What force is exerted on the rock, and what is the force 
on the prop? 

24. What force applied at the end of a lever 30 inches long will raise 
a load of 80 lbs. attached to the other end, the fulcrum being 4 inches from 
this load? The weight of the lever is 6 lbs. and acts at its middle point. 

25. Design a lever for a common pump such that, by applying a force 
of 9 lbs. wt. to the end of the handle, a force of 60 lbs. wt. is communicated 
to the pump rod. 

26. A uniform straight lever, 5 feet long and weighing 12 lbs., has its 
fulcrum at one end and carries loads of 6 and 14 lbs. at distances of 2 and 
3^ feet from the fulcrum ; it is kept horizontal by a vertical force F at the 
other end. Find the magnitude of F ; find also the reaction of the fulcrum. 

27. A bar 15 inches long carries at its ends loads of 18 and 48 lbs. 
Neglecting the weight of the bar, find about what point it will balance. 

28. Given a weight of 7 lbs., a light stiff rod, and a foot rule, explain 
how you would proceed to determine roughly the weight of a basket of 
apples. 

28. Describe an experiment to verify the Principle of Moments in 
the case of a rigid body in equilibrium under the action of parallel forces. 

80. In Fig. (a) is shewn the application of the lever to the safety valve 
of a steam boiler. AB is the lever which can turn about the fixed pivot at 
A and is pressed on the top of the valve at C by means of a weight at B, If 
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the diameter of the valve is 3 inches, AG 4t inches, ^7? 30 inches, and the 
weight 36 lbs. , find the force at C necessary to raise the valve and hence the 



pressure at which the steam will blow off. Neglect the weights of the valve 
and lever. 


31. The diameter of the safety valve of a steam boiler is 2*5 inches, the 
centre of the valve being 3 inches from the fulcrum. The valve is to be 
arranged so that it opens as soon as the steam pressure reaches 100 lbs. wt. 
per sq. inch. The end of the lever being 24 inches from the fulcrum, find 
what weight must be suspended from it in order that this may be effected. 
Neglect the weight of the lever. 

32 . A reel or spool (Fig. 6) has a diameter of 9 inches, the drum having 



(b) 
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a diameter of 5 inches. A cord is fastened to the drum and wrapped round 
the middle of it. If the spool rests on the ground and a force is gradually 
applied to the cord horizontally, in which direction will the spool roll, 
and why ? 

What will happen if the cord is pulled vertically upwards ? 

33 . A uniform bar pivoted at its centre C, carries a load of 60 lbs. 
at A (Fig. r). The bar is kept inclined at an angle of 36^ to the horizontal 
by a horizontal force (I^’) applied to B. Find F. 


A 



34 . Supposing that you know your own weight and that you wish to 
find approximately the weight of a stiff plank, how could you do this? 


35 . A uniform bar AB weighing 45 lbs. is hinged at A and supported 


in a horizontal position by a rope attached to the bar 
at B, If this rope is inclined at 40° to the bar, what 
will be the tension in it? By how much will this 
tension be increased if a weight of 25 lbs. is suspended 
from B ? 

36 . A steam-engine has a crank 9 inches long. 
If the connecting-rod is under a compressive stress 
of 400 lbs. wt., calculate the turning moment on the 
shaft when the angle between the crank and the con- 
necting-rod is (i) 135°, (ii) 35°. 

37 . A bent lever ACB (Fig. d) has a fixed pivot 
at C and is balanced by the pulls of the wires at A 
and B, The pull on .d is 3 lbs. wt. horizontally. 
Find the vertical pull on B, given that vl C is vertical 
and 9 inches long, CB is 4 inches, and the angle 
ACB is 130°. 

88. The arms of a bent lever ACB are per- 



pendicular to one another and the lever is pivoted at 


11-2 
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C, Find what horizontal force at B will balance a force of 150 lbs. wt. applied 
at A at 90" to AC, The arm iC is 5 inches long, the arm BC is 28 inches 
long and inclined at 40° to the vertical. Neglect the weight of the lever. 

39 . The weight of the lid of a chest is 20 lbs. and acts at its centre. 
The lid opens on hinges along one edge, and is held open at an angle of 60° 
to the vertical by a force applied at the other edge. Find the magnitude of 
this force when it is applied (i) vertically, (ii) horizontally. 

40 . A uniform bar AB, 4 feet long and weighing 20 lbs., is rigidly 
attached to the pulley yl, which is pivoted at the centre (Fig. c). A cord 
wrapped round the pulley is pulled with a force F as shewn. If the diameter 
of the pulley is 1 foot, calculate the force F required to keep the bar inclined 
at 35° to the vortical. 



41 . In a ‘wheel and drum’ it is found that a force of 21 lbs. wt, 
applied to the circumference of the wheel balances a load of 1 cwt. 
Neglecting friction, find the radius of the drum if the radius of the wheel 
is 18 inches. 

42 . In a simple winch (Fig. 83, Art. 05) the distance of the handle 
from the centre of the axle is 10 inches, and the diameter of the drum is 
6 inches. Neglecting friction, calculate what load on the rope can be raised 
by applying a force of 24 lbs. wt. to the handle. 

43 . Design a simple winch to raise 1 cwt. by applying a force of 
40 lbs. wt., assuming that 80 7^ of this force is being usefully employed. 
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44. To raise a weight of 2 JO lbs. on a windlass drum 14 inches in 
diameter, what moment must be applied? 

If this moment is applied by means of a handle 2 feet from the centre, what 
force must be exerted on the handle ? 

45 . Six men work a capstan (Fig. /), using handspikes projecting 
5 feet from tho centre. The barrel on which the rope is coiled is 2| feet 
in diameter. What force must each man exert in order to raise a weight of 
1 ton, neglecting friction ? 



46 . The cranks of a bicycle are each 7 inches long, and the chain-wheel 
on the same spindle has an effective diameter of 9 inches. When the cranks 
are horizontal a cyclist exerts on one pedal a vertical downward thrust of 
CO lbs. wt. and on the other a vertical downward thrust of 4 lbs. wt. 
Assuming the bearings are frictionless, calculate the tension in the upper 
side of the chain, if the tension in the lower side is negligible. 

47 . A capstan is worked by four men ; each man exerts a horizontal force 
of 45 lbs, wt. at a distance of 4^ feet from the centre. The drum is 1 foot 
and the rope 1 inch in diameter. Neglecting friction, find the pull in the 
rope which balances the forces on the capstan bars. 

48 . To keep a wheel, of 3 feet diameter, rotating at uniform speed 
about a fixed axle, IJ inches in diameter, a force of J lb. wt. has to be 
applied to the rim tangentially. What is the force of friction of the axle 
on the wheel ? 
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40 . A circular saw (Fig. g) is driven by a belt from the flywheel of an 
engine. The belt-pulley keyed to the shaft of the circular saw has a diameter 
of 4 inches. What is the difference in tension in the two sides of the belt if 
the timber exerts a force of 18 lbs. wt. on the teeth at a distance of 7 inches 
from the centre ? 



50 . A davit (Fig. h) is supported by a foot step at B and a collar A, 


4 feet apart. The load on the end of 
the davit is 15 cwt. Calculate the hori- 
zontal force on the collar if the line 
of action of the weight is 3 feet from AB. 

51 . A bar, 30 inches long, is sus- 
pended at its ends from two spring- 
balances by vertical strings. Each 
balance reads 10 ozs. What is the 
weight of the bar? What will be the 
readings of the balances when a load 
of 5 lbs. is suspended from the bar at 
a distance of 12 inches from one end ? 

52 . Taking the results obtained in 
Ex. 51, select a point not in the line 
of action of any of the forces, and by 
taking moments of all the forces about 
this point, shew that the principle of 
moments holds good. 



53 . A weight of 45 lbs. is hung on a light horizontal rod of length 
5 feet, 2 feet from one end ; the rod being supported at its ends by two men. 
What share of the load will each man bear ? 


54 . Two men carry a load of 180 lbs. slung centrally on a 6 foot pole, 
whose weight may be neglected. The ends of the pole are on the men’s 
shoulders; what share of the load does each man bear? Does a difference 
in the heights of the men affect their shares ? If the load shifts 9 inches 
towards the shorter man, what share will each man bear? 
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65. A horizontal uniform beam of 20 feet span carries loads of 10 cwt. and 
9 owt. at distances of 5 feet and 12 feet from the left-hand end. If the 
weight of the beam is 1 cwt., find the reactions of the supports at its ends. 

66 . A uniform bar AB is 6 feet long and weighs 8 lbs. (Fig. i). From C 
and B loads of 16 and 32 lbs. are suspended ; C' = 1 foot. Calculate the 
distance from A of the point about which the rod will balance. 

C B 



57 . A uniform beam 14 feet long and weighing 1 cwt. carries loads 
of 5 cwt. at 2 feet, 7 cwt. at 5 feet, and 6 cwt. at 10 feet from the left- 
hand end. 

(a) If the beam is kept in equilibrium by a single chain, what is the 
tension in this chain and where must it be fastened to the beam ? 

(h) If the beam is supported by two vertical chains fastened to its ends, 
what will be the tensions in these chains ? 

58 . The horizontal roadway of a bridge is 30 feet long and its weight of 
7 tons may be taken as acting at its middle point ; it rests on similar supports 
at its ends. What are the reactions of the supports when a cart weighing 
2 tons is one-third of the way across the bridge ? 

59 . A uniform bar weighing 20 lbs. carries a load of 70 lbs. at one end. 
The bar is kept in a horizontal position by two fixed pegs A and 71, as shewn 
in Fig. ( }), The bar is 8 feet long, and the horizontal distance between the 
pegs is 3 feet. Calculate the reactions of the pegs. 



60 . Weights of 7, 5, 6, and 4 lbs. are hung on a light horizontal bar at 
distances of 2, 3, 5, and 8 feet from the left-hand end. The bar is supported 
by a single rope. If the weight of the bar is negligible, what is the tension 
In the rope, and at what distance from the left-hand end must it be fastened? 
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61 . A bicycle weighs 50 lbs. and its rider 10 stone. Calculate the 
reactions of the ground on the two tyres if their points of contact with the 
ground are .‘3^ feet apart, while the points through which the weights of the 
bicycle and the rider act are distant horizontally 10 and 6 inches respectively 
from the centre of the hind wheel. 

62 . A uniform bt'am is 20 feet long and weighs 9 lbs. per foot length. 
It is supported in a horizontal position by two props distant 5 and 6 feet 
from the two ends respectively. Find the force on each prop. 

63 . A uniform beam weighing 1^- tons, and 22 feet long, is supported at 
2 feet from its left end, and at 0 feet from its right end. It is loaded with 
8 tons at 9 feet from its left end. Find the forces exerted by the supports. 

66 . A uniform steel shaft, AB, is 12 feet long, and weighs 90 lbs. It is 
carried by two bearings, one at the end of /I, and the other 3 feet from the 
end of B. The shaft carries a pulley weighing 30 lbs. at its middle point, 
and a second pulley, weighing 30 lbs., at B. Find the weight supported by 
each bearing. 

65 . A uniform bar, G feet long and weighing 10 lbs., has a movable 
weight of 6 lbs. placed 1 foot from the centre of the bar. The bar is 
supported by vertical cords at the ends. Find the tension in each of the 
cords. If the greatest tension that cither of the cords can stand is 10 lbs. wt., 
find the greatest distance from the centre of the bar at which the G-lb. weight 
can be placed, 

66 . A uniform beam, 12 feet long and weighing 100 lbs., rests hori- 
zontally upon a support at each end, 
a 200-lb. weight be .suspended in order 
that the reaction at one support may 
be double that of the other ? 

What will be the value of these re- 
actions ? 

67 . A uniform log of teak, 20 feet 
by IJ feet by 1 foot, weighing 48 lbs. 
per cubic foot is stowed on two hori- 
zontal supports, A and If, 11 feet 
apart. If 6 feet of its length projects 
over the end find the reaction of 
each support. 

68 . (Fig. k.) is a lever 

pivoted at B. A wire rope from the 
wheel 1) is fastened at (7. AC is 
2J feet and CB G inches. The wheel D has a radius of 7 inches, and the 


From what point of the beam must 
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drum has a radius of H inches. A wcij^ht of 300 lbs. hangs from a rope 
coiled on the drum. Calculate what force must be applied horizontally at A 
to keep the system in equilibrium. Neglect friction. 

69 . A sack of coal weighing 1 cwt. is suspended from a fixed support 
by a rope 20 feet long. It is now pushed a horizontal distance of 5 feet. 
Calculate what horizontal force is required to keep it in this position. 
Calculate the horizontal force required under the same conditions if the 
length of the rope is 40 feet. 

70 . The foot of a post which is 18 feet high is freely hinged to a floor. 
Fastened to the top is a rope inclined at 32^^ to the vertical. Find what 
horizontal force applied to the post 11 feet from the floor will keep it upright 
when the rope is pulled with a force of 98 lbs. wt. 

71 . A pendulum consists of a heavy weight of 10 lbs. at the end of a 
light stiff rod which is 10 feet long. A string is attached to the rod at a 
point 3 feet from the 10*lb. weight and is pulled in a direction always at 
right angles to the rod. Find the tension in the string when the 10-lb. 
weight is 0 inches from the vertical line through the point of support. 

72 . A pole 24 feet long is used as a derrick ; its top is supported by a 
roi)e 12 feet long fastened to a point 24 feet vertically above the foot of the 
pole. If the rope can bear a pull of 25 cwt., what load can be suspended 
from the end of the pole? Neglect the weight of the pole. 



73 . A uniform bar AB (Fig. f), weighing 2 cwt., is supported at its 
ends by equal ropes AC, CB, fastened to the same point 0. Each of these 
ropes makes an angle of 45° with the bar. Find, by moments, the tensions 
in the ropes. 
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74 . In helping a cart up a hill, is there any reason why a man should 
exert a force on the spokes of the wheel rather than on the body oi the cart ? 

75. Describe an experiment to verify the Principle of Moments in the 
case of a rigid body in equilibrium under the action of forces whose directions 
are not parallel. 

76. Find the least horizontal force which must be applied to the centre 
of a wheel of 3 feet diameter, to drag it over an obstacle 2 inches high. The 
weight of the wheel is 00 lbs. and acts at its centre. 

77 . A platform projects (5 feet horizontally from a vertical wall to which 
it is hinged, and the outer edge is supported by two chains secured to the 
wall, the inclination of the chains being 45° to the platform. The weight of 
the platform is 2 cwt. and acts at its centre. If two weights of 4 and 2^ cwt. 
are placed on the platform at 3 and 5 feet respectively from the wall, find 
the tensions in the chains, assuming these to be equal. 

78. Two vehicles have the same weight but one has larger wheels than 
the other. Which vehicle is the easier to pull over a rough road, and why ? 

79 . What is meant by the resultant of parallel forces? Two parallel 
forces of 7 and 5 lbs. wt., having the same sense, act upon a rigid body, the 
perpendicular distance between their lines of action being 18 inches. Cal- 
culate the magnitude of their resultant and the perpendicular distance of its 
line of action from that of the force of 7 lbs. wt. 

80. Take an example of four like parallel forces acting on a rigid body 
and explain how to find the magnitude and direction of their resultant. 

81* In the shears shewn in Fig. (wi) we have an example of a com- 
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pound lever. One lever AF, 20 inches long, has a fulcrum at A and 
is connected at B, 2 inches distant from to a short link BC ; the other 
end of this link is jointed to a second lever CD which is 8 inches long and 
has a fulcrum at /) ; it forms one edge of the cutting shears, the other edge 
being fixed to the framework. What force can be exerted on a piece of iron 
at JS, 3 inches from D, by applying a force of 8 lbs. wt. at F? 


82 . (Fig. n.) Two equal right-angled levers pivoted at G and D are 
operated by a vertical rod AB weighing 8 lbs. Neglecting friction and the 
weights of the levers, calculate the force F required to pull down the rod in 



the position shewn, when the shorter arms of the levers are being pulled 
horizontally by forces of 35 and 25 lbs. wt. The effective length of 
the horizontal arm of each lever is 9 inches, and of the vertical arm 
4 inches. 
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83 . The vertical post AB is stayed as shewn in Fig. (o). Find the, 
tensions in the parts of the stay wire AD and DC when a horizontal force 
of 240 lbs. wt. is applied at A, 



Apply the principle of moments to the equilibrium of AB^ and then of 
DO, assuming that both posts can turn freely about their points of contact 
with the ground. Neglect the weight of the post DG. 

84 . Design a crab winch (see Art. C8) to raise half a ton of coal by 
applying a force of 40 lbs. wt., assuming that 70% of this force is usefully 
employed. 

85 . (Fig. p.) The weight of 12 cwt. is raised by applying a force F at 
right angles to the crank AB oi o. winch. The toothed wheel D, which is 
secured to the crank spindle, has a pitch circle of radius 2 J inches and gears 
with the pinion 6’, the pitch circle of which has a radius of 15 inches. The 
drum D, on which the rope is wound, is secured to the spindle of C, and has 
a radius of ilj inches. Length of crank AB is 16 inches. 

Use the principle of moments to calculate F\ neglect friction and also 
the weight of the movable pulley. Check your answer by applying the 
principle of work. 

86 . Fig. (q) represents a model of a machine known as a ‘Wheel and 
Differential Axle’ or ‘Chinese Windlass.’ This differs from the simple 




174 


Moments 


[CH. V 

‘wheel and drum’ in that the drum consists of two parts of different 
diameters. One end of a cord is fixed to the smaller drum, coiled round it 
several times and, after passing round the movable pulley, is coiled round 
the larger axle in the opposite direction. 

If the diameter of the wheel is 2 feet and the diameters of the drums 
6 and 4 inches, calculate, by momenta, what load W can be balanced by an 
applied force P equal to 8 lbs. wt. Neglect friction and the weight of the 
movable pulley. Check your result by applying the principle of work. 

87 . Neglecting frictional resistance, calculate the force which must be 
applied to the centre of a roller to pull it up a slope of 1 in 7, the weight of 
the roller being 2 cwt. The force is applied parallel to the slope. 

88 . Eeferring to Fig. (;}) of Ex. 59, calculate the horizontal force which 
must be applied to the bar to start it moving, if the coefficient of friction for 
the contact surfaces at the pegs is 0*3. 

89 . A body is acted upon by a cou2)le, consisting of two equal and 
opposite parallel forces, each of P lbs. wt., the perpendicular distance 
between the lines of action of the forces being a inches. Prove that the 
turning moment of this couple is the same about every axis at right angles 
to the plane of the forces and is given by P y a lb. ins. 



CHAPTER VI 


CENTRE OF GRAVITY 

73, Centre of Gravity, 

Exp. 1. Take an ordinary metre rule and balance it across 
your finger. Observe that this can be done only when the metre 
rule is in one particular position, with its middle point above the 
point of contact with your finger. If it be moved, however 
little, to one side or the other, the balance is destroyed, and it 
falls over. 

Repeat this experiment with, for example, a billiard-cue. The 
cue will balance when one particular point of it, in this instance 
not the middle point, is above the point of support. We call this 
point the centre of balance. 

Exp. 2. Take two light tin, or thin glass tubes, each about 
half a metre long, and fitted with corks at each end; the tubes 
may be cylindrical or conical, or indeed any shape, but they must 
be exactly alike in shape and weight. 

Weigh one of the tubes empty; then fill it with water, and by 
subtraction find the weight of the water in it. 

Put in a small bag enough lead shot to make the bag of shot 
weigh as much as the water in the first tube. Tie the bag to the 
middle of a piece of string long enough that you may be able to 
draw the string through the second tube, and with the bag at any 
point inside the tube have the ends of the string coming out at 
each end of the tube. 

Find the centre of balance of the tube full of water. A con- 
venient way is to lay the tube of water flat on the table with its 
length at right angles to the edge of the table ; then push the 
tube along so that a gradually increasing part of its length pro- 
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jects over the edge of the table. The point of balances of the tube 
will be just above the edge of tlies table when the tube begins to 
overbalance. 

(We have tacitly assumed that the tube is symmetrical about 
a straight central axis, and if so the true centre of balance lies 
within the tube. With an L-shapod tulx^ the centre of balance 
lies outside the tube, and expeiimental difliculties arc rather 
greater, but the result is the same.) 

Now by marking a point on the string atts-clied to the bag of 
shot, draw the bag of shot into the second tube until it occupies 
in it a point similarly placed with the centre of balance of the 
first tube. 

We find by experiment tliat the centre of balance of the tube 
with the shot is similarly placed with the cemtre of balance of the 
tube full of water; it is at the centre of the bag of shot. AVe may 
support first one and then the other tube as shewn in Figs. 90a 
or 90/>, or indeed in any manner at all, and we find that the 
forces required to balance the distributed weight of the one are 
exactly the same as the forces reejuired to balance the concen- 
trated weight of the other. That is to say, the effect of the weight 
of the distributed water is the sanuj as though the weight of the 
water were a single force acting vertically downward through the 
centre of balance. 

Certainly the weight of the shot is not concentrated at a point, 
but it is much more nearly concentrated at a point than is the 
weight of the water, and it seems fair to presume that however 
great a concentration of weight we could have in the second tube 
the effect of the weight of this tube would still be the same as that 
of the tube of water. 

So we are led to the conclusion that the resultant of the 
weight of a body is equivalent to a single force of the same 
magnitude acting through the centre of balance of the body. 

We say, shortly, that the weight of a^body acts ^th rough the 
centre of gravity, which is the centre of balance. In^future we 
shall commonly refer to the point as the Centre of Gravity, 
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74. To determine experiinentally the C. G*. of a> 
thin flat plate. Although it is difficult to find the Centre of 
Gravity of a solid whoso shape is not regular, it is a comparatively 
simple matter to find that of a flat sheet of material, however 
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irregular its outline may be. The following experiment is an 
example of the ru(‘thod which is employed. 

Exp. 3. Cut out of thin cardboard a figure of any irregular 
shape. Bore a hole through it near its edge. Through this 
pass a small wire hook II. Hang the caixlboard up from a fixed 
support by a string attached to II (Fig. 91a). 



its weight, and the pull of the string, and for equilibrium these 
must act in opposite directions along the same straight line. 
Hence the Centre of Gravity, the point through which the weight 
acts, must be vertically below the point of support. Otherwise 
the weight would produce an unbalanced moment about H which 
would turn the disc (Fig. 916). 

Now hang a light plumb-line from ZT, and by means of it 
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draw on the cardboard the vertical line through this point ; the 
c.G. will be somewhere on this line. 

Suspend the disc from some other point such as (7, and draw 
on it CD, the vertical line through C, when it is in this position ; 
the c.G. will be somewhere on this line. And since it also lies on 
AB, it must be at the point G, where these two lines intersect. 

If G is the Centre of Gravity, then, since the line of action of 
the weight must always pass through it, a vertical line through 
any other point by which the disc may be suspended, sucli as E, 
should pass through G, Sliew^ that this is so. 

Further, if it is supported horizontally at G on a sharp point 
it will be found to balance. Note that G being on the surface is 
not actually the centre of gravity. This is really a point imme- 
diately over G and half-way between the two surfaces of the 
disc. 

75. Uniform ring, 

Exp, 4. Cut out a circular disc of cardboard and, as in the 
last experiment, find its c.G. This we 
find to be its centre as we should expect 
from the symmetry of the figure. 

With the same centre describe on 
the disc a smaller circle, and cut it out 
carefully, so as to leave a flat ring 
(Fig. 92). Hang this up as before from 
the same points as were used in deter- 
mining the c. G. of the circle, and from 
each suspend the plumb-line. There 
will be no need to trace fresh lines on 
the cardboard, for the plumb-line will 
lie along the parts of the original lines 
which have not been removed. Now 
these lines intersected at the centre of the original circle, 
which is also the centre of the ring. Hence the c.G. of the ring 
is its centre. 



12—2 
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Observe that the c.g. may bo a point which does not lie in 
the body. But however the body may be placed tlie Jine of 
action of the weight passes through this 2)oirit. 

76. Centre of Gravity : deduced from the Principle 
of Moments. The Centre of Gravity of a body was defined 
above as that j)oint through wliich the resultant wcught of a 
body acts. We are now going to examine this statement more 
closely. 

Suppose two small particles A and 7?, whose n^spective weights 
are P lbs, and Q lbs., to be jdaced so that the line AB is hori- 
zontal (Fig. 92 a). In the preceding Chapter (Art. 71) we 



shewed that the resultant of these two weights was a force of 
{P’{-Q) lbs. wt. acting vertically downwards through a point C 
in the line A B^ such that the moments of the two weights taken 
about this point were equal and opjiosite, that is 


whence 


QxBC^PxCA, 

^ P 

C A O' 
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Now suppose that, while their distance apart remains the 
same, A and B take up some other 
position, such as that shewn in 
Fig. 925. As before, the re- 
sultant of the two weights is a 
force of {P + Q) lbs. wt. acting 
vertically downwards. Let its 
line of action cut AB in the 
point A And lot KDF be a line 
drawn through D pc'rpendicular 
to the lines of action of the 
weights. Wo know the position 
of D must be such that 

Qy.FD - P X BE, 

that IS 1)E~ if Fig. 926. 

triangles A ED, BDF are equiangular and therefore 

FD _ IW 
JJE " DA ’ 

BD P 
DA'^ Q' 

It follows that D is the same point as C for it cuts the line 
AB in the same ratio. Therefore whatever position tlie particles 
A and B may occupy, provided that their distance apart does not 
change, the resultant of their weights passes through a fixed 
point in the line AB, 

The above argument can be extended to any number of 
particles, whose distances from one another do not alter, and it 
can be shewn that their resultant weight will always pass through 
a point whose position is fixed relatively to that of the particles. 


Now the 
similar. 

Hence 
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Now any body may be considered to be made up of a large 
number of small particles. The weights of these particles form 
a system of parallel forces. Their resultant, the weight of the 
whole body, passes thi’ough a point whose position is fixed 
relati^ ely to the body, so long as tlie shape of the latter does not 
alter. 

In other words, the position of the c.G. of a rigid body 
relative to the body is independent of the position of the body. 

77. Uniform straight rod. Let AB be a thin rod of 
uniform cross-section and density. Imagine it to be divided up 
into a very large number of equal parts, each of weight w. Take 
any pair of these whose distances from the middle point of the 
rod are the same (Fig. D3). Their resultant is a force of 2>tJ0 


A 

c 

B 


3 
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z 1 
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2w 

Fig. 93. 


acting through (7, the middle point of the rod. Similarly the 
resultants of all similar pairs are each equal to 2w’, and act 
through G. But the sum of the weights of all the particles is 
the weight of the whole rod. Hence C, the point through which 
this resultant acts, is the centre of gravity. 

78. Rectangle and parallelogram. Strictly speaking, 
a plane figure cannot have a centre of gravity. When we talk of 
the c. G. of a rectangle we are thinking of the c. g. of a sheet of 
very thin uniform material, whose shape is rectangular. 

When dealing with plane figures, this point is sometimes 
called the centroid^ or centre of area. 

Suppose we cut out a rectangle and a parallelogram from a 
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thin sheet of uniform material and imagine the whole areas of 
these figures divided up into a large number of strips parallel to 
one pair of sides (Fig. 94). The line joining the middle points of 




these sides bisects all these strips. Now we may consider each 
strip as a uniform rod whose c.«. is at its centre and therefore 
lies on this lino. Consequently the c. a. of the whole figure lies 
on this line. Similarly if we imagine the figure divided up into 
thin strips parallel to the other pair of suh's the (J.g. must likewise 
lie on the line bisecting these sides. Hence the point of inter- 
section of these lines is the c.o. Is this also the point of 
intersection of the diagonals of the rectangle or parallelogram 1 



79. Triangle. By similar reasoning we can arrive at 
the position of the c.g. (or centroid) of a plane triangular 
surface. Suppose the whole area of the triangle ABC (Fig. 95) 
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to be divided up into very narrow strips by lines drawn parallel 
to the side AB. Take any one of these strips AB, This may be 
considered to be the equivalent of a thin rod, and therefore its 
c.G. is at E the middle point of AB. Similarly the c. g. of each 
of the other strips is its middle point. Now for geometrical 
reasons the median CE bisects all lines drawn parallel to AB, 
and therefore passes through the c.G.’s of all the strips. There- 
fore the c.G. of the whole triangle will lie somewhere on this 
line. 

Again, by dividing the triangle into strips parallel to another 
of its sides, such as BC, we find that the c.G. of the triangle must 
lie also somewhere on the median AD. Therefore the c.G. is the 
point G, where these two medians intersect. The position of G 
in AD may be found by geometry; or experimentally as follows: 

Ea^. 5. Draw a triangle on a piece of cardboard. Bisect the 
sides of the triangle and join the middle points to the opposite 
angles. Cut out the triangle and find if it will balance on a pin 
placed at the point where these medians intersect. Find also in 
what ratio this point divides each of the medians. 

80 . Quadrilateral. The above construction for finding 
the c. G. of a triangle can be extended to locate that of a quadri- 
lateral. Thus, to find the c.G. of the uniform sheet or lamina in 



Fig. 96, divide it into two triangles by the line AG. Determine 
the c. G. of each triangle by finding the point of intersection of 
two of its medians. These points are denoted by and 
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The c.G. of the whole lamina must lie on the line joining 
and < 72 • Now divide the figure into a second pair of triangles by 
the line BD and find their c. g.’s. These points are denoted by g^ 
and g^. The c.G. of the whole lamina must also lie on the line 
joining these points. Hence the point where these lines 
intersect, must be th('> c.G. of the whole figure. 

Exp. 6. Draw an irregular quadrilateral on a sheet of 
cardboard and determine the position of its C.G. l)y the con- 
struction given above^ Carefully cut out the figure and find by 
experiment if this point is correct. 

81 . Body composed of two simple parts. The j)rocess 
of dividing a body into simpler parts, as illustrated in the pre- 
ceding article, will also enable us to calculate the position of the 
c. G. of a body when the weights and c.G.^s of these parts are 
known. 

For example, suppose we have a solid metal cylinder, a certain 
length of which has been turned down to a smaller diameter 

D 


Fig. 97. 

(Fig. 97). The body so formed consists of two cylinders, the 
c. G.’s of which are at A and the centres of their respective axes. 

Example. If the diameters of the two cylinders are 3" and 
1" respectively, and their corresponding lengths 10" and 6", how 
far from the end D is the c. G. of the whole body 

If w lbs. denotes the weight of a cubic inch of the material, 
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then the weights of the cylinders are tt (5)^ IQ.w and tt ( J)® 6 . w 
pounds. 

We know DA ” 5" and DD= 13". Let DG ~ x. 

Taking moments about i>, we have : 

The moment about D of the weight of the whole body = 

The sum of the moments about D of the weights of the two 
parts of the body. 

That is, 

(f 1 0 + TT 6] w . X - TT (^)“ 10 . w . b -¥ TT {ly 6 . w. 13 lb. ins. 
which gives x — 5.V'. 

This result is independent of ?v ’ that is, the position of the 
c. G. does not depend on the material the body is made of, pro- 
viding that this is uniform. Moreover, to find the c.o. of such 
a body, it should bo observed that, in addition to knowing the 
positions of the c.a.^s of its parts, it is only necessary to know the 
relative volumes of these parts. 

82 . Body composed of several parts whose C. G-.^s 

lie in one straight line. If a body is composed of a number 
of parts whose weights and e.G.^s are known, we can determine 
the c.G. of the whole body. We will first illustrate this by 
extending the method used in the preceding article to the case 
of a body composed of a number of parts whose c.g.^s all lie in 
one straight line. 



Tig. 98 , 


For example, suppose we have four lumps of metal rigidly 
connected by a light rod AD whose weight may be neglected 
(Fig, 98), If the weights of the separate parts are 6, 4, 3, and 
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5 lbs., and their corresponding c.o/s are A, B, and Z?, then it 
follows that the weight of the whole body is 18 lbs., and its c.g. 
lies in the line AD, To fix this point we have therefore only to 
find the line of action of the resultant of the four weights. Observe 
that, since the c.g. is a point fixed relatively to the body, we are 
at liberty to consider the body in any position which may be 
convenient for our purpose. 

Thus, for simplicity, we will choose to consider AB horizontal. 

Ijet the C.G. of the wdiole body be denoted by G. 

Now we know that the sum of the moments of the weights of 
the four parts is equal to the moment of their resultant about any 
point and therefore, by taking moments about A, we obtain the 
equation 

18 X fi X 0 + 4 X AB + 3 X + Ti x AD. 


Or, supposing that ^-17^ = 6", AG - 11" and AD ~ 15", then 
18x^6^-4x6 + 3x11 + 5x15, 


hence 


AG^ 


24 + 33 + 7J) 
18 ' 


132 

18 


- • a • 


That is, the C.G. of the whole body is a point distant TJ inches 
from A. 


Example. To illustrate the application of the foregoing 
method, let us determine the c.g. of the uniform plate whose 
dimensions are given in Fig. 99. Notice that we can divide the 
figure into three rectangles as shewn by the dotted lines, and 
that the c.g.’s of these rectangles all lie on the centre line, which 
must therefore contain the c.g. of the whole plate. This centre 
line is represented by GD in the second figure. 

Let w lbs. be the weight of 1 sq. inch of the plate ; then the 
weights in lbs. of the separate rectangles are 24tc, 12w;, and 32tt?, 
and they act at the points whose distances from AB are shewn in 
the figure. Now the sura of the moments of these weights about 
this line is equal to the moment of their resultant. Perhaps you 
will realise this better if you imagine yourself bolding the plate 
in a horizontal plane by grasping the edge AB, 
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This resultant, being the weight of the wholes plate, is given 
by 24?^? + 12 m;+ 32t^ = 68i6?, and acts at a certain distance (which 
wo will call y inches) from (7. If we consider CD to be horizontal 
and take moments about the axis J7>, we get 

68?/;. y = 24??;. 12 4- 12??;. 7 + 32?/;. 2 lb. ins., 

436?/; „ 

hence V— oa --6'4bl . 

68 ??; 

This result is independent of ?/’, and therefon^ docs not depend 
on the material of which the plate is composed providing it is 
uniform. This we should expect since it is clear that the weight 
of the plate or any part of it is proportional to its area. When 
working out examples of this type, we can therefore take the 
areas to represent the weights. 

D 


€ D 



Fig. 99. 


Exp. 7. Draw on cardboard a figure similar to that shewn 
in Fig. 99, and calculate the position of its c.a Mark in this 
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point, and then carefully cut out the figure. Now test the 
position of tlie point you have calculated by observing if it lies 
in each case behind a plumb-line hung from a pin, this pin 
supporting the cardboard first at one, and then at another well 
chosen point. The points should be taken so that the lines drawn 
from them should intersect at as wide an angle as possible. 

83. Body composed of parts whose C. lie in 
one plane. Let us take a thin uniform rectangular board and 
load it with flat circular weights of 1 lb. and 3 lbs., as shewn in 
Fig. lOOa. The board measures 20" x IG", and its surface is 



divided up into square inches by transverse lines, so that we can 
read off the distances of the centres of these weights from the 
edges of the board. The weight of the board itself is- 2 lbs. and 
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in (iqiii valent to an equal load at the centre. The whole body 
Iherefore consists of three parts whose G.G.’s lie nearly in one 
]»lane. The weights of these parts form a system of parallel 
fonres whose resultant is the weight of the whole body, namely 
C) lbs., acting at its c. G., the distance of which from the edge OY 
we will call x inches. 

We may suppose the board (Fig. 100Z>) held horizontally 
grasped in the hands by the edge OY. The moment exerted 
about OY by the hands measures equally the sum of the moments 


Y 



of the separate weights, or the moment of their resultant about 
this axis. The arms of the moments of the component forces can 
be read off on the surface of the board. 

Equating these moments, we get 

6 £C~ 1 X 7 + 2 X 10 + 3 X IG lb. ins., 
or x=-12l". 

From this we know that the c.G. of the whole body lies 
somewhere on the line ah. This we can verify by observing 
that the board will balance on the edge of a rule placed under 
it in the direction of this line. 

Similarly let us imagine the board held horizontally by the 
edge OX 

If we call the distance of the c.G. of the whole body from this 
edge y inches and take moments about this axis, we get 
61 / ==1x4 + 2x8 + 3x12 11). ins. 
or y = 
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Hence we know that the c. a. lies on the line cd. We can 
verify this as before by shewing that the board will balance when 
supported along this line. It follow’s that the point of intersection 
of these lines ah and cd gives us the position of the c. o. of the 
whole body. We can further demonstrate this by shewing that 
the board will balance on the end of a finger placed below this 
point. 

As an example of the practical api)lication of the foregoing 
method of locating the o. G. of a composite body by calculating its 
distances from two convenient axes at right angles, we will shew 
how we proceed to determine the o.g. (or centroid) of the sail 
plan of a yacht (Fig. 101). 



As already explained, we can consider the figures as thin 
uniform plates whose areas may be taken to represent their 
respective weights. The mainsail and topsail can be taken as 
one quadrilateral or as two triangles. 

The areas of the various sails may be found geometrically, or, 
if the plan of the sails has been drawn on squared paper, by 
counting squares. 

The centroid of each area may be found, after cutting out 
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equal areas in cardboard, by the experimental method of Art. 7D, 
or by the method of Arts. 79 and 80. 

JN^ext, taking moments successively about OX and 0 Vy the 
coordinates of the centroid of the whole area are found by the 
method used in the beginning of this article. 

The importance of the position of the c. G. in the example we 
have taken is due to the fact that the resultant force of the wind 
on the sails of the yacht under certain conditions acts approxi- 
mately through this point. Hence her ability to ‘stand up' 
under the pressure of tlie wind on her canvas depends upon the 
height of this point above the axis about which she heels ; and 
the horizontal distance of this point from the vertical axis about 
which she tends to turn governs the amount of ‘helm’ she 
carries. 


84. C. G. of a Remainder. We sometimes require to 
ascertain the position of the c.ci. of the portion of a body which 
remains after a part has been removed. This we can do if 
we know the weights of the whole body and the part removed, 
and also the original positions of their c. G.’s. 

Let us illustrate this by the following example. 

A laden vessel whose weight (including cargo) is 1200 tons 
has its c.G. at il, 11 feet above the keel 
K (Fig. 102). The cargo is 200 tons and 
its C.G. is at Cy 5 feet above the keel. 

Where is the c. o. of the vessel after dis- 
charging the cargo 1 

Denoting this point by S, we s(ic 
that we have acting here a weight of 
1000 tons. If we now imagine the cargo 
to be replaced, it becomes clear that the 
resultant of the weight of 1000 tons at 
S and the weight of 200 tons at C is a 
weight of 1200 tons at A. 

If we attempt to take moments about the keel, we are in 



Fig. 102. 
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dilficulties, for neither the weight of the ship nor the cargo has 
any moment about the keel. We know however that the c. G. of 
a body is independent of the position of the body, and we may 
therefore suppose the ship heeled over through an angle of 90°, so 
that the line KCA8^ which was formerly vertical, becomes hori- 
zontal. We may now take moments about tlie keel, and we 
have 

1000 . Kti + 200 . K(J 1200 . KA ton ft., 
or 




1 200 . KA - 200 . KC 1 200 x 1 1 - 200 x 5 


1000 


1000 


12-2 feet. 


Thus, by discharging the cargo the c. G. of the vessel has been 
raised T2 feet. 


Exp, 8. Take a n^ctangular sheet of cardboard measuring 
about 15" X 10", and draw on it two circles some distance apart. 
Convenient radii for these circles are 2" and 2J". 

Taking two edge.s of the sheet as rectangular axes, calculate 
with reference to these axes the position of the c. g. of that part 
of the cardboard which will remain after the (drcular portions 
have been removed. 

Now cut out the circles carefully with a sharp knife. 

Find by experiment the c.G. of the remainder and see if it 
coincides with the point you have found by calculation. 


85. Effect of displacing part of a body. It is some- 
times necessary to find the change in the position of the c. G. of 
a body consequent upon a change in the position of the c, G. of a 
part of the body. 

Suppose for example we have a body which weighs 12 lbs. and 
consists of two parts, a board OYCX weighing 10 lbs. and a 
movable weight of 2 lbs. whose c.G. is at gr; and that the c.G. of the 
whole body (the board and its movable load) is at G, 

Find the change in the position of G consequent upon moving 
the 2 lb. weight from ^ to a distance of 10 inches. 

First suppose that gg' is parallel to OX, 




13 
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Both the c. G. of the board and of the movable weight have 
remained the same distances from 
the line OX, therefore, since no 
change has been made in the 
distance from OX of eitlier part 
of the body, it follows that the 
c.G. of the whole body must also 
have remained the same distance 
from OX, So, if (r is the new 
position of the c.G. of the whole 
body, GO' is parallel to OX, 

Both before and after the 
movement, the sum of the moments of the weights of the parts of 
the body about (9 F is equal to the moment of the weight of the 
whole body about 0 Y, Therefore the change of moment of the 
weights of the parts about OY is equal to the change of moment 
of the weight of the whole about OY, 

The moment of the weight of the board itself has not changed. 
Therefore tlie change of moment of the 2 lb. weight about OY ^ 
the change of moment of the weight of the whole body about 
0 Y ] that is 

2 , ~ 2 . ag . AG^ ^ , AG, 

or 2,gfy^-l2.GG\ 

hence = 1*67 inches. 

Suppose gg had taken a direction oblique to the sides of the 
board, or suppose the board of an irregular shape ; we could 
choose our axes of coordinates parallel and perpendicular to the 
direction of gg' ; it is therefoi'e clear that the change of position 
of the c. G. of the whole body is always parallel to the direction 
of the change of position of the part which is moved. 

The method we have used may be extended to movements of 
a number of parts. 

For example, let us find the displacement of the C. G. of a ship 
and its cargo, which together weigh 800 tons, when 20 tons of the 
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latter are transferred from one side of the deck to the other, a 
distance of 25 feet. 

The chan^i^o of moment of the part moved is 500 tons ft., 
therefore the cliange of moment of the whole is 500 tons ft., and 
the c.o. of the ship has moved J[[{f~0’62r) ft. transversely, 
parallel to the deck. 


Examples VI. 

1 . What is the c. o. of a. body? 

State how you would find by experiment the position of the c. g. of (u) a 
thin flat jilate of irregular shape, (b) a long symmetrical body such as a con- 
nocting-rod of a steam-engine. 

2 . Explain what is meant by the r.o. (or centroid) of a plane figure. 
State the position of this point for each of the following plane areas: circle, 
circular ring, square, rectangle, parallelogram, regular hexagon. 

3. State the position of the c. g. of each of the following bodies : golf 
ball, wheel, reel of cotton, top of an oval table, cask, three-blade propeller. 

4 . Sketch a uniform thin flat plate which is symmetrical about one line 
only. Explain why the c. a. of the plate must lie in this line. 

5. Give an example of a uniform solid body which is symmetrical about 
one line only. Explain why the c.o. of the body must lie in this line. 

6. A piece of uniform wire is bent to form the shapes V, W, Z, and S 
respectively. State the position of the c. g. in each case. 

7 . A pile of 10 equal note-books, each 1" thick, stands on a table. At 
what height above the table is the c. a. of the pile ? By how much will the 
c. G. be raised when 6 more note-books of the same kind are placed on top? 

8. Uniform equal rods are fastened together to form the shapes H, Y, 
and T respectively. State the position of the c.g. in each case. 

9. Give a construction to find the c. g. of a uniform triangular lamina. 

An isosceles triangle has an altitude of 8". What is the perpendicular 

distance of the c. g. of the area from the base ? 

10. State (giving reasons) the position of the c. a. of a uniform triangular 
prism. 

11. Braw a triangle with sides of 2, 3, and 4 inches respectively. Taking 
this to be a uniform lamina, obtain the position of its c. g. Find, by measure- 
ment, the distance of the c. g. from each of the angular points. 
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Taking any side as base, shew that the perpendicular distance of the c.g. 
from this base is one-third of the altitude of the triangle. What is the reason 
of this ? 

12 . Shew that the c. o.’s of triangular laminas on the same base, and 
of the same altitude, lie on a straight line. State the i)osition of this line. 

13 . A uniform triangular prism rests with one side in contact with the 
ground. If the top edge is 33 inches above the ground, what is tlie height of 
the C.O.? 

14 . A uniform metal plate, in the shape of an equilateral triangle, lies 
flat on the floor. Shew that the force required to raise one corner is equal 
to one-third of the weight of the plate. 

Shew also that this is true for any uniform triangular plate. 

15 . A piece of cardboard is in the shape of an isosceles triangle. The 
angle at the vertex is 28°, and the base measures 5". Calculate the distance 
of the c. G. from the base. 

16 . Draw a plan to represent the mainsail of a yacht. Shew how to 
find the position of the centroid, by drawing. 

17 . Give a construction to find the c. g. of a uniform plate having such 
a shape as that shewn in Fig. (a). 



18 . Weights of 2 lbs. and 3 lbs. have their c. g.’s 10" apart. Through 
what point does their resultant weight act ? 

19 . A body consists of two portions. One portion weighs 8 lbs. and its 
c.G. is at A, The other portion weighs 12 lbs. and its c.g. is 15" from A. 
Calculate how far the c.g. of the whole body is from A, 

20 . A uniform metre scale, which weighs 100 gms., is placed on a table. 
On one end of it is put a weight of 900 gms. How far can the unloaded end 
project beyond the end of the table without the scale toppling over ? 

21 . A boat, 24' long and weighing 1 ton, rests with its keel supported 
horizontally on two transverse timbers, of which one is 4' from the bow and 
the other 6' from the stern. If the c.g. of the boat is 11' from the stern, 
calculate the vertical reactions of the supports in lbs. wt. 
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22 . A uniform rod of wood, 4' long and weighing 3 lbs., is joined end to 
end with a uniform rod of iron, weighing 10 lbs. If the c.o. of the whole lies 
at the joint, what is the length of the iron ? 

23 . A boat, 14' long, is .slung up by two vertical ropes, one at each end. 
If the tension in the bow rope is 3.^ cwt., and that in the stern rope 4 cwt,, 
calculate the distance of the c.a. from the stern. 

24 . Why is a heavy body carried more easily if supported at a point 
above, or below, its c.o.? 

A man supports on his shoulder a light bamboo rod, from the ends of 
which hang weights of 20 and 25 lbs. respectively. If he is to carry his 
load as easily as possible, what point of the rod should rest on his shoulder? 

25 . Fig. {h) represents a sheet of cardboard, the dimensions of which are 
given in inches. Upon what line does the c. o. lie ? Calculate the distance 
of the c.G. from the end AJi. 



B 

{'>) 


26 . If Fig. (h) represents the section of a uniform solid cylinder, of 
which a length of 7" has been turned down to a diameter of 3", calculate the 
distance of the c. a. from the end AB, 

27 . Fig. {c) represents a uniform plate consisting of two contiguous circles 
having diameters of 5 and 3 inches respectively. Calculate the distance of 
the c.G. from the centre of the larger circle. 



(c) 
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28 . If Fig. (c) represents the section of two solid spheres, made of the 
same uniform material and having diameters of 5 and 3 inches respectively, 
calculate the distance of the c.g. from the centre of the larger sphere. 

[Volume of a sphere — ^7rr^] 

29 . A plate of metal, 2' square, is cut from a uniform sheet. A circular 
disc, of 4" radius, is cut from the same sheet and fixed to the square, so that 
the centre of the disc is on a diagonal and 7" from one corner. Find the 
distance of the c.o. of the whole from this corner. 

30 . Find the c.o. of a uniform cylindrical tin without a lid. The 
diameter of the bottom is T' and the height of the sides is 6". 

31 . A uniform solid stone column consists of a cylinder, 8' in length 
and 18" in diameter, standing on a cubical base having an edge of 30". 
Calculate the height of the c. o. 

32 . A ladder, 28' long, lies on the ground. To raise one end off the 
ground a force of 65 lbs. wt. must be applied to it, and to raise the other 
end requires a force of 47 lbs. wt. 

What is the weight of the ladder, and how far is its c.o. from its foot? 

33 . A billiard-cue is 56" long, and weighs 1 lb. It is found to balance 
at its middle point when a weight of ^ lb. is suspended from the tip. How 
far is the c. o. of the cue from the butt end ? 

84. Fig. (d) represents a uniform lamina which is divided by the 
diagonal BE into a square BGEl) and an isosceles triangle ABE, The side of 
the square and the altitude of the triangle each measure 4". On what line 
does the c.o. lie? Calculate the distance of the c. o. from A. 
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35. Fig. (c) represents a uniform quadrilateral lamina whose diagonals 
intersect at right angles at O. If OA = Olt — OG — 6 inches, and OD = 12 inches, 
calculate the distance of the c. g. from A. 

36. Four equal weights have their c. o.’s in one straight line at ^1, 0, 

and JJ respectively. If AC=T' and .4/1 = 11", find the point through 

which the resultant weight acts. 

37. Four weights of 2, 3, 4, and 5 lbs. have their c. g.’s in one line at 
A, B, C, and 1) respectively. If AB = ^'\ AC = S" and .411 = 12", calculate 
the distance from A of the c. g. of the four weights together. 

38. A uniform rod, 24" in length, weighs 2 lbs. Weights of 2, 4, and 
G lbs. are fastened to it so that the distances of their c.g.^b from one end 
are 3", 9", and 15" respectively. Taking moments about one end of the rod, 
calculate the distance, from this end, of the point about which the loaded rod 
will balance. 

39. Fig. (/) represents the section of a girder, the measurements being 
given in inches. Calculate the distance of the 
centroid from the edge AB. 

40. Fig. (/) represents the section of a solid 
cylinder of uniform material which has been 
turned down over two portions of its length ; the 
diameters and lengths of the three portions arc 
given in inches. Calculate the distance of the c.g. 
from the end AB. 

41 . Two weights, 5 and 7 lbs., are placed on 
a rectangular table, so that the perpendicular dis- 
tances of their c. g.’s from one side are 1^' and 2' 
respectively. Calculate the perpendicular distance, 
from this side, of the point through which the 
resultant weight of the two bodies acts. 

Calculate also the perpendicular distance of this 
point from one end of the table, given that the c. g.’s 
of these weights are 2.y and 3J', respectively, from 
this end. 

42 . A uniform rectangular board, weighing 4 lbs., measures 24" x 16". 
A flat circular disc of metal, weighing 5 lbs., is attached to the board with 
its centre distant 5" from one side, and 9" from one end. Sketch a plan 
of the board, shewing the position of the disc. 

Calculate the distances of the c.g. of the whole from the side and end 
mentioned. 

43. A uniform drawing board, having a weight of 2 lbs. and a length 
of 24", is held with its surface horizontal by grasping the edge at one end. 
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The board is loaded with flat weights of 1, 2, and 3 lbs. so that the 
perpendicular distances of their c. g.’s from this edge are 18", 15", and 
6" respectively. Calculate the sum of the moments of the weights of the 
loads and the board about this edge. Hence calculate the perpendicular 
distance of the c.g. of the whole from this edge. 

How would you verify j^our result by experiment ? 

44 . A rectangular board, 24" x 10", rests flat on a table and is loaded 
with various weights, the weight of the whole loaded board being 12 lbs. It 
is found that the vertical force required to raise the edge at one end is 
4 lbs. wt. ; and to raise one side in a similar manner requires a force of 
3 lbs. wt. Calculate the perpendicular distances of the c.g. of the whole 
from this end and from this side, respectively. 

45 . A BCD is a square whose side is 20" long. Weights of 2 lbs., 3 lbs., 
3 lbs., and 4 lbs. are placed so that their c.g.’s lie at the corners Ay By C, 
and D respectively. Calculate the distances of the c. g. of the four weights from 
the sides A B and BC. 

46 . A rectangle, ABGDy has weights of 5 lbs., 5 lbs., 3 lbs., and 3 lbs. 
placed at the four corners Ay B, C, and 7) respectively. If AB = 20'\ and 
BC=8"y find the position of the c.g. of the weights with reference to the 
lines AB and BC. 

47 . Fig. (g) represents the section of a piece of angle iron. Find the 
distances of its c. g. from ABy and from BC. 


A 2 " 



48 . A straight piece of uniform wire, 20" long, is bent at the centre to 
form two arms at right angles. Below what point in one arm must you put 
your finger so that the whole will balance with this arm horizontal ? 

46 . (Fig. h.) A uniform square plate, of side 12", weighs 2 lbs. It is 
divided into 16 equal squares by lines drawn parallel to its sides. Two of 
these, denoted by the shaded portions, are covered with plates of sheet lead, 
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each of which weighs 1 lb. Calculate the position of the c. g. of the whole 
with reference to the sides AB and BC. 

50 . (Fig. i.) The section of a retaining wall has the dimensions shewn. 
Calculate the position of the centroid of this section with reference to the 
right-hand and bottom edges. 



w U) 


51. Fig. ( j) represents a uniform plate. Calculate the distance of its c, o. 
from AB, and from BC. 

52 . A right-angled triangle is made by fastening together three straight 
pieces cut from a uniform wire. The hypotenuse measures 10", and the 
other two sides 0" and respectively. How far is the c.g. of the triangle 
from each of these two sides ? 

53 . Fig. {k) represents a uniform sheet of metal. From what point in 
AB must it be suspended so that it will come to rest with this edge 
horizontal ? 


A 12" B 



6" 


(4) 
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54 . Fig. ( 2) represents the section of a reservoir. Calculate the height of 
the centroid of the section. 



(0 


55 . Fig. (m) represents a uniform lamina. Calculate the distance of its 
c. G. from AB. 



55 . Three equal uniform rods, each 15" long, are fastened together to 
form an equilateral triangle. Find the position of the c.g. 

57 . (Fig. n.) Seven equal uniform rods, each 16" long, are jointed 


t 9 gether to form a framework con- 
sisting of three equilateral triangles. 
Calculate the distance of the c. o. 
from AB, 

58 . Calculate the distance of the 
centre of the sail area of a cutter 
from the centre line of the mast, and 
also its distance from the deck, from 
the following data : 



(«) 
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Area in 
sq. ft. 

Distance of c.g. 

Distance of 

Sail 

from centre line 

C.G. from 


of mast in feet 

the deck 

Mainsail 

200 

1 H 

n 

Topsail 

48 1 

3 

18 

Foresail 

68 ! 


f) 

Jib 

54 

10 

7 


59 . A ship, when empty, weighs 2000 tons, and the height of her o.g. 
above the keel is 12 feet. How much will the c.g. be lowered by tilling her 
ballast tanks with 000 tons of water, if the c.g. of this water is 2^ feet above 
the keel ? 


60 . The C.G. of a ship of 4000 tons is 15 ft. above the keel. 300 tons 
of coal are now stowed so that the c.g. of this coal is 20 ft. above the keel. 
How much is the c.g. of the ship raised? 

61 . A vessel, of 1000 tons, has its c.g. 12 ft. above the keel, and 60 ft. 
from the stern. Calculate the vertical and horizontal displacements of the 
c. G. when a load of 40 tons is placed on the deck, the c. g. of this load being 
20 ft. above the keel and 90 ft. from the stern. 

62 . Given the weight of a body and the position of its c.g., and also the 
weight of a part of the body and the position of the c. g. of this part, shew 
how to find the position of the o.g. of the remainder when this part is 
removed. 

A body weighs 12 lbs. and its c.g. is at yf. A portion of the body 
weighs 5 lbs. and the c.g. of this portion is at /?, distant 14" from A, 
Wheie is the c.g. of the remainder when this portion is taken away? 

63 . A circular lamina, of diameter 14", has a circular portion, of 
diameter 4", removed from it, the centre of this portion being 4" from the 
centre of the lamina. Where is the c. o. of the remainder ? 

66 . A square of cardboard, of 8" side, has a triangle cut off one corner, 
'the base of this triangle being the line joining the middle points of adjacent 
sides. Calculate the distance of the c. o. of the remainder from the opposite 
corner of the square. 

65 . A laden ship weighs 4000 tons, and the c. g. is 14' above the keel. 
The cargo weighs 800 tons, and its c.g. is 8' above the keel. Where will 
the c. a. of the ship be after the cargo has been discharged ? 
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66 . A ship with ballast weighs 3000 tons, and the c. g. is 14' above the 
keel. The ballast consists of 500 tons of water with its c. a. 2' above the 
keel. How much will the c. o. of the ship be raised by emptying the ballast 
tanks ? 

67 . Fig. (7i) on p. 200 represents a uniform square plate, of side 12", 
divided into 16 equal squares. If the shaded portions are now removed, 
calculate the position of the c. o. of the remainder with reference to the 
sides AB and liC. 

68 . An eccentric consists of a circular steel plate, 5" in diameter, 
having through it a hole of 2" diameter. If the circumference of the hole 
passes through the centre of the plate, calculate the distance of the c.ci. of 
the eccentric from its centre. 

69 . O is the centre of a circular lamina, of 20-inch radius ; OB and OC 
are two radii having an angle of 30° between them. Find the c.o. of the 
remainder when the sector BOC is removed. 

70 . ABC is a triangular lamina ; the base BC is 10", and the altitude 
of the triangle is 6". The triangle is divided, by a line joining the mid-points 
of the sides, into a triangle and a trapezium. What is tlie altitude of the 
c. a. of the whole triangle, and also of that of the smaller triangle ? Hence 
calculate the altitude of the c.o. of the trapezium. 

71 . A sailing boat of tons is found to carry too mucli weather helm. 
To rectify this, a load of 3 owt. is moved aft a distance of 3^ feet in a 
horizontal plane. What is the change in the position of the o.o. of the 
boat? 

72 . An excursion steamer, with passengers, weighs 500 tons. On 
nearing a pier the passengers, 400 in number, move to one side of the ship, 
each moving transversely an average distance of 12 feet. Find the transverse 
displacement of the c.a. of the ship. 

Take the weight of 16 passengers to be 1 ton. 

73 . A 25-ton gun is transferred across the deck of a 15,000-ton battle- 
ship through a distance of 40 feet. How does this affect the position of the 
c.G. of the ship ? 
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Miscellaneous Examples. 

74 . (Fijz. 0 .) A uniform sheet of metal, having the dimensions given, 
lies flat on the floor. The corner A is now 
raised by applying here a vertical force. 

State, giving your reason, the edge about 
which the plate will turn. Find, partly by 
drawing and partly by calculation, the 
vortical force required to raise the corner 

if the weight of the sheet is 30 lbs. 

75 . An equilateral triangle is described 
on one of the sides of a square, the edge of 
which measures 6". Calculate the distance 
of the c.G. of the whole figure from the 
vertex of the triangle. 

76 . A uniform metal rod AliC^ weighing 3 lbs., is bent at B to form 
two arms at right angles, the arm AH having twice the length of the arm BC, 
If it is now laid fiat on the table, calculate what vertical force will be required 
to raise the end A clear of the table. Calculate also the respective forces 
required to raise, in turn, the end C and the corner B. 

If the bent rod is suspended from A, find the angle at which the arm AB 
will iic inclined to the vertical. 

77 . In raising a ladder against a vertical wall, a man places the foot 
against the bottom of the wall and pushes on the under side. If the ladder 
weighs 1 cwt. and its c. g. is 12' from the foot, with what force must the man 
push at right angles to the ladder at a point T from the foot, when the ladder 
is inclined at 45° to the vertical ? 

78 . A ship on entering a port weighs 5000 tons, and her c. g. is 18' above 
the keel. When in port she takes on board 250 tons of coal, the c.G. of which 
is 12' above the keel. What alteration does this produce in the height of her 
c. G. ? Before leaving the port she discharges 400 tons of cargo, the c. g. of 
which was 14' above the keel. Find the height of her o. g. above the keel on 
leaving the port. 

79 . An omnibus with passengers weighs 2 tons. Find the alteration 
produced in the height of the c.g. when 7 passengers, weighing 10 stone 
each, go from the inside to the top of the omnibus. The seats outside are 
8' above those inside. 

80 . A uniform wire is bent so as to form a triangle having sides of 4", 
5" and 7". Explain how you would find the c. g. 

81 . The mainsail of a yacht has an area of 200 sq. ft. and its centre of 
area is 7 ft. above the boom. The sail is now reefed by shortening it by 3 ft. 
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If the canvas taken in is assumed to be a rectangle 3 ft. high and 16 ft. 
broad, calculate the height of the centre of area of the reefed sail above the 
boom. 

82 . ABCD is a square cut out of paper, having an elge of 12 cnis., 
E and F are the middle points of the sides AD and DC. The triangle DEF 
is folded back along the line KF so that it lies flat on the remainder. 
Calculate the distance of the c. o. from i>. 

83 . When a semicircular sheet of cardboard is suspended freely from 
one end of its straight edge, it is found that it comes to rest with this edge 
inclined at 23° to the vertical. Shew that this result verifies the fact that 
the c. G. of a semicircular lamina is situated at a distance from the mid-point 

4 

of its straight boundary given by x 7^, where E is the radius. 

oir 

84 . The altitude of a solid cone of homogeneous material is 18", and 
the diameter of its base is 12". When suspended freely from a point in the 
edge of the base, the plane of the base is found to bo inclined at 53° 8' to the 
horizontal. Shew that the distance of the c.o. of the cone from its base is 
equal to one- quarter of the height of the cone. 

85 . A pair of shear legs on the edge of a wharf are supported in a plane 
inclined at 60° to the horizontal, by a tie running back from the top at an 
angle of 30° to the horizontal. If each leg has a weight of 1 ton and has its 
c.G. at its centre, calculate the tension in the tie. 

86 . The displacement of a ship is 12,000 tons before heavy guns are 
mounted at two points A, which lie in a horizontal line 200 feet apart. 
The vertical line through the centre of gravity G intersects AB at D so that 
Gi) = 20feet, AD = 85 feet and DB=U5 feet. Pind the vertical and hori- 
zontal displacements of the centre of gravity consequent on mounting a pair 
of guns at each of the points A , B, the weight of each pair being 160 tons, 

87 - A beam, 10 feet long, is supported at its ends in a horizontal 
position. The beam is 2 feet wide at one end, and gradually tapers to 
1 foot at the other end, the depth being everywhere 1 foot. A concentrated 
load of 400 lbs. is placed on the beam at a distance of 4 feet from the large 
end, and the material of the beam weighs 50 lbs. per cubic foot. Find the 
reactions at the supports. 

88 . A uniform solid cone, 16" high, is cut across half way up, the 
plane of the cut being parallel to the base. If the smaller cone so formed 
is removed, calculate the height of the c.g. of the remaining frustum. 

The volume of a coue=j7r (radius of base)^ x height, and the distance of 
its c. G. above the base is one-quarter of the height of the cone. 



CHAPTER VII 


CENTRE OF GRAVITY — STABILITY OF EQUJIJBRIUM 


86. Stable^ Unstable and Neutral Equilibrium. 

In thivS chapter we propose to illustrate the practical importance 
of the position of th(i centre of gravity in certain cases. 

This wo shall first do in the case of a rigid body resting upon 
some support, our primary object being to show how the position 
of the centre of gravity afJ’ects the behaviour of the body when it 
is slightly disturbed from its position of equilibrium. Consider 
a body pivoted about a horizontal axis, such as a disc of card- 
board supported at some point 0 by a horizontal pin about which 
it can turn freely. (Fig. 104.) 





V. 


The centre of gravity of the disc (found by the method de- 
scribed in Art. 74) is denoted by G. When this point is vertically 
below 0 (i) the disc is in equilibrium, for its weight and the equal 
and opposite reaction of the pin act in the same line. If we 
disturb the disc we find that, after swinging about 0, it always 
returns to its original position, for the weight of the disc when 
displaced has an unbalanced moment {W , a) about 0 which tends 
to turn it fcack again (ii). For this reason, the equilibrium is 
said to be Stable. 
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Note that the effect of any displacement is to raise the centre 
of gravity. 

But the disc, with difficulty it is true, can be made to balance 
when G is vertically above 0 (iii); for, since the weight and the 
reaction of the pin again act against one another in the same line, 
the disc is also in equilibrium in this position. Tlic equilibrium, 
however, is not stable, for the slightest disturbance gives the 
weight an unbalanced moment about 0 wliich tends to turn the 
disc farther from its original position (iv). Hence the equilibrium 
in this case is said to be Unstable. 

Note that any displacement from this position has tlu; effect 
of lowering the centre of gravity. . 

If we now pivot the disc by striking the pin through (7, 
we find that it will rest in any position (v). In this case the 
weight and the equal and opposite reaction of the pin act 
at the same point and hence always balance one another. The 
disc th(»refore, when displaced, shews no tendency either to return 
to, or to move farther from, its original position. The equilibrium 
in this case is said to be Neutral. Here, any displacement of 
the disc does not alter the height of its centre of gravity. 

To sura up : a body, when pivoted about a horizontal axis, 
is in stable, unstable, or neutral, equilibrium according as its 
centre of gravity is below, above, or on, this axis respectively. 



Another illustration of these three states of equili})rium is 
afforded by a unifonn cone resting on a table (Fig. lt)5). When 
standing on its base (i) the centre of gravity G is above the 
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support, yet the cone is in stable equilibrium, for, when slightly 
tilted about any point 0 in the edge of the base and then 
released (ii), it turns back into its former position. One effect 
of tilting the cone is to transfer the normal reaction of the 
table to 0, about which point the weight acting through G has 
a restoring moment; another effect is to raise the centre of 
gravity. 

When placed on its apex with its axis vertical, the cone (iii) 
is clearly in unstable equilibrium, for the slightest displacement 
causes it to topple over since an overturning moment about the 
apex is brought into action (iv). The effect of tilting the cone 
in this case is to lower the centre of gravity. 

Finally, if we place the cone on its side (v) and then displace 
it by rolling it through any angle, it shews no tendency either to 
return to, or to move farther from, its former position. Hence, 
for such displacements, this position is one of neutral equi- 
librium. This is explained by the fact that the total reaction of 
the table on the side of the cone always acts upwards through G> 

If the cone is not quite true or the table not quite level, this 
will not give a convincing illustration of ntmtral equilibrium : 
a perfect example is afforded by a billiard ball on a billiard 
table. 

At the same time it should be observed that if the cone, when 
resting on its side, is tilted slightly about either end of its line of 
contact with the table and then released, it falls back on to its 
side again, shewing that for such displacements the equilibrium is 
stable. We see then that a body in one position may be in different 
states of equilibrium according to the axis about which it may 
be supposed to be turned. The nature of the equilibrium may 
even depend upon the direction in which the displacement about 
a certain axis is supposed to be made. For instance, a uniform 
cylindrical ruler placed along the edge of a table is in a position 
of stable, unstable, and neutral, equilibrium according as we sup- 
pose it to be tilted about one end, rolled slightly over the edge of 
the table, and rolled away from this edge respectively. 


M.&K. 


14 
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Defs. When a body is slighthj disturbed from a posltimi of 
equilibrium^ the equilibrium is said to be (1) Stable, if the 
forces acting on the body Und to restore it to its original position ; 
(2) Unstable, if the forces acting on the body tend to displace 
it farther from its original position; (3) Neutral, if the forces 
acMvg on the body neither tend to restore the, body to^ nor tend to 
displace it farther fi'om^ its original position. 

Wo will now consider a few crises of equilibrium of various 
kinds and note the conditions making for stability or instability. 

87. Applications. In the foregoing illustrations we 
observed that when a body is in stable equilibrium, any slight 
displacement has the effect of raising its centre of gravity, and 
that the opposite effect is prcKluced when the position is one of 
unstable equilibrium. This naturally suggests the statement: “a 
body tends to come to rest in such a position that its centre of 
gravity is as low as possible.’’ 

A plumb-line in equilibrium hangs vertically, for in this 
position the centi'e of gravity of the load weight is as low as possible. 

When a liquid is poured into a vessel, it comes to rest 
with its surface in a horizontal plane; if it did not, the centre 
of gravity of the liquid would not occupy the lowest possible 
position. The valuable property of a spirit-level also depends on 
this principle. This instrument is constructed of a glass tube 
slightly curved, with its convex surface uppermost. Except for 
a bubble of air, the tube is filled with spirit, and is then attached 
to a flat base. If accurately adjusted, the bubble will stand at the 
centre (the highest point) when the base rests on a horizontal 
surface, for it is only when it is in this position that the centre 
of gravity of the liquid is as low as possible. 

Again, if you examine a self-shutting swing gate you will find 
that it is so constructed that the effect of opening the gate in 
either direction is to raise its centre of gravity. When left to 
itself, the gate comes to rest with its c. g. as low as possible, that 
is in the closed position. 
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A number of so-called ‘balancing’ toys depend for their success 
on this principle. Various bodies, such as models of men or 
animals, are made so that they will stand in stable equilibrium 
on a narrow edge or point, although at first sight their equilibrium 
would appear to be unstable. 

This is achieved by fastening to them heavy weights low down, 
by means of a stiff' wire. Tn this way 
the centre of gravity of the whole is 
carried below the point of support about 
which, when disturbed, the whole body 
will swing like a pendulum. This can 
be illustrated by the simple arrangement 
in Fig. 106; a nail is driven through a 
cork and into the side of this cork is 
thrust a stiff bent wire which caridcs at 
its other end a lead bullet. This brings 
the centre of gravity to some such point 
as Q below the point of support and 
consequently the whole arrangement is 
in stable equilibrium. 

Other balancing toys are made by 
attaching some light model figure to a heavy hemispherical base. 
When disturbed, the figure rocks to and fro, but always regains 
its upright position which is, therefore, one of stable equilibrium. 

Let us examine this case of a uniform solid hemisphere resting 
with its curved surface on a horizontal plane (Fig. 107a). Clearly 
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the centre of gravity G lies on the axis of symmetry MN and 
below M. If we tilt the hemisphere through any angle less than 
that subtended at G by a quadrant of the circle, and then release 
it (Fig. 1076), the forces acting upon it are (1) the weight W acting 
downwards through G and (2) the reaction R acting upwards 
through 0 the new point of contact. Since the section of the 
plane surface is a tangent to that of the curved surface of the 
hemisphere, it follows that OM is the vertical line along which 
R acts. Considering the moments of the forces about 0 (or M) 
we see that, while the moment of R is zero, the moment of W 
is such that it tends to restore the body to its former position 
which is, therefore, one of stable equilibrium. 

The two forces JF and 7i are equal and hence, when the hemisphere is 
tilted, these forces constitute a cotiple which in this case is called a ‘righting 
couple’ since it tends to right the body (Art. 72). The moment of this 
couple = JF . GZ - JF . GM sin d, where ^ is the angle Oil/iV through which 
the body is tilted. We shall see later that an example closely resembling 
this is afforded by a ship when heeled through a small angle. 

In the following example the position of unstable equilibrium 
is employed in practice. 

Fig. 108 represents a steel skip or bucket in which coal is 
hoistejd out of a vessel by means of a 
crane. The skip is pivoted about an 
axis which lies Oeloiv the centre of 
gravity when it is full, and is locked 
in position by a clasp on the rim. 

When this clasp is unfastened, the 
loaded skip is in unstable equilibrium 
and hence a slight push suffices to tip 
it over. Moreover, it is generally 
arranged that* the centre of gravity 
of the empty skip lies below the axis 
of support so that, when emptied, it 
rights itself. 

Another example is afforded by a 
loaded two-wheeled farm cart. If the centre of gravity of the 
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load lies almost vertically above the axle, no great force is required 
to tip up the body of the cart when the ‘ tip-stick ’ which locks it 
in front has been removed. 

88. Condition for a body standing on a plane sur- 
face. Lc^t us take two equal uniform rectangular blocks of 
wood. Tf we stand one block by itself on the table, the vertical 
line through its c.g. passes through the middle point of the base 
(Fig. 109 a), and the body is in stable equilibrium for the reason 
already explained in the case of the cone, on p. 208. If we now 
strap the second block to the first with rubber bands as shewn in 
Fig. 109 &, the effect is to bring the c.g. of the whole to G, a point 



Fig. 100. 

vertically above the edge A of the base, and we find that the 
whole body is just on the point of overturning to the right. But 
if a small weight is placed on the top of the second block 
(Fig. 109c), the effect is to bring the c.g. of the whole farther to 
the right so that the vertical line through this point passes 
through B a point outside the base. The body now upsets, for 
the weight W of the whole has an unbalanced overturning 
moment (W.AB) about the edge .4. 

We may state generally that when a body is 'placed on 
a plane surface^ it will stand or fall according as the vertical line 
through its C.G. passes within or without its hase^ 
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In some cases the base of support is not quite so simple. For 
instance, Fig. 110 a represents a retort stand Jiaving a tripod 
base, the lines joining the thrive feet forming an equilateral 
triangle. An empty flask is shewn clamped to the stand and 
at some distance from it. If the vertical line through the c.g. 
of the whole arrangement falls within the triangle ahe the equi- 
librium is stable, but if, on filling the flask with water, the c.G. 
is displaced so that the vertical line tlirougli it falls outside the 
line ahy the stand will overturn about this line (Fig. 110 b). 




Fig. 110. 

It is clear then that we must take the term ‘ base ^ in the 
above statement to signify the area which would be enclosed by 
a thread drawn tightly round the lowest part of the body so as 
to enclose all the points of contact with the plane. Thus, the 
base of a railway truck is the rectangle whose angular points are 
the points of contact of the four wheels with the rails. 

The celebrated leaning tower of Pisa is 182 feet in height, and 
the centre of its summit is 1 3 J feet from the vertical line through 
the middle of its base. Yet, though appearing ready to full over 
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at any moment, it remains perfectly secure since the vertical line 
through its c.G. falls well within its base. 

Since a man is not a rigid body, the position of his c.G. depends 
upon his attitude. When he is on his feet his every movement 
is an illustration of the success which he instinctively achieves in 
keeping his c.g. above his base of support. (What is this base f) 

For instance, if you carry a pail of watcir in one hand, you 
lean to the other side so as to keep the common c.g. of yourself 
and the pail over your base of support. 

Stand with your back to the wall of a room with your heels 
against the skirting and try to pick up an object from the floor 
in front of you ; or again, stand sideways to the wall with one 
foot against the skirting and try to raise the other foot ; what is 
the cause of failure in each case ? 

The art of tight-rope walking, or rope-dancing, consists in 
keeping the c.g. exactly over the rope. To accomplish this more 
easily the pei'former often carries a pole horizontally ; as soon as he 
feels himself leaning to one side, he shifts the pole towards the 
opposite side. By so doing he shifts the c.g. the same way, and 
thus preserves his balance. 

On the other hand, when you balance a body such as a billiard- 
cue on the end of your finger, you are continually restoring the 
equilibrium by shifting your finger so that the small base of sup- 
port is brought vertically below the c.g. of the cue. 

89. Application to a Travelling Crane, Fig. Ill a 
shews a travelling steam crane. The jib of the crane, the winch 
and the engine which works it, are all supported on a platform 
which can be turned round about a vertical axis passing through 
the centre of the trolly. A plan of the base of the trolly is shewn 
in Fig. Ill 6, the points A, (7, and D being the points of 
contact of the wheels with the rails. In this diagram a bird's- 
eye view of the jib in a position transverse to the rails is shewn 
by the line EJ. 

The C.G. of the platform and everything upon it is brought 
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some distance from the central axis on the side opposite the 
jib by mounting the heavy boiler on this side ; moreover, this 
distance will remain fixed when the platform is rotated, provided 
that the inclination of the jib remains unaltered. Further, since 
the c.G. of the trolly alone lies on the central axis, it follows 
that the c.G. of the whole crane will always be at a fixed 
distance from the axis ; that is, as the platform is rotated, the 
c.G. of the whole crane always lies on a circle such as that indi- 
cated by the dotted circle in Fig. Ill (6). 



{a) ( 6 ) 

Fig. in. 


In order that the crane may not upset when raising a load, 
the vertical line through the c.G. of the crane and load together 
must fall within the base ABCD. Let us see what is the 
maximum load which can be raised when the jib is in the 
position shewn in Fig. 1 1 1 When the crane is on the point of 
upsetting the total reaction of the rail on the side BC is zero, 
and the forces acting on the crane are its whole weight acting 
downwards, through G, the weight of the load acting downwards 
through J, and the total reaction of the rail on the wheels A and 
D. 

Taking moments about the line AD^ we have 
Max. l(jad x JE = weight of crane x GE^ 
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Thus, if JE^ the horizontal overhang of the jib, be three times 
the distance GE, the maximum load which could be raised would 
be one-third of the weight of the whole crane. 

90 . Stability of a body standing on a plane surface. 

Suppose that a cask filled with liquid stands on its end on level 
ground, and that we wish to upset 
it by applying a horizontal push P 
to the top (Fig. 112). We will 
assume that the friction called 
into play between the cask and 
the ground is sufficient to prevent 
any slipping taking place. When 
the cask is just on the point of 
tilting about 0, the forces acting 
upon it are (1) its weight W 
acting downwards from G through 
the centre of the base (of radius r), (2) the horizontal force P 
acting horizontally at a height h, (3) the reaction of the ground 
acting in some direction through 0. 

Taking iiioinents about 0, the moment of the reaction is zero, 
and we have 

P.h= W.r or F = j.W. 

h 

It is easy to see that, as the cask tips up, the arm of the 
moment of th(j force P htcreases^ while that of the moment of 
W deer ernes ] hence, the greatest force is that required to start 
the tilting. As the tilting proceeds, the force required to tilt it 
farther diminishes until it becomes zero when G is vertically 
above 0. 

Notice also that the steady force which must be applied at 
any given height, to tilt the body, does not depend on the height 
of the c.G. On the other hand, however, it is important to observe 
that, the higher the c.G., the smaller is the angle through which 
we have to tilt the body before its equilibrium becomes unstable. 
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This angle, which may be called the angle of vanishing stahility^ 
can be measured by standing the body on a rough board and 
finding to what inclination the board must be tilted so that 
the body will just upset. To demonsti*ato this we will stand 
a uniform cylinder on a board and tilt it until the cylinder is on 
the point of upsetting (Fig. 113). If the friction called into play 
is not sufficient to prevent the cylinder from slipping, a rubber 
band can be stretched round the board, and the edge of the base 
of the cylinder placed against it. 



Let r be the radius of the cylinder and 5 ; the height of its 
C.G. when it stands on a horizontal surface, and let $ be the 
angle of vanishing stability, that is, the angle through which we 
have to tilt the board to bring G vertically above the edge of the 
base. It will be seen from the figure that 

T 

tan 6 — 

z 

This shews that the angle of vanishing stability increases with 
the radius of the base and decreases with the height of the o.g. 

What is the shape of a railway milk-churn, and why is it given 
this shape? 
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91- Experiments on Stability- 

Exp. 1, To dMermine indirectly the ap]rt*oximate weight of a 
cask of liquid. You aro provided with a 7-gallon cask of liquid 
standing on its end on the floor. Measure tlie height of the cask 
and the diamciter of its end. Hook a spring-balance (reading 
to 30 lbs. wt.) to the top edge and pull it horizontally until the 
cask just begins to tilt. Read the spring-balance when the 
farther edge of the base is just clear of the floor. What forces 
are now acting on the cask ? 

By taking inoinents of these forces about the point of contact 
with the floor, calculate the weight of the cask. 

If there is a weighing-machine in the laboratory, this result 
should lie tested by direct weighing, the cask being rolled up a 
board on to the platform of the machine. 

Exp. 2. To find the c.G. of a uniform solid cone hy determine 
ing its angle of vanishing stahiliiy when standing on its base. 

Stand a uniform solid cone on its base on a rough board. 
Measure the height of the cone and the diameter of its base. 
Now tilt the board until the cone is on the point of upsetting. 

Measure the angle which the board makes with the table 
when the cone is just on the point of upsetting. 

Hence calculate the distance of the c.G. from the centre of 
the base. What fraction is this distance of the height of the 
cone? 

92- Tilting or Sliding? In Art. 90 we shewed how 
to find the horizontal force required to tilt a body standing 
on a horizontal surface, assuming that no sliding occurs. It 
will be found an instructive exercise to consider the equilibrium 
of such a body more fully. Suppose, for example, we place a 
bottle on a table and apply to it a horizontal force P at a height 
h above the table (Fig. 114). This force may be insufficient to 
move the bottle at all, but if it does so, it will cause the bottle 
either to slide or to tilt, or to do both simultaneously. 

When there is no movement or when steady sliding occurs, 
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the four forces acting on the bottle are those shewn in the figure. 
The horizontal forces are P and the force of friction F exerted 
by the table on the base ; F is equal to P but of opposite sense. 
The vertical forces are the weight W and the equal normal 



reaction R, Since the body is in equilibrium, this resultant 
normal reaction must act upwards through a point such that 
the moments of the forces about this point are balanced, that is, 
such that P. A— W, AC^ the moments of R and F both being zero. 

Note that the two vertical forces form a couple and likewise the two 
horizontal forces. For equilibrium, the moments of these two couples must 
be equal, and this is expressed by the above equation. 

If steady sliding occurs, P is equal to the limiting force of 
friction, which is /aJ? or /x IF, where /x is the coefficient of friction 
for the contact surfaces. 

On the other hand, if no sliding occurs, then, as we increase 
Py AG will increase ; that is, the line of action of R will be 
displaced farther and farther to the left until this force acts 
upwards through the edge 0, and the bottle wdll then begin 
to tilt. 



vn] Stability of Eqnilihriuni 221 


Denoting OC\ the radius of the base, by r, and taking 

JV 

moments about 0 we have P. h~ W.r or P--~. (Art. 90.) 

We see then tliat tlie bottle will first begin to slide or to tilt 
according as /a 1F< or > that is, according as ^ < or > ^. 


nr T 

If ~ ov IX— then if P is increased till movement 

occurs, the bottle will begin to slide and tilt at the same 
moment. 

Note that the condition determining whether the body will 
slide or tilt does not depend on the weight of the body. 

To demonstrate this for yourself by experiment, find at what 
height you must push an empty bottle with your finger so that 
it will begin to tilt and slide simultaneously, and then shew that 
the same n.'sult is obtaim^d when the l:>ottle is full of liquid and 
standing on the same horizontal surface. 

Example, If the radius of the base of a bottle is 1 and 
the coefficient of friction between this base and the table is 0*25, 
will the bottle begin first to slide or to tilt, when a gradually 
increasing horizontal force is applied to it at a height of 5'' above 
the table? 

The horizontal force required to niake the body slide is equal 
to the limiting force of friction which is 0*25 W, taking W as 
the weight of the bottle. 

If the bottle tilts, the necessary force P is found by taking 
moments about the point of the edge of the base about which it 
turns, i.e. 1*5 11^ or P=0-3W. 

Since this force is greater than that necessary to produce 
sliding, the bottle will not tilt, but will slide as soon as the 
horizontal force reaches the value 0*25 W, 


93. SensitiYeness of a Balance. Fig. 115 illustrates 
a form of laboratory balance used for accurate weighing. The 
main principle here made use of is that of a lever with equal 
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arms, for if two bodies suspended from the ends of these arms 
balance one anotlier, their weights must be equal. 

But to attain a high degree of accuracy in weighing it is 
essential that a balance should obey certain conditions, and in 
order that it may do so the chief adjustments necessary in its 
construction are as follows. 

The metal beam is supported on a central steel knife edge 
resting on polished agate bearings. I'his is to ensure that the 
beam shall turn about a definite line and with as little friction 



as possible. For the same reason the hooks which carry the 
scale pans also rest on knife edges. These knife edges must 
be fastened to the beam at exactly equal distances from the 
centre and the line joining them must pass through the central 
knife edge. When horizontal, the beam must be perfectly 
symmetrical about the vertical line through the central knife 
edge, and the c.G. of the beam must lie vertically below this 
edge. This ensures that the beam will come to rest in stable 
equilibrium in a horizontal position when the scale pans are 
empty or when they carry equal loads, and that, when disturbed, 
it will swing to and fro about this position. But, for accurate 
weighing, in addition to the beam being stable, it must at the 



223 


vii] Stability of Equilibrium 

same time be semsitive, that is, a very small inequality of the 
loads placed in the two pans must cause an appreciable deflection 
of the pointer attached to the beam. I^et us see how the balance 
may be made to fulfil this condition. 

In Fig. 116, which represents the beam only, 0 is the central 
knife edge about which the beam turns, and D and E are the 


E 



knife edges which carry the hooks from which the scale pans are 
hung. G is the centre of gravity of the beam shewn at an 
exaggerated distance below 0 for the sake of clearness. The 
beam is shewn in a position of equilibrium such as it takes up 
when the loads in the pans are slightly unequal. These loads 
(including the weights of the pans) are denoted by P and Q {P 
being slightly greater than Q), 

In addition to these forces, the beam is acted upon by its 
weight W acting downwards through 6r, and the reaction of the 
bearing acting upwards through 0, 

Taking moments about 0 we have, for equilibrium, 

P. OA=:Q.OB+W,OF. 
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But OA ~ OB for the arms of the balance are equal and the 
triangles AOD^ BOE are similar. 

Hence the equation may be written {P — Q) OA - W. OF. 

If 6 be the angle which the beam makes with the horizontal, 
then the angles AOD and OGF each equal 6, and if I be the 
length of either arm of the balance, we can write 
OA^-l cos 6 and 0F=^ OG sin 0. 

Substituting these values in the above equation, we have 
(P-(3)Zcos^- W. OG Bin e 
tan 0 I 

F-Q""'wroa' 


Up to about 8°, and we shall have no deflection greater than 
this, tan $ is very nearly equal to By so we may write 


e 1 


P-Q' 


P-Q" IV, OG* 

the angular displacement per unit difference of weight, 


is a measure of the sensitivity of the balance, and it is clear that 
this is great in proportion as I is great and W and OG are small. 

However, since it is found that the shorter the beam, the 
more quickly it swings, it is important that its length should not 
be too great ; ' otherwise, it v/ill prove too sluggish. Hence a 
balance is usually made sensitive by (i) constructing the beam 
like a girder so as to combine lightness with stiffness, (ii) decreas- 
ing the distance of the c,o. of the beam below the central knife 
edge. Some balances are provided with a small brass weight 
carried on a fine screw above the centre of the beam. By raising 
or lowering this weight, the height of the c.g., and hence the 
sensitiveness, of the balance can be adjusted as required. 


94. Equilibrium of a Floating Body. We may look 
upon a body floating freely as under the action of two resultant 
forces: these are (1) the weight of the body, equivalent to a single 
force through the c.g. of the body, the resultant of the distributed 
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forces which make up the weight of the body, and (2) the buoyant 
force of the water; this again is the resultant of a distributed 
force, the pressure of the water on the bottom ends and sides of 
the floating body. We need not for the present consider how the 
pressures of the water exerted in different directions combine 
together to form one single force, but it is clear that they are 
together equivalent to a single force equal and 0})posito to the 
resultant weight of the body. If there is any doubt about it, 
the following experiment will be conclusive. 

Set a tank, not quite full of water, upon a table balance of 
the kind illustrah^l in Fig. 5. Suspend a block of wood from 
another Ijalance. The upper balance indicates the weight of the 
wooden block ; the lower balance indicates the weight of the 
tank and its water. Now lower the block of wood gradually 
into the water, Jioting the readings of the two 
spring-balances during the process (Fig. 117). The 
upper balance in dictates k^ss and less weight, until 
the block is wholly supported by the water ; the 
lower balance indicates more and more weight 
until the block is wholly supported by the water, 
and then the increase of weight indicated by the 
lower balance is equal to the decrease of weight 
shewn by the upper balance, that is to say the 
weight of the block of wood. The weight of the 
block, which was formerly balanced by the vertical 
pull of the string, is now balanced by the equal 
vertical thrust of the water. The reaction of the 
block is an equal and opposite downward thrust 
upon the water, and this thrust on the water is 
indicated by the difference betwreen the first and last readings of 
the lower balance. 

It is also evident that the resultant buoyant force of the 
water acts in the same vertical line as the weight of the block, 
for otherwise the block would be subject to an unbalanced couple 
which in fact it is not. 
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When a body floats in water, that part of the body which lies 
below the level of the water displaces an equal volume of water, 
and we may shew by an experiment that the weight of this 
volume of water displaced by the submerged part of the floating 
body is equal to the weight of the whole floating body. A very 
direct experiment on this question is the following : 

Into a tank which has in one side a small spout, pour water 
until this just overflows from the spout. When the water is 
quite at rest, and has ceased overflowing, lower a large block 
of wood into the tank, and catch the water which in consecjuence 
overflows from the spout. It will be found that the weight of the 
block of wood is equal to the weight of water which is displaced 
by the block and overflow^s. 

It may be interesting to consider the submerged part of the 
floating body and the equilibrium of the water which €'.xactly 
fills this space when the floating body is taken out of the water. 
The shapes are the same, therefore the pressures exerted by the 
surrounding water are the same in the two cases ; therefore since 
the same total pressure is required to support each, the floating 
body must weigh the same as the water* which fills the space 
formerly occupied by the submerged part of the floating body. 

95. Stability of a floating body. So far we have con- 
sidered only a body floating freely, and we have two conclusions: 

(1) that the buoyant force of the water acts vertically upwards 
through the c. g. of the floating body, 

(2) that the weight of the floating body is equal to the weight 
of the water displaced. 

In order that we may consider the stability of the floating 
body, it will be necessary to consider the effect of the buoyancy 
of the water when the floating body is forcibly displaced from its 
natural position of rest, when it is therefore not in equilibrium 
under the actions alone of its weight and the force of buoyancy 
of the water, and when therefore the buoyant force of the water 
is not vertically upwards through the c.G. of the floating body. 
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Consider for example a piece of wooden plank held half sub- 
merged, with its side making an angle of say 45 degrees with the 
horizontal. We know that a plank will not float freely in this 
position, and that in fact if it is let go it will turn and float on 
its face. We want to determine the direction of the buoyant 
force of the water when the' plank is held obliquely in the water. 

By an experiment similar to that illustrated in Fig. 117, we 
can shew that in this case also the buoyant force of the water is 
vertically upwards and equal to the weight of the volume of dis- 
placed water, but this does not tell us the line of action of the 
buoyant force. 

Let us consider the equilibrium of the water which takes the 
place of the oblicjuely submerged plank when that is removed ; 
this water, of coui’se, floats in equilibrium, so we can say that the 
buoyant force of the outer water upon this water acts vertically 
upwards through the c.a of this water which took the place of the 
submerged portion of the plank. So wo conclude that upon any 
submerged body whatever, whether in equilibrium or not, the 
buoyant force of the water acts vertically upwards through the 
o.G. of the displaced water. This expression, ‘ the c.G. of the 
displaced water,’ is in common use ; a more accurate expression 
would be ‘ the centroid of the submerged volume.’ 

In the light of what we have just said, we will examine two 
positions of a floating plank: (1) when the plank is on its face, the 
ordinary position in which it does float in stable equilibrium, and 
(2) when the plank is on its edge, in which position it is in 
unstable equilibrium. 

Fig. 118 shews the plank floating upon its face, but slightly 
displaced from its position of equilibrium. (For the sake of 
simplicity we have illustrated a plank whose density is half that 
of water, and which, therefore, floats half submerged. We have 
also shewn the plank displaced so that the diagonal plane DE is 
at the water surface.) 

When the plank is let go it is under the action of two forces : 
(1) the weight of the plank vertically downwards through 0, the 

15-^2 
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c.G. of the plank, and (2) the buoyant force of the water vertically 
upwards through the c.G. of the ‘displaced water/ that is to say 
which lies in the median OA, OB being one-third of OA, 
Evidently these two forces form an unbalanced couple which will 



turn tlie plank back towards its original ]josition of equilibrium; 
just what we should expect, knowing that the plank w'as in stable 
equilibrium on its face. 

Pig. 119 shews the plank floating upon its edge, but slightly 
displaced from the vertical position. It is evident from the figure 
that the c.G. of the ‘displaced water,’ B, lies to the left of the 
vertical line through (3, and that consequently the wcn’ght of the 



plank and the buoyant force of the water form together an 
unbalanced couple which will turn the plank farther from the 
vertical position, in which position we know that it was in fact 
unstable. 

In future we shall call the centre of gravity of the ‘ displaced 
water’ the centre of buoyancy^ for the resultant buoyant 
force always acts in a vertical line through this point. 
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96 . Stability of a ship. Tf a boat or ship, when floating 
upright in still water, is made to heel slightly and is then released, 
it rolls to and fro, but always comes to rest again in an upright 
position. Tt is therefore in stable equilibrium. To understand 
why this is so, and to ascertain upon what the stability depends, 
we must examine the f(3rces acting on the ship in its inclined 
position. Fig. 120 represents a ship when heeled through an 
angle B. LL represents the original, and L 'Z ' the new, water-line; 
G is the centre of gravity of the ship ; 7> is the position in the 
ship of the centre of buoyancy when the ship is on an even keel. 
The centre of buoyancy in the inclined position is B\ The buoyant 



Fig. 120. 

force is still equal to the weight of the ship but it now acts 
vertically upwards through Let the vertical line through B' 
intersect the original vertical line through B in M, For stable 
equilibrium M must be above G, for only so can the weight W of 
the ship acting downwards through 6?, and the buoyant force R 
acting upwards through Z', form a couple which tends to right 
the ship. 

If GZ is drawn at right angles to B'M^ the moment of this 
couple is given by W, GZ, 
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Now GZ —GM^inO^ for the angle GMZ is equal to the 
angle of heel. 

Hence, the moment of the righting couple is given by 
W.GM^WiB. Note that this moment, which is called the 
moment of stahility for a heel of is proportional to the dis- 
tance GM, 

Compare this with the example of the hemisphere nesting on 
a table (Fig. 107 on p. 211). With the hemisphere we observe 
that the reaction of the table acts through il/, the centre of the 
spherical surface, for all angles of heel up to 90“. 

If the hemisphere were floating in water, the buoyancy would 
likewise act upwards through the same point J/, but only as long 
as the angle of heel did not bring tlie edge of the hemisphere 
below the surface of the water. (Why ?) 

In the case of a ship it is found that the position of Af is 
nearly constant for angles of heel up to about 15°. This important 
point is called the Metacentre^ and the distance GM the Meta- 
centric Height. 

Let us now consider wliat hai>pens when G is raised witliout 
altering the position of M. Wo can suppose this to bo effected 


! 

I 



Fig. 121. 
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by bringing the cargo up on deck. As G is raised, the metacentric 
height GM becomes less and therefore the stability decreases 
also. If G is brought above if, then the ship becomes unstable, 
for, as shewn in Fig. 121, the couple now brought into play, on 
heeling, is such as to overturn the ship. 

At the beginning of the preceding article we summed up the 
two conditions that must be satisfied so that a body shall float 
in equilibrium. In order that this equilibrium shall be stable, a 
third condition must be added, namely, the centre of gravity must 
lie helow the metacentre. 

97- Value of the Metacentric Height- Since the 
moment of the couple required to heel a ship through a small 
angle Q is given by W . GM sin it is clear that to increase the 
‘ stifi&iess ' of a vessel we must increase the metacentric height 
GiM. As already indicated, one way of doing this is to lower 
the centre of gravity. For instance, in the case of a sailing boat, 
G is brought low by putting lead on the keel, or by placing 
ballast in the bottom of the boat; in the case of a merchant 
ship, by storing the cargo and coal supply as low as possible. 
But GM can also be increased by raising the position of M. 

We have said that in ships the metacentric height is nearly 
constant for small angles of heel. The magnitude of the couple 
which rights the ship when heeled over depends, for any given 
angle, upon the metacentric height. The greater the righting 
couple for a given angle, the ‘ stiffer ’ will the ship be, that is to 
say the shorter will be the periods of her rolls about the middle 
position. Stiffness does not necessarily mean safety however. 
The safety of a ship in bad weather conditions depends more 
upon M remaining above G for all angles of heel, even very large 
angles, than upon the magnitude of GM for small angles of heel. 

98. Heeling of a sailing-vessel. Since an interesting 
application of the foregoing principles is afforded by the method 
used for calculating the capability of a vessel for carrying sail, 
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we will briefly consider the effect of a certain amount of sail in 
heeling a particular vessel having a given rnetacentric height. 
For this purpose, we consider the heeling (iffect of the wind 
pressure on the sail area assuming that the sails are braced fore 
and aft. The resultant force of the wind is assumed to act at the 
centre of gravity of the sail area wliich is denoted by E in 
Fig. 122. This point is called the centre of effort and its position is 
calculated as describ(;(l in Art. 83. 



The horizontal force of the wind bi'ings into play an equal 
reaction of opi)osite sense which is exerted by the water on the 
under-water body of the vessel. This reaction of the water on 
the lee side of the vessel is called the lateral resistance^ and it 
acts through L, a point called the centre of lateral resistance. 
The depth of tliis point is usually taken as half the draught of 
the vessel. 

The total force of the wind r and the lateral resistance of 
the water R thus form an inclining coui)le whose moment is 
given by P. h, where h = LE. 

This moment is balanced by the moment of stability which 
we have shewn is given by W , GM 6 (Art. 96). 
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Sin y = 


That is, W.GMmne:^F.K 

P.h 
W" GM' 

For example, suppose tlie sail area of a ship of 1000 tons 
to he 5000 sq. ft., th(i lieiglit of the centre of effort above the 
centre of lateral resistance 30 ft., and the iiK^tacimtiio height 
2 ft. What angle of heel may be produced when a fresh breeze 
is blowing ? 

]f we reckon a fresli bre.eze to produce a force of 4 lbs. wt. on 
each sq. ft. of sail, we have 

20,000 

Total force of wind - 5000 x 4 lbs. wt. = 

20,000 X 30 

Moment of inclining couple = — 

Moment of righting couple ~ 1000 x 2 sin 9 tons ft. 

H„» 3000 

20,000 X 30 
2000 X 2240 

That is, ^-7° 42'. 

It is true that, as the ship heels, the effect of a horizontal 
wind pressure will not be so great as in the upright position, 
since the surface on which it blows is at an angle less than a 
right angle. The saiiu^ applies to sails which are not braced fore 
and aft. In practice, tln^refore, tlie angle of heel will be somewhat 
less than that calculated. However, our reasoning is sufficiently 
correct to pi*ovide a useful working rule, and, moreover, the error 
introduced into our calculations will be on the side of safety. 


or 


siii6>- " 


-0*134. 


99. Experimental determination of the Meta* 
centric Height. The metaceutric height of a ship is deter- 
mined experimenhilly by carrying out what is known as the 
‘inclining experiment,' the main features of which are as follows. 
Equal loads of ballast are placed symmetrically one on each side of 
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the upper dec?k as shewn in Fig. 123 a. The ship being upright, 
the load on one side, of known weight w tons, is shifted across 
the deck through a measured distance of d feet. The effect of 
this on the centre of gravity of the ship is to shift it from G to 
G' parallel to the deck, and 

GG^ xW^wxd (see Art. 85), 

where W tons is the total weight of the ship found by calculating 
its displacement. The ship heels over until the new centre of 
buoyancy B' is such that it lies vertically below the new centre 
of gravity G* (Fig. 123 6). The point where the vertical 
through B' cuts the original vertical through 7i, is the meta- 
centre. 



(a) Fig. 123. (h) 


Now, in the right-angled triangle GMG\ the angle GMG' is 
the angle of heel and we see that 


tail 0 = 


GM' 


Substituting in this equation the value of GG* obtained above, 
we have 


tan B = 


w X d 

WxGJ/' 


or 


GM=: 


w X d 
W X tan B ’ 


To find the value of tan^, long plumb-lines are suspended 
down hatchways. Thus, if aB is the position of a plumb-line 
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when the vessel is upright (Fig. 124), and he is a transverse scale, 
and ac is the j»osibion of the plumb-line when the ship is inclined, 
we have 

tan 0 . 

ah 

In practice, sevei*al determinations of GM are made by shift- 
ing ballast across the deck in various 
quantities, both to port and to starboard, 
and the mean of the results is taken. 

The value of GM thus obtained enables 
us to hx the position of G if the position 
of M is already known. As a mattfir of 
fact, the position of M for any ship can be 
calculated from its dimensions, but we 
cannot here enter into the principles and 
calculations involved. The calculation of 
the position of 6', however, is much more 
laborious and uncertain, since for this 
purpose we require to know the weight of 
every item of the hull, machinery, armour, 
armament, equipment, etc., and the dis- 
tance of the C.G. of each item above the keel line. Although in 
the case of a ship of now design this calculation is actually made, 
it is essential that the position of the c.G. of the ship so estimated 
should be verified; to do this is the main object of the inclining 
experiment. 

100. Experiments with a model. The following ex- 
periments have been designed to enable you to verify for yourself 
the principles of flotation we have discussed. A convenient 
wooden model for this purpose is that shewn floating in an 
inclined position in Fig. 125, It has a uniform external cross- 
section, a weight of about 36 lbs., a length of about 18", 
and a breadth at the top of about 15". The centre lines of the 
ends are graduated in inches from the bottom. On each side of 


Of 



Fig. 124. 
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the centre there are slots in which 2-lb. flat iron weights can be 
clamped. A light plumb-line is susj)ended from a central mast 
below which a transverse scale is fixtHl. 


Fig. 125. 

E'jyp. 1. To calculate the displacemeiU and to compare it with 
the %might of the model. 

Stand the model on its end on a large sheet of cardboard and 
run a pencil round this end, thus obtaining a section. After 
drawing in the centre line, cut out the section. This cardboard 
section, wdiich is shown in Fig. 126, will be required in the next 
three experiments. 

Having clamped a 2-lb. weight at each side, float the model in 
a tank and sec that it comes to rest in an 
upright position. Road off the draught 
at each end. Mark off on the cardboard 
section the mean draught and draw in the 
water-line LL. Determine, by »Simpson’s 
rule, or by the Engineers’ inile, the area 
of the section below this line, i.e. the cross- 
section of the displacement. Measure 
the length of the model; calculate the volume, and hence the 
weight, of the water displaced. 

Find the weight of the model by suspending it from a spring- 
balance or by placing it on a weighing machine, and compare 
this weight with the calculated displacement. 

Moep. 2. To obtain G, 

Hang the model, by the two eyelets on one side, from a bar 




L 



\ 

y 


Fig. 120. 
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supported horizontally on brackets, and at one end suspend a 
plumb-line from a ring on this bar. Read off the point where 
the plumb-line crosses the centre line of the end of the model. 
Repeat this by hanging the model up by the other side. Taking 
the mean of your measurements, mark on the cardboard section 
the position of G, 

Exp, 3. To obtain B\ the centre of buoyancy tvhen the model 
is hiclined, 

Shift one of the 2-lb. weights from one side to the other, and 
float the model in water (Fig. 125). Wlien it is at rest, obtain 
the position of the new water-line at one end by marking the 
points L\ L* on the (ulge ; and, by measuring the respective dis- 
tances of thesci points from the top edge, mark these points on the 
cardboard section, and join them. With a sharp knife cut the 
cardboard along this line L 1J (Fig. 12G). Now find by experi- 
ment the c.G. of the lower portion. This point B* is the centre 
of buoyancy for the inclined position. 

Exp, 4. To obtain J/, and hence GM, 

Fit togeih(T the two portions of the cardboard section. Now 
from B' draw B* M at right angles to IJ L to cut the centre line 
of the section in 3/" (Fig. 12f>). 

Measure GM^ the metacentrie. height. 

Exp, 5. To obtain GM by inclining experiment. 

Carry out the ‘ inclining experiment ^ as dt^scribed in the pre- 
ceding article. Measure the transverse distance through which 
the c.G. of the 2-lb. weight has moved when shifted across into 
its new position beside the other weight. 

Float the model. Measure on the scale the transverse displace- 
ment of the plumb-line and measure the dist^ince of its point of sup- 
port from this scale ; then calculate the tangent of the angle of heel. 

Calculate the value of GM, 

Repeat this experiment after shifting the two weights to the 
other side. 

Compare the mean of the values of GM so obtained with the 
value measured off the cardboard section in Exp. 4. 
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Examples VII. 

1 . If a body be suspended from any point, what condition must be 
fulfilled for equilibrium? 

What further condition is necessary bo that the equilibrium shall be 
(i) Stable; (ii) Unstable; (iii) Neutral? 

2 . Illustrate the meaning of stable, unstable, and neutral equilibrium 
from an egg resting on a table. 

3. Draw diagrams shewing a triangular sheet of cardboard in positions 
of stable, unstable, and neutral equilibrium, when supported by a horizontal 
pin. 

4 . State, giving reasons, the nature of the equilibrium in the following 
cases : 

(a) A pendulum. 

(h) A ruler balanced on the edge of a knife. 

(c) A ball in a hemispherical basin. 

(d) A rocking-chair. 

5 . How is a compass-needle supported so that it is in stable equilibrium 
in a vertical plane? 

What are the positions of stable and unstable equilibrium of the needle 
in a horizontal plane ? 

6. A body may be in different states of equilibrium at the same time 
according to the direction in which we suppose it to be displaced. 

Give an example of a body which is at the same time in [a) stable and 
neutral equilibrium, (b) stable and unstable equilibrium. 

7. If, on displacing a body from its position of equilibrium, the path of 
the c.G. is curved, the equilibrium is stable or unstable according as this 
path curves upwards or downwards. Illustrate by examples the truth of this 
statement. 

What happens in the case of neutral equilibrium ? 

8. A body comes to rest with its c.g. as low as possible. In the light 
of this principle explain 

(а) the construction of a spirit-level ; 

(б) the method of supporting a ship’s compass. 

9. If the line of the hinges of a door is not vertical, the door will tend 
either always to open or always to close. Why is this ? 
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10. A straight rod rests with its lower end on the floor, and is supported 
in an inclined position by a string connecting its upper end to a staple in 
the ceiling, friction being sufficient to prevent the foot of the rod from slip- 
ping. If the staple and the foot of the rod are in the same vertical 
line, shew that for displacements round this line the equilibrium is 
neutral. 

What are the positions of stable and unstable equilibrium for such dis- 
placements when the staple is not vertically above the foot of the rod ? 

11 . (Fig. a.) Weights are suspended from the arms of a bent lever 
which is pivoted at (i. If the lever is in 
equilibrium in the position shewn, explain 
why the equilibrium is unstable, even if the 
weight of the lever is negligible. Sketch 
the position in which the equilibrium would 
be stable. 

12. A wooden disc or cylinder is loaded 
with lead near its circumference, and is 
placed on a plane which is slightly inclined. 

Shew that the cylinder can be so placed 
that, when released, it will begin to roll 
uphill, providing no slipping occurs. 

Make a sketch of the cylinder on the plane shewing the position of the 
c.G. when it comes to rest. 

13 . A plumb-line consists of a J-lb. weight on the end of a light string 
4 ft. long. If it is displaced from its vertical position through an angle of 
20°, what is the moment of the weight tending to restore it to its original 
position ? 

14 . A uniform rod, 3 ft. long, is supported by a horizontal pin passing 
through it at a distance of 1 ft. from one end. What is the position of 
unstable equilibrium? 

If the rod suffers a displacement of 10° from this position, what is the 
overturning moment, if the weight of the rod is 6 lbs. ? 

What weight must be fastened to the end of the rod to render its equi- 
librium neutral ? 

15 . A uniform circular hoop hangs on a horizontal peg. If a weight 
equal to that of the hoop is now attached to it at one end of its horizontal 
diameter, sketch the position the hoop will assume (a) if the friction at the 
peg is sufficient to prevent slipping, (6) if there is no friction at the peg. 
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16. A uniform straight bar is hung up by two strings of equal length, one 
attached to each end of the bar, the other ends of 
the strings being fastened to the same fixed point. 

What position does the bar assume, and why ? 

If the bar when a weight has been attacdied to 
it comes to rest inclined at 20® to the horizontal, 
find (by drawing) the position of the c.o. of the 
loaded bar, given that tho length of the bar is 
4 ft., and the length of each string 3 ft. 

17 . A uniform straight rod, 5 ft. long, is 
hung up by two cords, one attached to each end of 
the rod, the other ends of the cords being fastened 
to a nail. If the lengths of the cords are 3 and 
4 ft. respectively, find (by drawing) at what angle 
to tho horizontal the rod will come to rest. 

18 . The arrangement shewn in Fig. (h) rests on (/;) 

a horizontal surface. If the base consists of a 

portion of a sphere, describe and explain the condition necessary for 
(i) Stable equilibrium, (ii) Unstable equilibrium, (iii) Neutral equilibrium. 

19 . A cylinder, which weighs 10 lbs. and has its c.o. 2" from its axis, 
rests on its side on a horizontal surface. If the cylinder is rolled through 
an angle of 40®, and then released, what forces will bo acting upon it, and 
what will be the moment of its weight tending to restore it to its original 
position ? 

20 . A uniform hemisphere rests with its curved surface on a horizontal 
surface. Shew that, when tilted, the righting moment is proportional to 
the sine of the angle of tilt. 

If such a hemisphere weighs 8 lbs., and its c.o. is 8" below the centre of 
its flat surface, find the righting moment when the hemisphere is tilted 
through 30®. 

21. What is meant by the lasa of a body standing on a plane surface? 

Sketch the base in the case of 

(a) A motor cycle with side car. 

(fc) A standing screen consisting of three parts hinged together. 

(c) A glass tumbler standing mouth downwards on the edge of a 
circular table with part of it projecting over the edge. 

22 . When a cyclist feels himself falling to one side, in which direction 
does he turn his front wheel, and why? 
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23 . In balancing a sword on the end of your finger, why is it easier to 
maintain a balance when the sword is on its tip than on the end of its hilt ? 

24 . When is a body said to be ‘ top-heavy ’ ? 

Explain the advantages resulting from loading the base of a candlestick 
or lamp with lead. 

25 . Fig. (c) represents a stand having a circular base of 4-in. radius. 
The weight of the stand is lbs. and its c.g. lies on the central vertical 
axis. 

What weight suspended from distant 7 ins. from the central axis, will 
just be sufficient to upset the stand? 



20 . A square table, weighing 100 lbs., stands on four vertical legs 
situated at the middle points of its sides. 

What is the least force which, acting vertically downwards on one corner, 
will cause the table to tilt ? 

27 . In a travelling crane (p. 216) the weight of the truck alone is 
10 tons ; the weight of the revolving platform and everything upon it is 
8 tons and its c.a. is distant 6 ft. from the axis of rotation, which passes 
through the centre of the truck. On a circle of what radius does the c.o. of 
the whole crane lie, when the jib is slewed round, its inclination remaining 
constant ? 

28 . A travelling crane (p. 216), having a total weight of 24 tons, raises 
a load situated midway between the rails and at a distance of 20 ft. from the 
front edge of the wheel base. 

On what vertical line must the c.g. of the whole crane lie in order that it 
may raise a load of 6 tons without upsetting ? 


M. &K. 
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29 . A uniform cylinder, of height 8" and diameter 6", stands on a table. 
If the weight of the cylinder is 4 lbs., what horizontal force applied to the 
top will just start it tilting, if no slipping occurs? 

Through what angle can it be tilted before it topples over ? 

30 . A uniform rectangular block of wood, height 2 ft., stands on a 
plank with an edge of the block, whose length is 9 ins., parallel to the edge 
of the plank. Through what angle can the plank be tilted before the block 
upsets, providing no slipping takes place ? 

31 . A round table, with top 30" in diameter, is supported on three feet 
which form the angular points of an equilateral triangle, having a side of 
16". The weight of the table is 25 lbs. 

Find [a) the least weight which placed on the edge of the table will upset it ; 
(5) the greatest weight which may be placed on the edge of the table which 
will just not upset it. 

32 . A circular table is supported by three vertical legs spaced at equal 
distances round the edge of its top. 

The weight of the table is 30 lbs., its height 27", and the diameter of the 
top 28". 

Find the least horizontal force which, applied to the top, will just upset 
the table providing no slipping takes place. 

33 . A pedestal, 3 ft. high, has a circular base of radius 9 ins. It is 
found that a horizontal force of 36 lbs. wt. applied to the top is just sufficient 
to start it tilting. What is the weight of the pedestal ? 

When the pedestal is tilted through 35° it is found to be in unstable 
equilibrium. What is the height of the c.g. when the pedestal is upright ? 

34 . In Fig. (d), ABC represents the section of a prism of uniform material. 
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resting with its base AB onB, horizontal surface. Shew that the prism will 
be on the point of upsetting when the horizontal overhang BD of the vertex 
is equal to the base AB. 

35 . A uniform circular hoop is laid flat on a circular table with so much 
projecting over the edge that the hoop is on the point of falling over. If 
the radius of the hoop is 1 ft. and the radius of the table 20 ins., what is the 
distance between the centre of the hooj) and the centre of the table ? 

36 . The wheels of a dogcart are 4 ft. apart and the c.o. is 5 ft. above 
the ground. To what height may the wheel on one side rise up a bank 
before the dogcart upsets ? 

37 . A uniform cubical block, having an edge of 2 ft., rests on the floor 
(Fig. e). A bar *40, fastened to the top by a single nail at A, projects over 
the edge. Tlje weight of the block is 60 lbs., the distance AB is 8 ins., and 
the distance BC is 18 ins. Neglect the weight of AG, 



If a downward force is applied at C sufticient to just tilt the block, what 
is the force tending to extract the nail? 

38 . A uniform cone, having a base of diameter 6 ins., stands on a hori- 
zontal board, 2J ft. long. It is found that when one end of the board is 
raised through a vertical distance of 1^ ft., the cone is on the point of 
upsetting ? 

At what distance from the board is the c.o. of the cone ? 

39. A cricket bowling screen is 15' high and 40' wide, and stands on 
wheels extending 6' on either side of the screen. When the wind pressure 
on the screen is 8 lbs, wt. per sq. ft., the windward wheels are seen to be just 
lifting. 

What is the weight of the screen ? 
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40 . A uniform symmetrical solid stone column consists of a cubical 
base having an edge of 2^ ft., surmounted by a cylinder of height 8 ft. and 
diameter 1^- ft. 

Calculate the height of the c. g. 

Through what angle can the column be tilted about one edge of its base 
before it topples over? 

To upset the column, a rope is attached to the top and pulled in a 
direction inclined at 45^ to the ground. What pull will start the column 
tilting, given that a cubic foot of stone weighs 144 lbs. ? 

41 . A rectangular tank (without a lid) containing some water rests 
on the floor and is gradually tilted by raising one edge. Neglecting the 
weight of the tank, find the angle through which it can be tilted without 
falling over. Does it depend on the quantity of water put in ? 

42 . A book is placed on an equal book, which projects over the edge of 
a table, the ends of the books being parallel to the table edge. What is the 
position of the books when the upper one projects beyond the table edge as 
far as possible ? 

43 . In a pile of equal note-books, each 8 ins. long, the end of each 
book projects \ inch beyond the end of the one below it. How many 
books will the pile contain when it is just on the point of upsetting? 

44 . A uniform cylinder, the height of which is equal to its diameter, 
stands on a board which is inclined at 30*^ to the horizontal. If the weight 
of the cylinder is 10 lbs., find the force which must be applied to its top, 
parallel to the board, just to cause it to tilt (a) down the plane, (h) up 
the plane, assuming that sliding is prevented. 

45 . How many pennies can stand in a cylindrical pile on a plane 
inclined to the horizontal at an angle, the tangent of which is 0*4, if there 
is no slipping ? 

The thickness of a penny is y*sth of its diameter. 

43 . A lamp, which is symmetrical about its central vertical axis, stands 
with its circular base on a table. The weight of the lamp is 8 lbs., the 
diameter of its base is 7 ins. , and the coefficient of friction for the contact 
surfaces of the base and the table is 0*25. 

An increasing horizontal force is applied to the lamp at a height of 10 ins. 
above the table until motion results. 

Which will the lamp do first, tilt or slide ? 

At what height must the force be applied so that the lamp will begin to 
tilt and slide at the same moment ? 
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47 . A cubical block of uniform material, having a weight of 120 lbs. 
and an edge of 3 ft., is pulled at uniform speed along a horizontal plane by 
a horizontal force applied to the middle of one of the top edges and at right 
angles to it. If the coefficient of friction is 0*2, what are the forces acting 
on the block? 

Through what point does the total normal reaction of the plane on the 
block act? 

48 . On applying a steadily increasing horizontal force to the middle of 
one of the top edges of a cubical block of uniform material, it is found that 
the block begins to tilt and slide at the same moment. What is the 
coefficient of friction ? 

49 . State and explain the chief considerations in the construction of 
a good chemical balance. 

60 . What is meant by the sensitiveness of a balance, and upon what 
does it depend? 

61 . A chemical balance, when accurately adjusted, is found to come to 
rest with its beam inclined at an angle of 2'’ to the horizontal when the 
loads in the two pans differ by 0*5 milligram. If the length of each arm of 
the balance is 4 ins., and the weight of the beam is 50 grams, how far is the 
c.G. of the beam from the central knife edge? 

62 . A flywheel weighs 6 tons and is out of balance. It is balanced by 
attaching to the wheel a weight of 80 lbs. at a distance of 25" from the axis. 
How far was the c.o. of the flywheel from the axis ? 

63 . A flywheel weighs 8 tons and its c.o. is tjV'' froni the centre of 
the shaft. What weight at a radius of 2' will be required to balance the 
flywheel ? 

64 . A ship, when floating in sea water, displaces 70,000 cubic feet. 
Under the action of what two forces is the ship in equilibrium? 

I cubic foot of sea water weighs 64 lbs. 

56 . Explain the terms displacement, centre of buoyancy, metacentre, 
metacentric height, of a ship. 

63 . What are the two conditions necessary for a body to float in 
equilibrium ? 

What further condition is necessary to ensure that this equilibrium shall 
be stable ? 

67 . Explain why a test-tube will not float upright in water. 

Explain also why it can be made to do so by loading it with shot. 



246 Centre of Gravity [ch. 

68 . Shew that a uniform cylinder floating on its side is in neutral 
equilibrium. 

For what displacements is the equilibrium of the cylinder stable, 
and why? 

59. If a sailing-boat is found to be not ‘ stiff ’ enough, how could this 
be remedied? 

60 . A uniform w'ooden hemisiflierc is floating in water. 

Where is the metacentre ? 

Shew that, when inclined, the ‘ righting ’ moment is the same as when 
the hemisphere rests on a horizontal surface. 

Shew also that this is true only so long as the edge of tlie floating 
hemisphere is above the surface of the water. 

61 . What is meant by saying that a vessel has (a) a ‘ righting,’ or (f;) a 
‘capsizing,’ moment? 

A vessel of 1000 tons has a metacentric height of 2 ft. 

What is the righting moment (or moment of stability) when this vessel 
heels through an angle of 10' ? 

63 . The moment of the couple required to heel a certain battleship, 
of 22,000 tons displacement, through an angle of is found to be 4697 
tons ft. 

What is the metacentric height? 

63 . A ship of 4000 tons has its c.n. 18' above the keel. 200 tons of 
additional ballast are added so that the c.o. of this ballast is 3' above the 
keel. Assuming that the position of the metacentre remains unaltered, find 
the effect produced on the metacentric height. 

64 . What features in the design of a vessel are most important in 
influencing the metacentric height? 

65 . What opposing conditions have to be considered in settling the 
metacentric height of a warship? 

66 . A vessel of 5000 tons has a metacentric height of 2 ft. 

Plot the stability curve of the vessel for angles of heel up to 15°, that 
is, plot the value of the righting moment in terms of the angle of heel. 

67 . Explain how the equilibrium of a submarine, when totally sub- 
merged, is stable. 

Shew also that the transverse and longitudinal stabilities are the same 
in this case. 
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08 . Why is the transverse stability of a submarine less when floating 
on the surface than when submerged ? 

69 . A three-masted schooner, 2000 tons displacement, has a meta- 
centric height of 2 ft. The sail area is 10,000 sq. ft. and the height of the 
centre of effort above the centre of lateral resistance is 50 ft. 

Assuming that the sails are braced fore and aft, and that the wind 
produces a pressure upon them of 3 lbs. wt. per sq. ft., calculate the 
approximate angle of heel produced. 

70 . Describe the ‘ inclining experiment.’ 

Explain clearly the stops in the calculation of the metacentric height 
from the results of the ex})erimetit. 

71 . A load of 80 tons is shifted 60' across the deck of a battleship, 
of 24,000 tons displacement. 

What is the effect on the position of the o.g.? 

72 . In an inclining experiment on a certain warship of 14,800 tons 
displacement, it was found that the shifting of a load of 90 tons (already 
on board) across the deck through a distance of 50' caused an angle of heel 
of 5^. Calculate the metacentric height. 

73 . A vessel, of 1800 tons displacement, is inclined by shifting 6 tons 
transversely across the deck through 20'. 

The end of a plumb-line, 16' long, moves through 6". Determine the 
metacentric height. 

74 . In a vessel of 7200 tons, a ‘boom-boat,’ weighing 16 tons, is 
hoisted out by a derrick through a transverse distance of 40'. Calculate the 
transverse displacement of the c.g. 

If the metacentric height of the vessel is 2', calculate the angle of heel 
produced. 
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FOKCE-TRIAN(iLE 

101. The lines of action of three inclined forces 
meet in a point. The greater part of this chapter will be 
devoted to the consideration of the equilibrium of bodies under 
the action of three forces, the lines of action of which are 
inclined to one another. 

The first condition which these forces must satisfy can be 
proved as follows. 

Let the rigid body in Fig. 127 be in equilibrium under the 
action of three inclined forces P, Q, and R. 



By the principle of moments, we know that, if we take 
moments of these forces about any point in the plane in which 
they act, the sum of the clockwise moments must equal the sum 
of the counter-clockwise moments ; or, in other words, the alge- 
braical sum of all these moments must be zero (Art. 60). 
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Produce the lines of action of two of the forces, F and Q, to 
meet in 0, and consider the moments of all the forces about this 
point. Since the lines of action of both F and Q pass through 0, 
the moment of each of these forces about this point is zero. This 
leaves us with the moment of i?, and, since the sum of all the 
moments must be zero, this must be zero also. But the moment 
of F about 0 can only be zero if its line of action passes through 
this point, which accordingly it must do. 

Wo can therefore state: If a body is in eqnilihrvnm under the 
action of three forces^ 7vhich are not parallel^ the lines of action of 
the forces meet in a point. 

In our next experiment we shall find that this condition is 
satisfied (Art. 103). 

Note that, since wc are confining our attention in this book 
almost entirely to forces acting in one plane, we have considered 
the above foi*ces as so acting. Asa matter of fact, it is a further 
essential condition for equilibrium that the lines of action of the 
three forces should lie in one plane. How would you verify this 
by experiment ? 

At the same time we may add that neither of the above 
conditions, which apply to three forces, is essential in the case 
of a body in equilibrium under the action of four or more forces. 

One instance of the practical significance of the condition 
proved above is this: if we know the lines of action of two of 



Fig. 128. 
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the three forces, which produce equilibrium, we can find the line 
of action of the third, providing we know its point of application. 
For example, consider the equilibnum of thcj bell-crank lever in 
Fig. 128. The lover is pivoted at C, and its arms aro pulled, in 
the directions shewn, by the forces P and Q. If the weight of 
the lever is negligible, the only force acting upon it, in addition 
to P and is the reaction of the pivot acting through G, To 
find the direction of this reaction, we produce the lines of action 
of P and Q to meet in 0, Now, since the lines of action of all 
three forces must meet in a point, the reaction R of the pivot 
must act through 0, and hence its line of action is given by GO, 

102. Representation of a force by a straight line. 

In drawing the position-diagram of the forces acting on a body, 
it has been our custom to represent each foT*ce in direction by 
a straight line, and in sense by an arrow-head placed on this 
line. But to specify a force completely we must also give its 
magnitude. This information about a force wo can also convey 
on paper by the same line as that which indicates its direction, 
by cutting off a measured length of the line to represent, on any 
convenient scale, the number of lbs. wt. in the force. For instance, 
if we take 1 inch to represent 1 lb. wt., a force of 3 lbs. wt. will be 
represented in magnitude by a straight line 3 inches long; on 
a sc«ale of 1 cm. to 1 lb. wt., a straight line, 10 ’3 cms. in length, 
can be employed to represent a force of 10*3 lbs. wt. In Fig. 129, 
the line ojy, 1 *2 ins. long, represents 
on a scale of 1 inch to 10 lbs. wt., a 
force of 12 lbs. wt. acting in a 
direction making an angle of 35° 
with the horizontal, the arrow-head 
indicating that the force acts from 
X to y. 

The beginner must be careful 
always to bear in mind that the straight line is merely a symbol 
for the force, designed to present in a graphic form what we know 
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about that force. It is advisable therefore at first to avoid such 
abbreviations as ‘the force x'lf and to use always the full expression 
‘ the force represented by xy? 

In drawing any force-diagram, that is, a diagram in which 
lines are used to repi’esent forces hath in magnitude and direction, 
we shall as a rule draw the diagram quite separate from the 
diagram of the body on which the forces act. The object of this 
is to prevent any risk of confusing lines which represent forces 
with lines which do not. 

103. Practical demonstration of the Principle of 
the Triangle of Forces, We will now describe an experi- 
ment with a body which is in equilibrium under the actions of 
three inclined forces, the object of the experiment being not only 
to verify that tlie lines of action of the forces meet in a point, 
but to demonstrate the law governing the relative magnitudes of 
tlie forces. 

Exp. 1. Set up the apparatus shewn in Fig. 75 a on p. 133. 
Instead of a sheet of cardboard, however, it is better to use a 
sheet of glass having its upper surface ground or frosted, and 
having a number of holes drilled through it at various points 
near its edge. Place the sheet of glass on the steel balls which 
rest on the glass top of the table, and level the table carefully. 

Notice that the body is quite free to move horizontally, for its 
weight and the reaction of the balls are vertical forces which 
have no direct effect in a plane at right angles to them ; their 
indirect effect, namely, rolling friction, is also negligible. If we 
now maintain the body in equilibrium by applying to it hori- 
zontal forces, we may disregard the balanced vertical forces, and 
may consider the equilibrium as brought about by the horizontal 
forces only. 

Attach three strings to the sheet of glass by passing hooks, 
fastened to their ends, through any three of the holes. Pass 
these strings over pulleys clamped to the edge of the table and 
attach to their lower ends any three weights which will keep the 
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body at rest. You will find that this is always possible provided 
that any two of the weights selected are together greater than 
the third. 

Allow the sheet of glass to take up its position of equilibrium, 
being careful to adjust the plane of each pulley wheel so that the 
string enters its groove in this plane. 

Make certain that the friction of the pulleys is negligible by 
displacing the body slightly in various directions and observing 
that it always comes to rest in the same position, when released. 

Fig. 130a presents a bird’s-eye view of the apparatus. Now, 



(a) Fig. 130. ' (5) 


placing a ruler alongside each horizontal string in turn, produce 
the directions of these strings on to the surface of the glass, thus 
obtaining the lines of action of the three pulls. 

You will find in all cases that these lines of action intersect 
at one point, thus verifying the condition which we have already 
proved necessary for equilibrium (Art. 101). 

Mark against each line the magnitude of the pull which acts 
along it, and remove the sheet of glass. 
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Suppose that the weights selected are 2, 3 and 4 lbs., so that 
the respective forces acting on the body are 2, 3 and 4 lbs. wt. 
The lines of action of those forces are indicated by OA^ OB and 
OC in the position-diagram in Fig. 1306. 

Now make the following construction on the surface of the 
glass, separate from the position-diagram. Draw a line parallel 
to OC and, taking a scale of 1 incdi to 1 lb. wt., mark off 
along this line a length xy of 4 inches, xy will represent in 
magnitude and direction the force of 4 lbs. wt. Indicate the 
sense of this force by an arrow. Through the ends of this line 
xy draw lines paralk‘l to the directions of the two remaining 
forces. Thus, in the figure, yz is drawn parallel to OA^ and zx 
to OB. These lines intersect in z and a triangle xyz is obtained. 

Place arrows on yz and zx to represent the senses of the forces 
of 2 and 3 lbs. wt., acting in these directions; note that tlie three 
arrows follow o'ue another round the triangle. 

Measure 2/51. You will find that its length is 2 inches, yz 
therefoi'e represents the force of 2 lbs. wt., not only in direction, 
but also in magnitude. 

Similarly, on measuring zx^ you will find that its length is 
3 inches, and that this line therefore represents fully the force of 
3 lbs. wt. 

The triangle xyz, the sides of which repi’esent the three forces 
in magnitude, direction and sense, is called the force-diagram or 
the triangle of forces. 

It should be noted that this triangle can also be constructed 
by drawing yz parallel to OB, and zx parallel to OA. 

Draw the triangle in this manner, and shew that, in this case 
also, the sides represent in magnitude the forces to which they 
are respectively parallel. 

This experiment should be repeated, first using the same 
weights and taking a different scale on which to represent the 
forces, and then with other sets of weights. 

You will find that similar results are obtained in every 
case. 
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From these ex])eriuieiits wc arrive at the following con- 
clusions : 

If a body is in equilibrium under the action of three inclined 
forces^ and straight lines are drawn parallel to the lines of action 
of these forces^ so as to form a triangle, then the sides of this 
triangle will represent, on some scale, the magnitudes oj the forces; 
or in other words, the lengths of the sides of the triangle will he 
proportional to the forces. 

Also, if the senses of the forces are indicated by arroivs placed 
on the sides, the arrows follow one another round the triangle. 

We will call this the Principle of the Triangle of Forces, 

8ecing that any three inclined forces which kecj) a body in 
equilibrium can be represented by the sides of a triangle, it is 
clear that the sum of the magnitudes of any two of the forces 
must be greater than that of the third force which balances 
them, for any two sides of a triangle arc together greater than 
the third side. 

What are the directions and senses of three forces producing 
equilibrium, when the sum of the magnitudes of two of the forces 
is equal to that of the third 1 

Many problems dealing with the equilibrium of bodies under 
the action of three forces may be conveniently solved by the 
application of the above principle. It is clear that we only need 
sufficient data to enable us to draw the force-diagram for the 
forces acting on the body in any given case, since this diagram, 
when drawn, gives us the relative directions and magnitudes of all 
the forces. 

104r. Miscellaneous exercises and experimentB on 
the Triangle of Forces, To find the tensions in two inclined 
cords supporting a load, 

Exp, 2. Fasten three cords to a ring 0 (Fig. 131). Attach the 
ends of two of these cords to spring-balances which are suspended 
from fixed supports at A and B, On the end of the third cord 
hang a weight of 7 lbs. 
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Now use the principle of tlie triangle of forces to determine 
the tensions in the cords OA and OB. 

To do this, consider the equilibrium of the ring. The weight 
of tliis ring is so small in comparison with the other forces acting 
upon it, that we may neglect its effect. With this proviso, the only 
foi'ces acting on the ring arc the pulls of the tliree cords; and we 
know that the pull of the vertical cord is 7 lbs. wt. 



To obtain the directions of these forces, pin a sheet of paper 
to a board placed vertically behind the cords and mark upon it 
two points under each string, taking these points as far apart as 
possible. Remove the paper and draw straight lines through 
these pairs of points. If this is done accurately these straight 
lines will be found to meet in a point. You will thus obtain the 
position-diagram giving tlie lines of action of the forces. To 
draw the force-diagram, choose a convenient scale, such as 
1 cm. to 1 lb. wt., and, drawing a line parallel to 0(7, mark off 
on this line a length xyoi 7 cms., to represent the known vertical 
force of 7 lbs. wt. Indicate by an arrow on this line the sense of 
the force. 

Through the ends of this line draw lines parallel to OA and 
OB respectively so as to form a triangle xyz. 

On yz and zx place arrows so that they follow the first 
arrow round the triangle. 
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Measure yz and zx. The lengths of these sides in cms. 
represent in lbs. wt. the magnitudes of the pulls of the cords OB 
and OJ, acting on the ring. The values of these pulls also 
measure the tensions in these cords respectively, for these pulls 
are equal and opposite to those whicli the ring exerts on the cords. 
Your results will be found to agree with the readings of the 
balances at B and A respectively. 

105. Alternative solution using the Principle of 
Moments. To keep in mind the application of the principle of 
moments, and to illustrate its agreement with that of the tiiangle 
of forces, you are advised to find the tensions in the cords OA 
and OB by applying this principle also. Proceed as follows. 

Bxp. 3. Denote by P lbs. wt. the tension in Od, and by 
Q lbs. wt. the tension in OB. Consider the forces acting on the 
ring (Fig. 132 a), and take moments of all these forces about some 
point D in OB. Since D lies in the line of action of the 
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moment of this force is zero, and you have 
P xp = 7 X k, 

where p and k are the perpendiculars drawn from D to the lines 
of action of the forces P and 7 lbs. wt. respectively. 

These perpendiculars can be drawn and measured on the posi- 
tion-diagram ; or may be found directly from the apparatus with 
sufficient accuracy by marking a point D on tlie cord OB with a 
pin, and by measuring the perpendiculars from this point to the 
directions of the other cords with a large set square consisting of 
two scales fastened at right angles to one another. This will be 
understood from Fig. It326, which shews how the set square is 
held to nieasur(3 l.he perpendicular jj. Measure the perpendicular 
k in the same* manner and hence w'ork out the value of the force P. 

Similarly by taking moments about some point in the line 
OAy find the value of Q, 

The results thus obtained will be found to agree with those 
obtained by applying the principle of the triangle of forces. 

106 - Jib Crane- The principal parts of a crane are the 
jib AB, the post AG^ and the tie-rod BC (Fig. 133). 

The jib is a beam pivoted at A to the lower part of the post. 

The post is mounted on a horizontal table which can rotate, 



Fig. 133. 




17 
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SO that the crane can hoist a load out of a ship, and then, turning 
through an angle, lower it on to the wharf. 

The tie-rod sui)ports the jib by connecting its upper end to 
the top of the post. 8 is a heavy weight which helps to counter- 
poise the weights of the load and the jib. 

The load is hoisted at the end of a chain which passes over 
a pulley at the end of the jib down to a winch. In the diagram 
the winch is omitted and, for simplicity, the load is considered to 
be suspended from the pin B. 

Suppose this load to be 2 tons. Our purpose is to shew how 
to determine the stresses set up in the jib and the tie. 

Assuming that we can neglect the weights of these members, 
we see that they are kept in equilibrium only by the forces 
exerted upon them by the pins at their ends and hence the 
stresses in them must be in .the directions of their lengths (Art. 
18, p. 26), and it is clear that the jib is in compression and the 
tie in tension. These stresses wdll be known when we know the 
force with which the jib pushes, and the force with which the 
tie pulls, on the pin B, 

Our best plan therefore will be to consider the equilibrium of 
the pin B, The forces acting on this pin are (1)2 tons wt. acting 
vertically downwards, (2) the pull Toi the? tie acting in the direction 
BO, (3) the thrust R of the jib acting in the direction AG, 

The relative directions of these forces are shewn in the posi- 
tion-diagram, which can be drawn to scale when the angles CBA 
and DBA have been measured. 

We now proceed to draw xyz, the triangle of forces, as 
before. 

The lengths of yz and zx in inches give us the magnitudes in 
tons wt. of the thrust R of the jib and the pull T of the tie 
respectively. Since these forces are equal and opposite to those 
which the pin exerts on the jib and the tie, the values of R and 
T give us the stresses in these members. 

Exp, 4. Use a model crane such as that shewn in Fig. 134. 
This model is provided with spring-b?i»lances hy means of which 
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the stresses in the jib and tie can be road off. It is also con- 
structed so that the inclinations of the jib and tie can be varied. 

Suspend a known weight from the end of the jib, and adjust 
the balances so that there is a direct pull on the upper one and 
a direct tlirust on the lower one. 

State what forces are acting on the pin at the head of the jib. 
Proceed, as described above, to draw the position-diagram, 
and by means of this, the force-diagram for these forces. 



By measuring this force-diagram, determine the thrust of the 
jib, and the pull of the tie, on the pin. The magnitudes of these 
forces denote also the stresses in these members. 

These results will be found to be somewhat smaller than the 
readings of the spring-balances owing to the effect produced by 
the weight of the jib itself. However, if the readings of the 
balances before the weight is put on be subtracted from the 
readings after, the differences will be found to agree closely with 
the results determined by the graphic method. 

17—2 
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107. Wall Crane. In Fig. 135 is shewn a wall crane 
such as is used in smithies. The horizontal jib AB and the tie-rod 
CB are pinned together at i?, while their other ends are pinned 
at A and C to a vertical rod which is supported by, and can turn 
in, vertical bearings. 



A pulley is suspended from the trolly which runs on the jib, 
and the diagram shews a load of 5 cwt. being hoisted by a pull 
exerted vertically downwards on the end of a chain which 
passes over the pulley and carries the load at its other end. 
Neglecting the friction of the pulley, the tensions in the two sides 
of the chain are the same and hence produce a downward force 
of 10 cwt. on the jib at D. 

Note that this force tends to bend the jib which is therefore 
not subjected to simple compression only, and the reaction of the 
pin A on the jib will not be in the direction of its length AB, 
Our purpose is to shew how to find the direction and magni- 
tude of this reaction, and also the tension in the tie. We shall 
leave out of consideration effects produced by the weights of the 
various parts of the crane itself. 
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In this case we consider the equilibrium of the jib, and pro- 
ceed to draw to scale the position-diagram giving the lines of 
action of the three forces acting upon it. The line of action of 
the pull T of the tie on B intersects the line of action of the force 
of 10 cwt. at 0. AO now gives us the line of action of the 
reaction It of the pin at A, since the lines of action of all three 
forces must intersect at the same point. 

Knowing the directions of all three forces and the magnitude 
of one of them, we can now draw tiie force-triangle xyz^ as in the 
preceding examples. 

yz and zx now represemt tlu; forces R and T respectively, on 
the sariHJ scak^ as xy ^'presents the force of 10 cwt. 

108 . Wheelbarrow on incline. As a further example 
to illustrate the application of the triangle of forces we will shew 
how to solve graphically tlie following problem. 

Fig. 1 36 a is a diagram (drawn to scale) representing a wheel- 
barrow being pushed up an incline. We are given the total 
weight of the barrow, namely 150 lbs., and the position of the 
centrci of gravity G. 

The forces acting on the barrow arc (1) the weight of 150 lbs. 
acting vertically downwards through G, (2) the normal reaction 
R of the plane on the wheel, and (3) the force P which must be 
applied at A, 

(There are r-eally two equal forces acting on the two handles 
at A, but we shall suppose these forces to be replaced by an 
equivalent single force P acting midway between them.) 

It is required to find the direction and magnitude of /*, and 
the magnitude of R, 

Since the diagram is drawn to scale we can draw upon it the 
position-diagram of the forces acting on the barrow. 

The reaction R acts at right angles to the plane and inter- 
sects the line of action of the weight at 0. AO gives the line of 
action of P, for the lines of action of all three forces must pass 
through the same point. 
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"Knowing the directions of all three forces and the magnitude 
of one of them we can now draw, as before, the force-triangle xyz 
(Fig. 136Z#). That is, we draw xy to represent the known weight of 

R 


(a) 


A 


I 

I 

I 

I 

X 


y 

Fig. 13C. 

150 lbs., and through the ends of this line we draw lines parallel 
to the lines of action of li and P, to intersect at «. 

yz and zx now represent the forces R and P respectively, on 
the same scale as xy represents the weight. 

109. Balancing-force and Resultant of two inclined 
forces. Referring to any of the foregoing cases of a body in 
equilibrium under the action of three forces, it is obvious that we 
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can look upon any one of these forces as balancing the other 
two. Also, since the forces are in each case represented by the 
sides of the corresponding force-triangle, it is clear that if two 
sides of a triangle are drawn to represent in magnitude, direction 
and sense two given forces, then the third side will represent 
their balancing-force. 

Exp. 5. To iliusti'ate the graphical method of finding the 
balancing-force of two given forces, suspend a load of 4 lbs. from 
about the centre of a stiff light rod, the weight of which is com- 
paratively small and need not be taken into account. Attach a 



string to the rod at a point A near the end, pass it over a fixed 
pulley and load its other end with 2 lbs. Pig. 137 (i). 

We will suppose that it is required to keep the rod in the 
horizontal position shewn in the figure, by balancing the two 
forces acting upon it with a third force applied to the rod by 
means of a string. 

Where must this string be attached, and in what direction, 
and with what force, must it be pulled? 
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Draw to scale the position-diagram for the two known forces 
acting on the rod, and produce the lines of action of these forces 
to meet in JiJ, Fig. 137 (ii). 

To obtain the force-triangle xyz^ Fig. 1 37 (iii), draw the lines 
xy and yz parallel to the directions of the forces of 4 lbs. wt. and 
2 lbs. wt. respectively, representing them in sense and in magni- 
tude to a scale of 1 cm. to 1 lb. wt. Join zx] this third side repre- 
sents in magnitude, direction, and sense, the balancing-forfee 
required. Measuring zx w(‘. find it is 3*3 cms. long, and therefore 
represents a force of 3*3 lbs. wt. The line of action of the 
balancing-force of 3*3 lbs. wt. must pass through E (Art. 101), and 
is therefore the line EF^ drawn parallel to zx and cutting AC in 
E. If a string is attached to the rod at tlie point represented 
by F in the diagram, and this string is pulled in the direction 
EF with a force whose magnitude is 3*3 lbs. wt., the rod will be 
found to be in equilibrium. To verify tliis, connect a spring- 
balance by a string to the rod at tin? point indicated. You will 
find that on pulling the other end of the balance in a certain 
direction the rod can be kept at rest in the position shewn in the 
figure. Having obtained the position, road the balance, and 
measure the angle which the string makes with the rod. Comparci 
these results with those obtained graphically. 

In addition, since this force of 3*3 lbs. wt. could itself be 
balanced by a force of 3*3 lbs. wt. of opposite sense, it is clear 
that the two given forces of 4 and 2 lbs. wt. acting together are 
equivalent to a force equal and opposite to their balancing- force ; 
in other words, their resultant is a force of 3*3 lbs. wt. acting in 
the direction and sense indicated in Fig. 137 (ii) by the line EG, 

We see then that the third side of the force -triangle repre- 
sents also the resultant of the two given forces, provided that the 
arrow placed on this side opposes the arrows on the other two 
sides. 

When using this graphic method for finding the resultant of 
forces we shall signify the line representing this resultant by 
placing a double arrow upon it as shewn in Fig. 137 (iv). 
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To sum up : if iioo firrces, acting on a rujid hody^ he repre- 
rented in magnitude^ direction, ami name hy two nides of a triangle^ 
with arrows following i then the third side of this triangle repre- 
f^ents their h(d ancing force or tJwir resultant, according as the 
arrow this line follows^ or opposes, the arrotcs on the first 
two sides. 

Tn Article 71 we shewed how to find the i-esultant of parallel 
forces. Articles 7 1 and 72 sliould be read again carefully now. The 
conclusions of Article 71 are given again here for convenience; 
they are: 

When a body is in equilibrium under the action of a number of 
parallel forces in one plane, die resultant of these forces is their alge- 
braic sum, and the line- of action of the resultant is such that the 
moment of the resultant about any point in the plane is equal to the 
sum of the moments of the constituent forces about the same point, 

110. Polygon of Forces, We have shewn how to find the 
resultant of two forces by the ‘triangle of forces.' We may wish 
to find the resultant of tliree, four, or more forces which all meet 
at a point. Suppose the forces are A, B, C, 1), etc., in certain 
known directions. First, by the triangle of forces we find the 
magnitude and direction of the resultant of one pair of these 
forces, say A and B, and we know that the line of action of the 
resultant of A and B j)asses through tlie conimon meeting point 
of all the forces; so we may replace A and B by their resultant 
and call this rcvsultant 11. Next, and again by the triangle of 
forces, we find the resultant of R and tlie force C, and call this 
second resultant P, then F is the resultant of A, B, and (7; and 
so we go on, one step at a tiim^, until we have found the resultant 
of all the forces. Tlic following is an example in which we require 
to find the resultant of three forces. 

In Fig. 138 (a), B and G are two fixed supports; at A there is 
a pin through a light frictionless pulley; 1) is a, frictionless guide 
pulley. A weight of 9 lbs. is hung from the pin at A. A weight 
of 5 lbs. is hung from a cord which passes over the pulley at B, 
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round the pulley at A and is secured to (7. The pin at A is secured 
by a cord to B. The pulley A comes to a position of equilibrium 
as shewn in tlie figure. A G makes an angle of 20“ above the horizon- 
tal and AD an angle of 30“ below the horizontal. We require to 
find the direction and magnitude of the pull in the cord AB, We 
suppose the pulley at A is very small and that all the forces mec^t 
in one point. 



Four forces act on the pulley at A. We know the magnitude and 
direction of three of these four forces; they are: 

(1) A force of 9 lbs. wt. vertically downwards. 

(2) A force of 5 lbs. wt. along AD making an angle of 30“ 
below the horizontal. 

(3) A force of 5 lbs. wt. along AG making an angle of 20“ 
above the horizontal. (In practice these angles are 
measured with a protractor placed behind the cords.) 

The fourth force is the pull of the cord AB; we do not know its 
magnitude and we will suppose that we have not measured its 
direction. 
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The resultant of the first three forces is equal and opposite to 
the fourth, that is to say it acts through along the direction BA 
and is equal in magnitude to the ])ull of the cord AB\ so when 
we have found the resultant of the first three forces we can verify 
it experimentally by measuring with a spring-balance the pull of 
the iiordAB^ and Muth a protractor the direction of this cord. 

Our problem then is to find the resultant of the three forces along 
AW, AD, Mid AC, 

Take first the forces alongi4(^ and and find their resultant 
by the triangle of forces; this triangle is shewn in Fig. 138 6 
drawn to scale. OP is drawn parallel to AC and 5 units long 
to represent a force of lbs. wt., PQ parallel to AD and also 
5 units long. OQ therefore gives us the magnitude and direction 
of the resultant of the two forces of 5 lbs. wt. and the line of action 
of this resultant is through J. OQ makes an angle of 5" below the 
horizontal and its length is 9 units ; so the resultant of the two 
forces of 5 lbs. wt. is a force of 9 lbs. wt. through A at an angle 
of 5” below the horizontal. We may test our result up to this point 
as follows: 

Attach a light cord to the pin at A and pass it over a friction- 
less pulley at F which is so arranged that the cord from A to F 
makes an angle of 5° below the horizontal ; now hang a weight of 
9 lbs. to the cord over the pulley at F and at the same time remove 
the cord CAD and you will find that the pulley .^1 comes into the 
same position of equilibrium as before. 

OQ represents in magnitude and direction the force of the cord 
along which is the resultant of the two pulls of 5 lbs. wt. along 
AG and AD which it has replaced. 

Now draw the triangle of forces to find the resultant of the force 
of 9 lbs. wt. along AF and that of 9 lbs. wt. vertically downwards. 
QR is drawn parallel to AW and 9 units long. OR now represents 
in magnitude and direction the resultant of the weight of 9 lbs. 
and the force along AF; therefore it represents the resultant of 
the three original forces 5 lbs. wt. along AC, 5 lbs. wt. along AD, 
and 9 lbs. wt. vertically downwards. 
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Since OR represents the resultant of the three forces it follows 
that RO represents the pull in the cordil/i to wliich the resultaiit 
of the three forces must be equal and opposite. Measuring in 
Fig. 138ft we find that RO makes with QR the same angle that 
BA does with IF. 0R\^ 13*3 units long and therefore represents 
a force of 13*3 lbs. wt. and by inserting a spring -balance in the 
cord AB we find that the pull in this cord is also 13*3 lbs, wt. 

The pin at ^ is in equilibrium under the action of four forces. In 
the quadrilateral OFQR, 07^ was drawn to represent in magnitude, 
direction and sense the force along AC^ PQ represents the force 
along AD^ and QR represents the force along A IF. We have drawn 
three sides of a quadrilateral to represent successively in magni- 
tude, direction and sense three out of the four forces which 
keep the pin at A in equilibrium. W^e find that the fourth sid(5 of 
the quadrilateral repr*esents in magnitude, direction and sense the 
fourth force j or, the fourth side taken in the opposite direction 
represents in magnitude, direction and sense the resultant of the 
first three. 

This method of finding the resultant of three forces may be 
extended to four or five or any number of forces, and accordingly 
our quadrilateral becomes a pentagon, hexagon or other polygon, 
having as many sides as there are forces keeping the body in 
equilibrium. If we are to find the resultant of N forces acting on 
a body we draw N sides of a polygon representing respectively in 
magnitude, direction and sense the jF forces; then the line which 
closes the polygon represents in magnitude, direction and sense: 

(a) the resultant of the N forces, 
or (ft) the equilibrant of the JSf forces 

according as it is taken in a direction opposite to or the same way 
round the polygon as the directions of the N forces. 

No new principle is involved here. We have only extended the 
triangle of forces by successive steps. In combining the forces 
two at a time by the ‘triangle’ it clearly makes no difference in 
what order we select our pairs, and so if we draw a polygon with- 
out actually completing any of the constituent triangles we may 
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take the forces in any order provided the sense of the line on the 
polygon is the same as the sense of the force on the body. 

• It is very important at this point to be sure what we have done 
and what we have left undone. We have shewn how to find the 
resultant of parallel forces; wc have also shewn how to find, by 
the ‘triangle,^ the resultant of two forces in one plane which are 
not parallel {Le. two forces which meet at a point) and as an ex- 
tension of this we have shewn how, by the polygon, we may find 
the resultant of three, four or any number of forces in one plane 
which meet at a point. We have not considered a number of 
forces which meet at a point and are not in one plane, neither 
have wc considered a number of forces which are in one plane and 
not parallel but do not all meet in one point. We may be able 
with a little ingenuity, and with the knowledge we already have, 
to solve certain problems on forces not all in one plane or not con- 
current but in this book we shall not consider these cases in a 
general way. It is just as well however to realise that the polygon 
rule, as we have expressed it on page 268, does not apply to non- 
concurrent forces. 

For example, suppose a body is in equilibrium under the action 
of three forces Q and R whose directions meet at a point 0, 




Fig. 139 a, and these forces are represented in direction and 
magnitude by the sides p, q and r of the triangle in Fig. 139 b, 
Suppose also that the forces P, Q and R remain of the same mag- 
nitude and direction, but that one of them, say P, is moved in its 
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line of action so that I\ Q and R no longer meet at a point, but 
now their lines of action intersect in pairs at a, h and c, Fig. 1 39 c. 
Clearly the body shewn in Fig. 

139 c is not in equilibrium, for 
the r’esultant of any pair of the 
three forces is a force equal and in 
the opposite direction to, but not 
in the same straight line as, the 
third force; and so this system of 
three forces reduces to a couple 
whose moment is equal to tlie pro- 
duct of any one of the forces and 
the perpendicular distance on to 
this force from the point of inter- 
section of the other two. Yet the forces l\ Q and E in Fig. 1 39 c 
ai’e represented in direction and magnitude by the lines /->, q and 
r in Fig. 139 5 just as those forces are in Fig. 139 a. 

If we had attempted by means of the ‘polygon’ to find the 
resultant of the three forces represented in Fig. 139 c, we should 
have found that the first three sides of our polygon closed and 
might have come to the quite wrong conclusion that these three 
forces had no resultant, whereas their resultant is a couple. 

111. Examples illustrative of the Triangle and 
Polygon. 

Ex. 1. In Fig. 140 a, which is not drawn to scale, a gangway AB^ 
30 feet long, has its centre of gravity at (?, 
distant one foot from the middle point of 
AB, The gangway is hinged to a wall at 
Ai and at high water rests on rollers which 
are mounted on a floating landing stage at 
J), At low water the top of the landing 
stage falls to the horizontal position D', 
and the gangway then rests on it by means 
of the rollers B, We shall neglect the 
dimensions of the rollers and all friction and find the direction and magni- 
tude of the thrust of the wall at A and of the lauding stage upon the gangway, 
at high and at low water. 
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D and D' are eight feet above and below the level of A respectively, and 
A is 20 feet distant from 1)D\ The weight of the gangway is 2000 lbs. 

The position-diagrams of the forces are drawn to scale for both the high 
water and the low water conditions, in Fig. 140 h. 

(1) High water condition. 

The gangway is acted upon by three forces : 
fa) The weight of 2000 lbs. vertically downwards throngji G. 

{b) The thrust of the roller at 1) ; and since the roller is friction less the 
direction of this thrust must be at right angles to the line AB; so 
DN is drawn perpendicular to AB. 

(c) The thrust of the hinge at A. 



(b) Fig. 140. 


The directions of the first two forces meet at N and it therefore follows 
that the third and only remaining force through A must also pass through N, 
AN is therefore the direction of the thrust at A at high water. 

In order to hnd the magnitude of the reaction at A we draw the triangle 
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of forces for the three forces on the gangway under which this is in equilibrium. 
We know the directions of all the three forces and the magnitude of one of 
them, so we can draw the force-triangle OPQ^ Fig. 140 c. OV is drawn 
10 cms. long to represent on a scale of 1 cm. — 200 lbs. the weight of the 
gangway. FQ is drawn parallel to AN and QO is drawn parallel to BN, 

By scale FQ is 4 *75 cms. long and therefore rci)rcscnt8 a force of 950 lbs. wt. 
QO is 6*25 cms. long and therefore represents a force of 1250 lbs. wt. So the 
reaction at ^ is a force of 950 lbs. weight and makes an angle of 29° with the 
vertical. The reaction at B is 1250 lbs. wt. and makes an angle of 22° with 
the vertical. 

(2) Low water condition. , 

In this condition the end of the gangway is supported on the rollers at 
and since this roller is on the gangway and frictionless, the thrust of the stage 
on the gangway is vertical ; the weight of the gangway is vertical, therefore 
the only remaining force, which is the reaction of the hinge at A, must also 
he vertical. So in the low water condition the gangway is in equilibrium under 
the action of three forces, but this time the three forces are parallel. 

In order to find the magnitude of the forces we take moments about A. 

The reaction at A has no moment about A, 

The moment of the weight of the gangway about A is 2000 lbs. wt. 
X.4S— 2000x 14*7 lbs. ft. and is clockwise. 

The moment of the thrust of the stage at B is X x /lT=s Jx 28*9 lbs. ft. 
and is counter-clockwise. 

Hence X= 1017 lbs. wt. 

2o'y 

It follows that the thrust of the hinge at .4 is a force of 98B lbs. wt. 

fix. 2. In Fig. 141 a there is shewn a pair of pulley blocks carrying a 
load of 600 lbs. and itself supported by tw^o ropes along AB and AE, We 
will find the tensions in the supporting ropes, assuming that the pulleys are 
frictionless. 

Since the pulleys are fnctionless, the pull on the free end of the rope 
from the upper block will be 200 lbs. wt. 

The three pieces of rope which lie between the upper and lower blocks 
exert a resultant force on the lower block which must be vertically upwards 
and equal to the weight of 600 lbs. ; therefore they exert on the upper block 
a resultant force equal to the weight of 600 lbs. vertically downwards. (We 
are assuming that the blocks themselves are of negligible weight.) 

Thus we may regard the upper block as in equilibrium under the action 
of four forces which meet in the point A. If therefore we represent three of 
these four forces by three sides of a polygon (quadrilateral), taken in order, 
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the fourth side of the polygon taken in the same order will represent the fourth 
force. 

In Fig. 141 h the line OP is drawn 6 cms. long, vertically to represent 
in magnitude, direction and sense the resultant force of the three vertical 
cords upon A ; PQ is drawn parallel to AG and 2 cms. long. The force along 
AD is represented in direction by a line in the direction QR parallel to AD, 
We do not yet know the magnitude of the force in AD, so we cannot yet 
determine the length of QR. But wherever R may be, we know that the 
fourth side of the polygon, that is to say RO, must be parallel to AE, So 
we draw a line through O parallel to A E, and the point where this line meets 
the line through Q parallel to AD is R; so now QR and RO represent in 
magnitude, direction and sense the forces exerted by the ropes along and 
AIJ. By scale QR is C cms. long, therefore the rope AD exerts a force of 
600 lbs. wt.; RO is 3 cms. long, therefore the rope AE exerts a force of 
300 lbs. wt. 



112. Problems solved by drawing congecutively 
two or more force"diagrams. Suppose that, having drawn 
the force-diagram for the forces acting on a body we have 
thereby found the force exerted upon it by another body J5. 
Since A reacts on i? with an equal and opposite force, we now 
know one of the forces acting upon B, and this may possibly 

18 


M.&K. 



274 Force-Triangle [cii. 

enable us to draw the force-diagram for this body. This applies 
also to cases in which the two bodies are not in direct contact, 
but act upon one another through the medium of a link, sucli as 
a cord or liglit rod, this link being in sijuple tension or compression. 
The following examples will make this clear. 

Loaded cord (Fig. 142). A cord is fastened to fixed supports 



at L and 0 and is loaded at M with a weight of 7 lbs., and at N 
with an unknown weight If. 

Given the directions of the parts of the cord, it is required to 
find the tensions in them and also the weight W, 

We first consider the equilibrium of the knot at M. The 
position-diagram for the forces acting upon it is shewn within 
the circle drawn round it. By drawing ab to represent the 
known force of 7 lbs. wt. and then drawing through the ends of 
this line parallels to MN and ML we obtain the force-triangle ahe. 
The side be represents the pull of the part of the cord MN and 
hence gives us the tension in this part. Likewise ca gives us the 
tension in ML, 

We now consider the forces acting on the knot at N, Having 
found the tension in MN vfe know the pull of this part of the cord 
on N and hence can draw the force-triangle def. By measuring 
df and fe we obtain the value of the tension in NO and the 
magnitude of If, respectively. 
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Exp. 6. Fit up the above arrangement, introducing a spring- 
balance into each part of the cord. Draw on paper the directions 
of all the parts of the cords by measuring the angles between them 
at M and N with a protractor. Proceed, as shewn above, to find 
graphically the tensions and the weight W, 

Compare these results with the readings of the balances and 
the magnitude of W found by direct weighing. 

113- Framework of jointed bars- Fig. 143 a shews 
a braced support consisting of four bars freely pinned to one 



Fig. 143(a). 


another at their ends, the pins at L and 0 being carried by 
brackets fixed to a vertical wall. 

It is required to find the stresses set up in the various bars 
when a load of 10 cwt. is suspended from the pin at M. 

We have already explained (Art. 18, p. 26) that, leaving 
out of consideration the weights of the bars and any friction at 
the joints, each bar is in equilibrium under the action of two 
equal and opposite pulls or pushes, exerted upon it in the direc- 
tion of its length, by the pins at its ends. That is, each bar is 
a simple strut or tie, and is itself exerting equal and opposite 
reactions on these pins. 

By considering the equilibrium of successive pins we can find 
graphically what these forces are and hence the stresses in the 
various bars. 

We first proceed to draw a diagram of the structure to scale 

18-~2 
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(Fig. 143 6). Wo then start with the pin i/, for we know the 
magnitude of one of the forces acting upon it. By di*awiiig ah 
to represent the force of lOcwt. and then drawing through the 
ends of this line parallels to ML and J/W, we obtain the force- 
triangle ahc. 




If the scale chosen is 1 cm. to 1 cwt., it will be found that ac 
measurt^s the same as a6, namely 10 cins., and he measures about 
14*1 cms. We learn tlien that the bar ML is pulling on the pin 
with a force of 10 cwt., and is therefore under a tension of 
10 cwt. ; and the bar MN is subjected to a compressive stress of 
14'1 cwt., for this is the magnitude of the force with which it is 
pushing the pin. But this must also be the magnitude of the 
force with which this bar pushes on the pin N in the direction 
MN. Hence, we can now draw the force-triangle def for the 
forces acting on N. 

If, using the same scale as before, de is made 14*1 cms. long, 
it will be found that fd has the same length, and that ef measures 
20 cms. We learn then that the member NL is a tie under a 
tension of about 14*1 cwt. for this is the magnitude of the pull it 
exerts on W; and ON is a strut under a compressive stress of 
20 cwt. 

If the directions and senses of the forces represented in the 
force-diagrams are shewn on the diagram of the structure, it is 
advisable to draw the arrows near the pins and enclose them in 
a circle, as shewn in Fig. 143 6, to make it quite clear that these 
refer to the forces acting on the pins. These arrows, however, are 
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unnecessary if we denote by a symbol the nature of the stress in 
each bar as soon as it is known. Thus, as soon as we find that a 
bar is pushing on a pin, we put the sign + against it to signify 
that it is a strut. Similarly, if we find a bar is pulling on a pin, 
we signify that it is a tie by putting the sign - against it. 

The stresses in the various members should be tabulated thus: 


Member 

Strut or tie 

Stress 

LM 

tie 

10 cwt. 

MN 

strut 

14-1 „ 

LN 

tie 

141 „ 

ON 

strut 

20 „ 

1 


Additional exercises. 

(1) Determine the reaction of the wall on the pin L, both by drawing 
the force-triangle for this pin with the help of the above results ; and also, 
considering the whole structure as a single body, by drawing the force- 
triangle for the external forces acting upon it. 

(2) Check the above result for the compressive stress in ON by 
considering the equilibrium of the whole structure LMNO, and taking 
moments, about L, of the external forces acting upon it. 

Structures, such as the above, which are built up of bars or 
rods jointed together at their ends, are called ‘ framed structures * 
or ‘frames’; they are much used in practice, especially for sup- 
porting roofs and bridges. The engineer, in designing such a 
structure to support a given load, or system of loads, first utilises 
the principles of Statics to determine (as we have indicated) the 
maximum stresses to which the various members will be sub- 
jected. Having ascertained by experiment the strengths of the 
materials he intends to use, he is then in a position to design the 
shape and size of each member so that it shall be sufficiently .stiff 
and strong for its purpose. Moreover, by making the margin of 
safety the same for all members, he avoids waste of material and 
ensures that no part of the framework shall be unnecessarily 
cumbrous. 



CHAPTER IX 

RESOLUTION OF FORCES 

114. The effects of a single force in two directions 
at right angles to one another. In some statical problems 
it is convenient to think of a force as replaced by two other forces 
which are at right angles to one another, and together in their 
effect equivalent to the single force. The convenience lies in the 
fact that of two forces at right angles to onti another, neither has 
any effect in the direction of the other. It often happens that a 
body is constrained to move in a particular direction, though the 
force which produces the movement may be inclined at an angle 
with the direction of the movement. 

For example the effective pressure of the wind on the sails of 
a boat may be regarded as of two parts or components, mutually 
at right angles; one, in the direction of the keel towards the bows 
— the useful part — drives the boat along; the other, at right 
angles to the keel — the useless part — causes the boat to drift to 
leeward ; the effect of the latter is minimised by the large surface 
which the side of the boat presents to the water in this direction. 



Fig. 146. 


In Fig. 1 45 the direction of the effective force exerted by the 
wind is shewn by the arrows FF while the direction of the wind 
itself is shewn by the arrow W. 
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Another example is of a barge drawn by a horse along a canal. 
The horse pulls in a direction inclined to that in which the barge 
is to go. The effect of the horse’s pull may be regarded as of two 
components, one in the direction of motion along the canal, and 
the other at right angles to the line of the canal; the component 
in the direction of motion is useful; the component at right 
angles to the line of the canal would pull the boat into the bank, 
and must be counteracted by the rudder which, setting the bows 
of the boat away from the towing path, induces the water of the 
canal to press on the side of the boat nearest the towing path, and 
so keep the boat away from the bank. 


Tomng Paih 



Fig. 146. 


Anoiln^r example is of a roller pulled up an inclined plane by 
a rope whose direction is horizontal and therefore inclined to the 
direction of motion. It is convenient to regard the force of the 
rope as equivalent to two forces at right angles to one another; 
one, the useful component, parallel to the plane, and the other 
perpendicular to the plane which has no direct effect in the direc- 
tion of motion. 



Another good example is found in the mechanism of the 
piston-rod, slipper, and connecting-rod of a reciprocating engine. 
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In this instance, in the position shewn in Fig. 148, the back 
thrust of the connecting-rod on the crosshead is inclined to the 
direction of motion of the crosshead. At any instant the thrust 
of the connecting-rod is balanced by two forces, that exerted by 
the piston-rod, and that exerted by the slide on the slipper. I'he 
piston-rod can only exert a force along its own length and there- 



fore can only balance the ‘component^ in this direction of the 
thrust of the connecting-rod. The slide, if it is very well lubri- 
cated, can only exert a force on the slipper at right angles to 
the plane of its surface and at right angles to the direction of the 
force of the piston-rod, and is balanced by the ‘component’ in 
this direction of the thrust of the connecting-rod. 

115 . To measure experimentally the rectangular 
components of a force. We intend now to shew how we may 
find the value of two forces at right angles to one another, and 
together exactly equivalent to a single force. We shall use the 
name ‘Components’ for the two forbes which are mutually at 
right angles and together equivalent to the single force. The 
components may be in any direction provided they are at right 
angles to one another. 

A hole is bored with a gimlet in the centre of a large board, 
and the board is supported on a nail driven through the hole into 
the wall as shewn in Fig. 149. A weight W is suspended by a 
string from a ring, and the ring is hung on the nail in front of 
the board. The nail now exerts a force of W lbs. wt. vertically 
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Upwards upon the ring. We can replace the single force of the 
nail on the ring by two forces exerted on the ring through strings 
by two spring-balances attached to nails at A and so arranged 
that the lines of these two strings arc at right angles to one 



another. The readings of the spring-bcalances tell us the compo- 
nents in two directions of the vertically upward force of W lbs. 
wt. formerly exerted by the nail. The particular values of the 
two components will depend on the angle at which the board is 
set on the nail. If we set A vertically over 0, the spring-balance 
at A will read W lbs. wt. and that at B will read zero ; if we set 
OA horizontal, the spring-balance at A will read zero and that 
at B will read W lbs. wt. We may arrange OA to make with the 
vertical any angle we like between these two positions. 

(Whatever angle 6"^ OA makes with the vertical, OB will make 
an angle with the vertical which is the complement of this, 
90 ** -- ^^) 
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Before we make a series of measurements, we may notice two 
things : 

(1) The more nearly one of the components is parallel to the 
original single force, the more nearly is it equal to that force. 

(2) Except when one of the components is parallel to the 
original single force and the other consequently zero, the sum of 
the two components is always greater than the single force. 

The original single force of which we find the comi)onents is 
commonly called the ‘ resultant ^ of these components. 

(As the board is swung round on the nail, the forces exerted 
by the spring-balances change, causing the spring-balances to 
extend more or less according to the tension which is upon them. 
This extension of the spring-balances may be enough to distort 
the right angle between the strings; if so, the difficulty may be 
overcome by attaching the outer ends of the spring-balances by 
strings, not tie/l to A and Z?, but over A and B to small cl(\ats or 
catches like those used for window-blind cords; in this way the 
lengths of AO and BO may be (juickly adjusted so as to bring tiie 
ring central over the nail and therefore preserve the right angle.) 

Let us set the board of Fig. 149 in position so that the pull 
of the spring-balance at A makes an angle of 30'’ with the vertical 
line; and let us hang a weight of 10 lbs. at C. The spring-balance 
at A registers 8*7 lbs. wt. and that at B registers 5 lbs. wt. If 
the ring were supported on the nail, the nail would exert a foi-ce 
vertically upwards on the ring equal to 10 lbs. wt. The forces of 
8*7 lbs. wt. along OA and 5 lbs. wt. along OB exactly replace a 
vertical upward force of 10 lbs. wt., therefore they are, in this 
position {i,e, when OA makes an angle of 30'’ with the vertical), 
the components of a force of 10 lbs. wt. 

116 . Relation between a force and its compo nents. 

In order to find the relation between a force and its components, 
we use the apparatus and the results of the experiment described 
in the previous article. First, for convenience of drawing, we 
pin a piece of paper on the board behind the strings. 
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With centre 0 and radius 10 centimetres, draw the arc of a 
circle as shewn in Fig. 150. Produce the vertical line of the 
string CO to cut the circle at Z>. OD represents in magnitude, 



direction and sense, to a scale of 1 cm. = 1 lb. wt., the vertical 
force of 10 lbs. wt. with which in the fii'st instance the nail 
supported the ring. 

Draw D3I, perpendicular to the lines OA and OB. 

The ring is in equilibrium under the action of three forces, 
(1) the weight of 10 lbs. vertically downwards, (2) the force of 
8*7 lbs. wt. along OA, and (3) the force of 5 lbs. wt. along OB, 
Taking moments about the point D, and observing that the weight 
of 10 lbs. has no moment about D, we have 

8-7x = 

8*7 _ ND 

Mir 

Measuring ND and MD, we find they are 8*7 cms. and 5 cms. 
respectively. If we had drawn the circle with a different radius, 
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the lengths of ND and MD would have been different though 
still in the same proportion. 

We make the length, in cms., of 01) represent the magnitude, 
in lbs. wt., of the vertical upward force, and we find that in these 
circumstances the lengths of the sides ND and MD, or, for it is 
the same thing, the lengths of the sides OM and ON, represent, 
also in cms., the magnitudes in lbs. wt. of the component 
forces. 

If we make similar measurements for different directions of 
the components, that is to say for different values of the angle 
MOD, we always find the lengths OM and ON represent the 
magnitudes of the corresponding components on the same scale as 
that on which OD represents the force of 10 lbs. wt. 

From the geometry of the right angled triangle, it follows 
that the sum of the squares of the magnitudes of the com- 
ponent forces is equal to the square of the magnitude of the 
resultant. 

To treat the same question by trigonometry is even simpler. 
In Fig. 150 OM represents in magnitude and direction one of the 
components of the vertical force, and ON the other on the same 
scale as OD represents the vertical force. If a is the angle which 
the right-hand component makes with the resultant, and jl the 
angle which the left-hand component makes with it, we have 

ON ~ OD cos a and OM — OD cos ji, 

that is to say the magnitude of a component of a force in any 
direction is equal to this force multiplied by the cosine of the 
angle between the force and the component: it is in fact the 
‘ projection ’ of the force upon the line of the component. 

117- Resolution- A particular case of the Force- 
Triangle. We may regard the resolution of a force into its 
rectangular components, or the composition of two rectangular 
components into a resultant, as a particular case of the Force- 
Triangle which we discussed in the last chapter. 
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Fig. 150 of Article 116 illustrates a particular case of the 
Force-Triangle. In this case the angle AOB is 
a right angle. 

In the genera] case described in Art. 104, 

Fig. 131, AOB was any angle. 

If in this particular case of Art. 116 we 
draw a triangle of forces xyz (Fig. 151) in 
which xy^ yz and zx represent tlie forces exerted 
on the ring at 0 by the weight IF, the spi-ing- 
balance at i?, and the spring-balance at A, the 
angle yzx is a right angle, yz and zx represent 
in magnitude and direction the rectangular 
components of a vertical upward force of W 
lbs. wt. Thus 

zx ~ W cos 0 lbs. wt. 
yz = TF cos 4 lbs. wt. 

118 . Example of resolution of a force. A body on 
an Inclined plane. Set up a plane inclined at an angle of (say) 
35” with the horizontal, and place on it a roller, whose weight we 
will suppose is 4 lbs. The arrangement is shewn in Fig. 152 a, 
There the roller is fitted with a stirrup pivoted loosely at the ends 
of a thin rod which passes axially through it. The roller is 
supported on the plane by a string parallel to the plane, attached 
to the stirrup, and passing over a pulley at the top of the 
plane. 

Weights are attached to the end of the string so that the 
roller will rest wherever it is placed on the plane, and will 
move up and down the plane with equal ease when it is set in 
motion. 

The forces which keep the roller in equilibrium are, (1) its 
weight (4 lbs.) acting vertically downwards through its centre of 
gravity, which is the middle point of the axis ; (2) the pull P of 
the string which acts through the middle point of the axis 
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parallel to the plane; and (3) the reaction R of the plane at right 
angles to the plane (Fig- 152^). 



o 



Of these three forces, two, R and P, are mutually at right angles; 
we will therefore calculate the components of the force of 4 lbs. 
wt. in directions parallel to R and R. 

The construction is as follows : 

Draw a line OV i inches long to represent the weight of the 
roller ; draw ON and OL in the directions of the components, 
that is to say parallel respectively to R and P; draw VL and VN 
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perpendicular to OL and ON, Thus the components of the weight 
in directions parallel to R and V are represented in magnitude by 
the lengths OL and ON^ Fig 152 c. 

OL is OV cos 55° - 4 cos 55° - 2*29 inches, 

ON is OV cos 85° = 4 cos 35° = 3*28 inches. 

The components of the force of 4 lbs. wt. are therefore : 

2*29 lbs. wt. parallel to the plane, 
and 3*28 lbs. wt. perpendicular to the plane. 

The body is in ecpiilibriurn under the action of one set of 
forces parallel to the plane and anotlier set of forces perpendicular 
to the plane, and these sets of forces being mutually at right 
angles are independent of one another. 

'Jlierefore the component of the weight parallel to the plane 
is e(pial and opposite to R, and that perpendicular to the plane is 
0 (jual and opposite to R; therefore 

R = 2-29 lbs. wt. 
and - 3*28 lbs. wt. 

This value of R will be found to agree closely with the weight 
on the end of the string. The value of R may be verified experi- 
mentally with a spring-balance as drawn in Fig. 152 a. 

119. To find the resultant of a number of con" 
current forces. In Chapter VII T we have shewn how to find, 
by the triangle or polygon of forces, the resultant of a number of 
inclined forces. 

It is often more convenient to choose first two directions 
mutually at right angles and find the components in these 
directions of each of the concurrent forces. In this way if we 
begin with 3 or 4 concurrent forces, by resolution of each of 
them we may have as many as 6 or 8 forces, but all of these now 
in two directions only. Separating the two sets, we find the 
resultant of each of them by algebraic addition. This leaves us 
with two forces at right angles to one another, and these two we 
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recombine into one single resultant. The following is a numerical 
example: 

A body is under the action of three forces, 8 lbs. wt., 2 lbs. 
wt., and 6 lbs. wt., meeting at a point 0 and acting in the direc- 
tions shown in Fig. 153. 



To find the resultant, let each force be replaced by its com- 
ponents parallel to OX and OY ; the body may then be regarded 
as in equilibrium under the action of six forces, three parallel to 
OX and three parallel to 0 F, 

The six forces are : 

Parallel to OX 

8 cos 20° = 7*9 lbs. wt, to the left, 

2 cos 45° = 1 '42 lbs. wt. to the right, 

6 cos 60° = 3*0 lbs. w^t. to the right. 

Parallel to OF 

8 cos 70° - 2*74 lbs. wt. upwards, 

2 cos 45° = 1 *42 lbs. wt. upwards, 

6 cos 30° = 5*2 lbs. wt. downwards. 

Adding separately the vertical and horizontal components, we 
have: 
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The sum of the components parallel to OX is 3’48 lbs. wt. to 
the left. 

The sum of the components parallel to OY is 1*04 lbs. wt. 
downwards. 

Combining these two components into one resultant, we find 


from Fig. 154; 

The resultant R makes with the 
line OX' an angle whose tangent is 
1*04 

therefore the angle is 16" 

3*4o 

40'. 



^-104 cos 73” 20' = 


1-04 

0~287 


= 3 63 lbs. wt. 


120. Examples. In this paragraph we give two examples 
(»f problems solved by the method of “ resolution.’’ 

Bx. I. A uniform bar AB, 3 feet long, weighing 8 lbs., is supported in a 
horizontal position on a prg at 
0, 1 foot from B, and by a cord 
AD which makes an angle of 30° 
with the vertical; in this posi- 
tion the bar is on the point of 
slipping. We are to calculate 
the tension in the cord, and the 
coefficient of friction for the 
surfaces of the bar and the peg. 

(Fig. 156.) 

The forces which act upon Fig, 155. 

the bar are : 

(1) its weight, 8 lbs. vertically downwards at O; 

(2) the tension, T lbs. wt., of the cord at A ; 

(3) the force exerted by the peg at C, Jfi lbs. wt. 

Here then we have a body in equilibrium under the action of three 
forces. We might deduce at once the direction of the force R a.t C; then 
solve by the triangle to find the magnitudes of the pull T and of the force B; 
then resolve R into its vertical and horizontal components to find the force 
of friction, and the vertical reaction at C, and hence find the coefficient of 
friction. 



M.&K, 
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It is just as easy to begin by resolving all the forces into their compo- 
nents in two directions. Because, in order to find the coefficient of friction, 
we must consider the relation of the horizontal force of friction to the 
vertical component of the thrust of the peg at (7, we choose these two direc- 
tions for resolving. 

We do not know the magnitude or direction of the force 7^, so wc call its 
vertical and horizontal components Jin and ¥. Both these act through C ; 
lln is the normal reaction, and F is the force of friction. 

Ilesolving T vertically and horizontally, and calling these components 
and , we have : 

T„=0*8G6r and 1\=0‘5T. 

The weight of the bar, 8 lbs., is already in the vertical direction. 

The system of forces now reduces to two, 

(1) three parallel vertical forces ; 

(2) two opposite horizontal forces. 

Using the method of Article 71 for parallel forces we have, by moments 


about Af 

lln X 2 = 8 X 1*5, 

whence 

Jln=0 lbs. wt.; 

also 

Tj,-f 6 = 8, 


0-866r=2 

and 

r=2*31 lbs. wt. 


From the opposite horizontal forces we have : 

F=T,,=0-5r=l*155 lbs. wt. 

F 1-155 

The coefficient of friction = ^ = —^— = 0-192. 

Jin D 

In an example of this kind we shall be guided by circumstances in our 
choice of method. If we have a drawing board and instruments handy we 
may find it quicker to solve by drawing the triangle ; if not the method of 
resolution is probably the quicker. 

Many problems can be solved either by the triangle of forces 
or by resolution; sometimes one method is better, sometimes the 
other, and often there is little to choose between them. The follow- 
ing example is specially interesting, for tliough we cannot solve 
it directly by the force triangle, we can solve it easily by resolu- 
tion. 
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Bx. 2. In a particular position of a reciprocating engine the force of the 
piston-rod on the crosshead is 1000 lbs. wt,; the coeificient of friction 
between the slide and the slipper is 0*20; the connecting-rod makes an angle 
of 12 degrees with the centre line of the piston-rod. We are to find the 
thrust of the connecting-rod on the crosshead. (We have chosen an unusually 
high coefficient of friction for convenience of numbers.) 



Fig. 156. 


The forces acting on the crosshead are three : 

(1) The force of the piston-rod, 1000 lbs. wt. 

(2) The thrust of the connecting-rod, and of this we know the direction 
but not the magnitude. 

(3) The reaction of the slide on the slipper of the crosshead, and of this 
we know neither the magnitude nor the direction. 

Thus for the triangle of forces we know one side and the direction of 
another; not enough to determine the triangle and therefore not enough to 
solve our problem. 

The reaction of the slide on the slipper of the crosshead is compound, of 
two components, (a) the normal reaction exclusive of the force of friction, 
and (5) the frictional reaction which is equal to the normal reaction multi- 
plied by the coefficient of friction. We can prove from this that the direction 
of the total force of the slide on the slipper of the crosshead makes with the 
normal to the surface of the slide an angle whose tangent is equal to the 
coefficient of friction ; but to prove this we must use the principle of resolu- 
tion, that is to say the mutual independence of forces at right angles to one 
another. 

Suppose T lbs. wt. is the thrust in the connecting-rod. We resolve this 
thrust into its components (a) parallel to the centre line of the piston-rod, 
and (h) normal to the surface of the slide. 


The components are : 


(u) T cos 12®; 
(h) r cos 78°. 


19—2 
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Taking the components in these two directions of the reaction of the slide 
on the slipper, these are {c) the normal reaction which we will call Rn, and 
(d) the force of friction parallel to the slide which is 0*2 x Bn. 

Of the original three forces we have replaced two by their components 
parallel or perpendicular to the direction of the piston-rod. 

Parallel to the direction of the piston-rod there are : 

1. The force of the piston-rod to the right, 1000 lbs. wt. 

2. The force of friction to the left, 0*2 x Bji lbs. wt. 

3. The component of the thrust of the connecting-rod to the left, 
T cos 12° lbs. wt. 

Perpendicular to the direction of the piston-rod we have : 

1. The normal reaction of the slide on the slipper, Rn lbs. wt. upwards. 

2. The component of the thrust of the connecting-rod downwards, 
T cos 78° lbs. wt. 

These two systems of forces are at right angles to one another and inde- 
pendent of one another, therefore 

Rn==T COB 78° 


and 1000=0*2 X r cos 12°. 

Combining these two equations we have ; 


T (cos 12° -f 0-2 cos 78°) = 1000, 
T (0-9781 + 0*2 X 0*208) = 1000, 


The reader may very likely come across problems to be solved by resolu- 
tion, in which he has some difficulty in making up his mind what pair of 
directions to choose for resolving. It is however, at least in real problems, 
usually a question of a body which is constrained to move in a certain direc- 
tion though acted upon by forces inclined to this direction. Many of the 
more difficult examples are so because * friction’ comes into the problem 
and though a force at right angles to the direction in which a body must 
move cannot directly affect motion yet indirectly it does through its effect 
upon the force of friction. This consideration alone would lead us to choose 
for our directions of resolution, the direction of motion and the perpendicular 
to this. 
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Examples VIII and IX. 

1 . A weight is bung from a small ring. The ring is supported by strings 
attached to two spring-balances, and these strings make angles of and 
40° with the vertical. The spring- balance attached to the former string 
reads 8 lbs. wt., that attached to the latter reads 6*25 lbs. wt. Draw the 
position-diagram and the force-diagram and from the latter determine the 
weight of the body. 

2 . A weight of 10 lbs. is supported by two strings inclined to the vertical. 
One string is inclined at an angle of 55° to the vertical, the tension in the 
other is 10 lbs. wt. Find the tension in the former string and the angle of 
inclination of the latter to the vertical. 

3. A piece of fine steel wire is attached to two opposite points on the 
walls of a room. At first the wire is slack. A weight of 10 lbs. is hung from 
the middle point of the wire, and then the two halves of the wire are found 
to be inclined to the horizontal at angles of 5°. Find the tension in the wire. 

4 . A body rests on a rough horizontal plane. Two horizontal forces act 
on the body, a force of 10 lbs. wt. towards the North, and a force of 8 lbs. 
wt. towards the South East. If the body remains at rest, find the force of 
friction between the plane and the body. 

6. A door is supported by two hinges A and B (Fig. (a)), all the weight 
being taken by the upper hinge. The hinges are 5 feet apart. The weight of 
the door is 50 lbs. and its c.g. is 2 feet from the vertical line through the 
hinges. Find the magnitude and direction of the forces exerted by the door 
on each hinge. Assume that the hinges are frictionless. 



(o) 
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6 . A uniform bar AB ^ feet long and weighing 12 lbs. is hinged to a 
wall at A and kept in position by a light horizontal rod DA’ which is hinged 
both at D and A (Fig. (d)). 

What is the direction of the force exerted by the rod DA on the bar AB? 
Find, by drawing, the magnitude and direction of the forces on the bar at A 
and D. 





7 . In a certain position the piston-rod of a steam-engine exerts on the 
crosshead a horizontal force of 200 Ib.s. wt. In this i) 08 ition the slide exerts 
on the crosshead a force which is vertically upwards. The connecting-rod is 
inclined to the horizontal at an angle of 20° (Fig. (r)). Find the magnitude 
of the force exerted by the slide on the crosshead and by the connecting-rod 
on the crosshead. 



S//cle 

W 


8 . A bar AB 10 feet long weighs 8 lbs. ; its c.o. is at D ; it is hinged to 
a vertical wall at B, and rests oh a roller on smooth horizontal ground at A 
(Fig. (d)). 



ix] Examples 295 

Find the magnitude of the vertical force exerted by the ground on the 
roller and the magnitude and direction of the force exerted on the rod at Ji 



{d) 

9 . A picture weight' 20 lbs. and is supported by a cord over a hook. The 
angle between the parts of the cord is 70°. Find the tension in the cord. 

10. Find, by drawing, the resultant of the four forces shewn in Fig. (e). 
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11 . A pulley, Ay is supported by two steel cables, AB and ACy each 
secured to holdfasts at B and C, and inclined at 40" to the horizontal. A 
load of 2500 lbs. is being held as shewn, the other end of the rope B going 
to a windlass. The angle between the two parts of the rope is 30° (Fig. (/)). 

Calculate the tensions in and AC, 



(/) 

12 . A weight of 10 lbs. is suspended by two cords which make angles of 
20" with the vertical and horizontal respectively. Find the tensions in the 
cords. 

13 . Two cords mutually at right angles support a body. The tensions 
in the cords are 21 lbs. wt. and 28 lbs. wt. respectively. Find the weight of 
the body which the cords support, and the angles which the cords make with 
the vertical line. 

14 . A weight of 50 lbs. is suspended by a wire from a point in the 
ceiling. A string attached to the weight is pulled horizontally until the wire 
comes to a line making an angle of 25" with the vertical. Find the tensions 
of the wire and the string. 

14 . Two strings at right angles to one another support a weight ; the 
tension in one of the strings is equal to half the weight. Find the direction 
of this string. 
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16 . The wind exerts on the sails of a boat a pressure which is equivalent 
to a force of 800 lbs. wt. in a direction which makes an angle of 40° with the 
fore and aft line of the boat. What is the component of the wind’s pressure 
in the direction of the boat’s course? What is the effect of the other com- 
ponent of the wind’s pressure, and what is its magnitude in lbs. wt.? 

17 . A toboggan weighing 20 lbs. is to be pulled up a slope of 1 in 6 
(1 up in 6 along the surface of the slope) by a cord parallel to the surface of 
the slope. Assuming that the force of friction is negligible, find the pull of 
the cord. 


18 . The toboggan of Ex. 17 is pulled up the slope by a boy with the cord 
over his shoulder. The cord makes an angle of 20° with the surface of the 
slope. Find the tension in the cord. 

19. ^ kite whose weight is 3 lbs. floats in the air with its planes making 
an angle of 40° with the horizontal. The pressure of the wind on the kite is 
normal to the surface of the planes and equivalent to a single force of 5 lbs. 
wt. Find the vertical and horizontal components of the wind’s pressure and 
the magnitude and direction of the pull of the string which secures the kite. 

SO. The buoyant force of the air upon an observation balloon is 800 
lbs. wt. The weight of the balloon with its load is 500 lbs. The balloon 
is anchored at a height of COO ft. by a line which is 1000 ft. long and almost 
straight. Find the pull of the line and the horizontal pressure of the wind 
on the balloon. 

21. A block weighing 60 lbs. can be just moved on a horizontal plane by 
a horizontal force of 16 lbs. wt. What force acting at 30° to the plane will 
be required to produce motion ? 

22. A roller is to be pulled up an inclined plane by means of a handle 
which is kept parallel to the plane. If the weight of the roller is 224 lbs., 
and the inclination of the plane to the horizontal is 15°, determine the force, 
acting parallel to the plane, that must be exerted on the handle. What 
force does the roller exert on the plane? The friction between the roller and 
the plane may be neglected. 

23 . A block of wood weighing 6 lbs. rests on a plane which is inclined 
to the horizontal at an angle of 25°. What horizontal force must be applied 
to the block in order to cause it to move directly up the plane (a) neglecting 
friction, {b) having given that the coefficient of friction is 0*25? 

24 . A window is pushed up by a pole inclined at 30° to the vertical. 
If the force exerted along the pole is 12 lbs., what is the force urging the 
window up, and what is the force urging it against the sash? 
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36 . A body whose weight is 16 lbs. rests on a plane which is inclined to 
the horizontal at an angle of 25°. What is the force of friction between the 
plane and the body? What is the normal component of the force exerted by 
the plane on the body? What is the total force exerted by the plane on the 
body? 

36 . A horse draws a sleigh, which wciglis 1500 lbs., up a slope of 10°. 
The traces are inclined at 15° to the surface of the slope (25° to the hori- 
zontal) ; the pull of the traces is 360 lbs. wt. 

Find the component of the pull in the traces, 

(a) parallel to the slope; 

{b) perpendicular to the slope ; 

and calculate 

(c) the magnitude of the force of friction ; 

(d) the coefficient of friction between the surfaces. 

37 . Explain briefly how an aeroplane is sustained in the air. 

38 . Which is the easier, to pull or to push a roller across a soft lawn ? 
Give reasons. 

39 . Is it easier to push a roller with a long handle or with a short one? 
Give reasons. 

80 . A uniform boom AC (Fig. (g)) weighing 5 cwt. is hinged at C and 
supported at .d by a rope AB, Calculate the tension of the rope. 



31 . A block of metal weighing 10 tons rests on a horizontal plane. 
Forces of 3 cwt. and 2 cwt. are exerted on the block by ropes whose directions 
make angles of 40° and 20° with the plane (and with the horizontal axis of 
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the block) and are just sufficient to keep the block moving with uniform 
velocity (Fig. (//)). 

Calculate the force of friction between the plane and the block, and the 
coefficient of friction. 



32 . Fig. (i) illustrates a mechanism for producing great pressure. B is 
a fixed point. Botation of the wheel F causes the screwed rod G to move 
out to the right, and thereby causes the plunger 1) to exert a pressure on E, 
AB and AC are each 10 inches long. The centre of A is half an inch 
from the line joining BC, 

If D exerts a force of 30 tons on calculate the forces exerted on the 
pin at A by the rod AC and by the rod G, 
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33. Fig. (J) skews a form of toggle joint commonly used in hand print- 
ing presses. 



(J) 

A is fixed. A vertical force applied at J) causes a thrust at C which can 
only move in a horizontal direction. The link AB is the same length as 
BC, 

What horizontal force at C will be caused by a vertical force of 20 lbs. 
wt. at B (friction in the joints being inappreciable) when the angle BAC is 
16° ? Shew that the force at C will become larger and larger as the angle 
BA C becomes smaller and smaller. 

34. Forces of 8 lbs. wt., 2 lbs. wt., and 4 lbs. wt., whose directions meet 
at a point, act upon a body as shewn in Fig. {k). 



Si 

(k) 


Eesolve each of the three forces into its components along the K.S. and 
E.W. lines and so find the resultant of the three forces both in magnitude 
and direction. 

85. A roller X weighing 10 lbs. is placed on a smooth plane AB inclined 
at 20° to the horizontal (Fig. (1)), 

If the roller X is connected by a cord XBY passing over a pulley at D to 
a second roller Y whose weight is 14 lbs. and which rests on a smooth plane 
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BCy determine at what angle the plane BC must be inclined for the two 
rollers to remain at rest. XD is parallel to AB and T)Y is parallel to BC, 


D 



36 . A ladder^ AB^ 30 feet long rests with one end B on rough horizontal 
ground, and the other end A against a smooth vertical wall. The ladder 
weighs 80 lbs., its c.o. is at a point C 10 feet from /i, and it slopes at an 
angle of 30"^ with the vertical wall. 

Find, by moments, the force exerted by the vertical wall on the ladder 
at i, and find, by resolution, the force exerted by the ground on the ladder 
at B, 

37 . A man drags behind him a rope 60 feet long. Part of the rope, 42 
feet long, is on the ground; the rest hangs in a curve from the man’s 
shoulder to the ground. 

If, at the man’s shoulder, the rope is inclined at 60° to the horizontal, 
calculate the value of the coefficient of friction. 


38 . Fig. (m) represents a barge being towed along a straight canal. 



The forces acting upon the barge are as follows : 

p, the tension of the tow-rope. 

r, the component parallel to the bank of the resistance of the water acting 
on the barge and its rudder, 

g, the component perpendicular to the bank of the resistance of the water 
acting on the barge, 

the component perpendicular to the bank of the resistance of the water 
acting on the rudder. 

Suppose jp to be 100 lbs. wt., calculate the values of r and s. 
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89 . A pulley block A is supported by two ropes AB and A C (Fig. (n)). A 
rope from a winch at I) passes over the pulley and carries a weight of 
120 lbs. The pulley at A is supposed to be frictionless. 



Find the tensions in the supporting ropes AB and AC\ 


MISCELLANEOUS EXAMPLES 

1 . Loads are lifted by a crane, the rope passing over a drum 2 ft. diameter. 
On the drum shaft there is a spur gear with 116 teeth gearing into a pinion of 
23 teeth on another shaft. On this shaft is also keyed a gear of 100 teeth 
meshing with a pinion of 25 teeth on the shaft which carries the handle. The 
handle is 18 ins. long. An effort of 100 lbs. on the handle raises a weight of 
one ton uniformly. Find the efficiency of the crane, the velocity-ratio, and 
the energy wasted in raising a ton through one foot. 
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2. Fig. (a) represents an arrangement for hauling a heavy truck up a 
slope. 

Calculate the pull at P necessary to move the truck, neglecting friction. 



3 . In a certain machine the velocity-ratio was found to be 40, and the 
following results were observed : 


Weight lifted (IP lbs.) 

160 

300 

450 

600 

! Applied Force (P lbs.) 

10-6 

17-0 

23*5 

30 1 


Plot a curve shewing the relation between P and IT, and thence find an 
equation giving P in terms of W. Find the applied force required to lift a 
load of 370 lbs. and thus calculate (1) the mechanical advantage, (2) the 
efficiency at this load. Find also the energy lost in overcoming friction while 
this load is raised 2 feet. 

4 . What do. you mean by the ‘Transverse Metacentre’ of a ship? 
Explain why the position of this metacentre, with regard to the Centre of 
Gravity, is a measure of the stability of the ship for small angles of heel. 
Why is this not the case for large angles of heel? 

What heel will be caused by moving a load of 50 tons athwartships a dis- 
tance of 10 feet, in the case of a ship displacing 10,000 tons and whose trans- 
verse metacentric height is 4 feet? 

6. In the tenth book of Vitruvius it is stated that a device for conveying 
large blocks of stone to their destination was to enclose them in wooden oases 
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of cylindrical form, so that they could be rolled along the ground by men, or 
if furnished with pivots at each end, could be drawn by horses. 

Now, suppose two similar blocks of stone, each 30 feet long, 5 feet wide and 
5 feet deep (as used in the Great Pyramid), were enclosed in solid cylindrical 
wooden cases, one having its sides and the other its ends in the faces of the 
case : find the horizontal pulls (in tons) which must be applied at the centres 
of the cases when they meet an obstacle 1 inch high. 

The diameters of the cases are 34 and 10 feet. The stone and wood weigh 
140 and 50 lbs. per cubic foot respectively. 

6 . A uniform gate w^eighs 180 lbs., and its centre of gravity, G, is 3^ feet 
from the line joining the hinges, which are 3 feet apart. The weight of the 
gate is entirely supported by the lower hinge. Find, graphically or otherwise, 
the forces exerted on the gate at the hinges in magnitude and direction. 

7. If a rigid body is kept in equilibrium by three forces, what is the rela- 
tion between the moments of the three forces about any point in their plane? 

Fig. (6) illustrates the mechanism operating the vertical pump rods of a 
deep well. For the given load and for the position shewn, determine, by taking 
moments about B and E successively, the thrust in the coupling-rod AT) and 
the value of the force B necessary to maintain equilibrium. The positions of 
the points may be obtained by pricking through on to your paper ; friction and 
the weights of the mechanism may be disregarded. 
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8 . For various loads W lifted by a crane the corresponding efforts E 
applied are as below. If the velocity-ratio is 220, find the law of the machine 
and draw a load-efficiency curve. 


w 

...tons 

1 

2 

2‘5 1 

5 

7 

10 

E 

... lbs. 

i 

43 

58 

63 , 

95 

120 

157 


9. A steam launch has a water-plane of 280 sq. ft. 

The launch is being hoisted out of the water on a single rope. 

Calculate the tension of the rope when the launch has been raised 10 inches 
from its normal position, assuming the area of the water-plane to remain un- 
changed. 

10. A horizontal shaft carries a flywheel and is turning in bearings 
which are an easy fit and unworn. Shew that contact occurs along a 
horizontal line such that the plane through this line and the axis of the 
shaft is inclined at an angle tan~^ /x to the vertical, /u being the coefficient of 
friction between the shaft and bearings. The only load on the shaft is its 
weight and the weight of the flywheel. 

11. The vertical ram of an hydraulic lift is BO square inches in section. 
The friction of the guides and leather packing for the ram amounts to a 
vertical force of 100 + 6p lbs., whore p is the water-pressure in lbs. per square 
inch. The total weight of the ram and lift is 1900 lbs., and of this, 1000 lbs. 
is balanced by weights hung over frictionless pulley wheels. 

If a weight of 11,000 lbs. is placed in the lift, calculate the least water- 
pressure which will cause it to ascend, and determine the efliciency of this 
mechanism, regarded as a means of raising the 11,000 lbs. load. 

12 . A sailing cutter has a dead weight of 1 ton. Taking the pressure of 
the wind on the cutter as equivalent to a horizontal force of 200 lbs. weight 
making an angle of 40° with the fore and aft lino, and acting 14 feet above 
the centre of buoyancy when heeled, find the angle of heel produced. The 
cutter’s transverse metacentric height is B feet and you may assume that the 
direction of the resultant thrust of the water on the cutter passes through the 
centre of buoyancy. 

13. A piece of metal is being ground down on the rim of a carborundum 
wheel of diameter 8 inches. 

Determine the heat generated per minute if the metal is pressed up 
against the wheel with a radial force of 5 lbs. weight, the speed of the wheel 
being 2500 revs, per minute and the tangential force on the wheel beings 
assumed to be half the radial force. 

[1 B.Th.U. is equivalent to 778 foot lbs.] 


H.&K. 
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14 . A light bar ABC is pivoted at its centre B and carries a 50 lb. 
weight at being kept at an angle of 30® with the horizontal by a horizontal 
force P at C; find the value of this force. What is the reaction at the pivot 
B in magnitude and direction ? 

15 . Comment on the statement made by the Greek mathematician 
Archimedes — “ Give me a fulcrum and I will move the earth.” 

16 . Fig. (c) represents the coupling by means of which a derrick is 
attached to a mast. A pin C passes through the jaws of the derrick and 
through a vertical spindle xi />, which fits into brackets secured to the mast. 



The derrick is inclined at 40° to the horizontal and a thrust of 40 tons 
acts along its axis. Find the reactions of the brackets on the spindle, 
assuming that they act at the points A and Ji, and that the direction of the 
reaction at A is horizontal. The diameter of the spindle is 6 inches. 

17 . The Boman steelyard consists of a lever supported at 0, the weight 
W to be measured being suspended at D. The position of the constant 
weight xo on the graduated bar AG gives the required weight. The steelyard 
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itself weighs 5 Iba., its centre of gravity being at (r. C(t=: 4 ins., GD = S ins. 
and (7^ = 30 ins. w weighs 8 lbs. 

Find (a) The greatest weight that the steelyard can weigh. 

(b) The point along CA that should be graduated zero, i.e., the 
position on the bar CA that w will occupy when there is no weight at I). 

18 . A ship weighs 10,000 tons. A weight of 5 tons (originally on board) 
is shifted 200 feet aft along the fore and aft line, and then 20 feet vertically 
downwards. Find the change in the position of the centre of gravity of the 
ship. 

Explain each step in your working. 

19 . Derive a relationship between the ‘mechanical advantage,’ the 
velocity-ratio’ and the ‘efficiency’ of a machine. 



(d) 

Find the velocity-ratio of the system of pulleys shewn in Fig. (d). 

If a load of ^ ton was just moved by an effort of 3 cwt., what would be 
ihe efficiency of the machine in this particular case? 

20. From mechanical principles explain 

(1) why a horse zig-zags when dragging a heavy load up a hill ; 

(2) what is the force that propels a rowing boat. 

In a sculling boat the length of the sculls is 6 ft. from blade to button 
and 3 ft. from button to hand-grip. 

If an oarsman exerts a force of 16 lbs. weight with each hand when the 
oar is at right angles to the direction of the boat, determine 

(a) the thrust on the rowlocks; 

(b) the total propulsive force on the boat. 


20 — 2 
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21 . A ship of 1000 tons heels through 10°. Find the righting moment 
if the distance between the centre of gravity and transverse mctacontre is 
4 feet 6 inches, indicating by a sketch how the forces act. 

22 . A vertical circular boiler, 5 feet in diameter, has its centre of gravity 
in the axis of figure and stands unsecured on a horizontal bed-plate. In order 
to remove the boiler it is necessary to turn it so that its axis is horizontal, 
and for this purpose a rope is to be secured to the boiler and pulled hori- 
zontally. If the coefficient of friction between the boiler and bed-plate is -4, 
find the least height at which the rope should be secured in order that the 
boiler may just turn over without sliding. 

23 . A ship has a displacement tonnage of 12,000 tons, and her watcr- 
plane area is 18,000 square feet. 

Calculate how much the ship sinks in passing from sea-water, whose 
density is 64 lbs. per cubic foot, to fresh water, whose density is 62-4 lbs. per 
cubic foot. 

24 . Explain what you mean by — 

(^i) the velocity-ratio of a machine ; 

(/j) the mechanical advantage of a machine. 

Describe some form of differential pulley block with which you are 
acquainted, and give directions for calculating from the dimensions its 
velocity-ratio and its efficiency at some assumed load. 

25 . A load of 1 ton is carried by a tackle from the top of a derrick 
20 feet long. The rope from the tackle is led through a snatch-block which 
is made fast to the foot of the derrick. The top of the derrick overhangs the 
foot by 6 feet. The back-guy is secured to a holdfast 40 feet horizontally 
behind the foot of the derrick. A pull of 8 cwt. on the rope of the tackle 
raises the load of 1 ton. 

Find the stresses in the back-guy and in the derrick, neglecting the weight 
of the derrick. 

26 . Part of the trunk of a tree is 16 feet long and rests on two supports. 
The support near the thin end of the trunk is 3 feet from that end ; the other 
support is 5 feet from the thick end. 

A force of 200 lbs. wt. is required to lift the thin end of the trunk. A force 
of 300 lbs. wt. is required to lift the thick end. 

Find the weight of the trunk. 

27 . Explain, with a diagram, what you mean by the ‘Metacentre’ and 
what by the ‘ Metacentric Height’ of a ship. 

Shew that of two vessels otherwise alike, that with the greater meta- 
centric height will be the more stable. 
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AB and BC are two spars held together by a tie-rod AC, The structure 
is supported at A and 6’. B is vertically above AC and carries a load of 
200 lbs. 

Find the supporting forces at A and 0, and the tension in the tie-rod AC, 

28 . In order to lay out a sheet anchor weighing 105 cwt., it is suspended 
under a boat by means of a wire sling in the manner shewn below. The 
anchor is of wrought iron, weighing 480 lbs. per cubic foot (Fig. (c)). Find 
in cwts, the tensions in the parts A , B of the sling. 



If the water-plane area of the boat is 360 square feet, how many inches 
will the boat rise after the anchor has been released? 

29 . For the purpose of raising loaded and lowering empty trucks, two 
parallel lines of rails arc laid on a plane inclined at 10° to the horizontal. 
At the top of the plane is a pulley, 5 feet in diameter, round which passes 
a rope which, running parallel to the plane, has its ends fastened to the 
loaded and empty trucks. The shaft of the pulley is geared up with a steam- 
engine. 

Suppose that five loaded trucks of total weight 8 tons are being raised and 
five empty ones of total weight 1 ton lowered at a steady speed of 3 miles per 
hour, and that the frictional resistance is 10 lbs. wt. per ton. 

Find the tensions in the parts of the ropes that come from the trucks, 
and hence the turning moment that must be applied to the shaft to keep 
the motion steady. 

If the efficiency of the gearing is 80%, find the b.h.p. of the engine. 
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30 . The two upper wheels of a ‘Weston’ differential purchase have 13 
and 12 teeth respectively. Calculate the velocity-ratio of lifting. If the 
efficiency of the purchase is 35%, find what effort is necessary to raise 
half a ton. 

31. The crank of a reciprocating engine is 1 foot long and the connecting- 
rod is 5 feet long; the connecting-rod naakes an angle of 10 degrees with the 
centre line of the engine and the crank an angle of 60 deg. 13 min. with the 
same line, the piston being on the out-stroke and before mid-stroke. 

Calculate the turning moment on the shaft if the piston-rod is subject to 
a compressive stress of 6 tons weight. 



ANSWERS TO EXAMPLES 


CHAPTER I. 

1 . 2 1 in. 2 . 14 1 lbs. wt. 

4. (a) 3*1 in.; (6) 3*8 in.; (c) 8*35 in. 6. Gin.; 7*2 in. 

6. Two equal and opposite forces of 6 lbs. wt. , one exerted by the load, the 

other by the fixed support. 

7. 12 stone. 8. 1 cwt. IQ. 5cwt.,5cwt. 

11 . Balance reads 5 lbs. wt. 12 . 2 lbs. wt. ; 2 lbs. wt. 

13. 105 lbs. wt.; 105 lbs. wt. 16. 8 lbs. wt. ; 15 lbs. wt. ; 11 lbs. wt. 

17. (i) 1*5 lbs. wt. in such a direction as to oppose any motion; (ii) 2 ’8 

lbs. wt. ; (iii) left 10*3 lbs. wt., right 4-7 lbs. wt. ; (iv) 2*8 lbs. wt. 
in each case. 

18. i lb. wt. 22. 11 lbs. w't. 

25. 8 lbs. wt.; 8 lbs. wt. ; two forces, each of 8 lbs. wt., acting inwards. 

26. Two forces, acting inwards, each of 80 lbs. wt. 

27. 10 lbs. wt. ; 6 lbs. wt. 

28. 60 lbs. wt. exerted by the pole, and 60 lbs. wt. by the stake. 60 lbs. 

wt. on the pole, and 60 lbs. wt. on the stake, 

29. 300 lbs. wt. ; 300 lbs. wt. ; 312 lbs. wt. 

CHAPTER II. 

1 . 400 ft. lbs. 2 . 600 ft. tons. 3 . 4480 ft. lbs., or 2 ft. tons. 

4. 221| ft. lbs, 5. I ton wt. 6. 3f ft. 7. 3J ft. 

8. 5 stone. 9. 660 ft, lbs. lO. 475,200 ft. lbs., or 212 ft. tons. 

11 . 5200 ft. lbs. ; 1000 ft. lbs. 12 . 1500 ft. tons. 

13. 33,264 ft. lbs.; or 28*8 ft. tons. 14. 8^ lbs. wt. 

15. 13,200 ft. lbs. 16. 270 ft. lbs. 17. 2800 ft. lbs. ; or IJ ft. tons. 

18. 30,800 ft. lbs. 19. 7333 ft. lbs. 20. 6114 ft. lbs. 

21 . 2016 ft. lbs. ; 16*8 lbs. wt. 22 . 900 ft. lbs. ; 14,230 ft. lbs. 

28. 14*4 lbs. wt. 84. 28 ft. lbs. ; 28 lbs. wt. 

25. 5 lbs. wt. ; 2*5 lbs. wt. 26. The slope is 3 in 10. 

27. 1509 ft. lbs.; 17} lbs. wt. 28. 1120 ft. lbs. 29. 52 lbs. wt. 

80. 2200 ft. lbs. ; 23J^ lbs. wt. 81. 388*8 ft. lbs. ; 39*5 lbs. wt, 

82. 720 ft. lbs.; 45 lbs. wt. 88. 320 lbs. wt. 84. 8^; *417. 

85. *606; *720. 86. 20; SJ; *417. 87. *347 ; *388 ; *471. 88. 6. 

89. 5760 lbs. wt. 40. 211bs. wt.; 11*9. 41. 11*2; *417. 
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42. 

1500 ft. lbs. 

; 940 ft. lbs. 

43. 1-58; -791; 2 lbs. wt. 


44. 

22 lbs. wt. ; 

1232 ft. lbs. 

46. 3; 5; 6; 3. 



43. 

90 lbs.; 150 

lbs. ; 180 lbs. ; 

90 lbs. 



47. 

62*5 lbs. wt. 

; 104*2 lbs. wt. 

62*5 lbs. wt.; 52*1 lbs. wt. 

50. 

720. 

51. 

62. 

' 70; 1. 

53. 50. 53. 71bs. wt.; 

11 Ibg 

5. wt. 

57. 

6*6; 6-05. 


58. 142*2. 59. 

5ir= 

33P. 

30. 

10,180 lbs. wt. ; or 4J tons 

wt. (approx.). 




CHAPTER III. 

6. 15; 7 in.; 528. 6. 11*1 in. 7. 31-8 lbs. wt.; 6947 ft. lbs. 

9. 2682 lbs. wt. lO. 16,090 lbs. wt.; or 7‘2 tons wt. (approx.). 

11 . 128 lbs. wt. 12 . 16*8 lbs. wt. ; 792 ft. lbs. 

13. Friction effect = 1 08 lbs. wt. 14. 24. 16. vel. ratio = 270. 

13. 25*2; 576 to 121; -934. 17. 18*9. 

18. P= 5 + *054 IF lbs. wt. ; 96 lbs. wt. (approx.). 

19. P=*5+ •18irib8. wt. 20. P=-5 4--0081F lbs. wt. ; 18-4 lbs. wt. 

21. P=5-2 + *061F lbs. wt. 22. Friction effect = 3*3 H- *17 IF lbs. wt. 

23. No. The efficiency tends to a maximum value of about *25. 

24. 22*4 lbs. wt. 23. 10° (approx.). 

CHAPTER TV. 

1. 1 lb. wt.; 1 lb. wt. ; 8 lbs. wt. ; 2*8 lbs. wt. 3. 45*5 lbs. wt. ; *337. 
4 . 3 lbs. wt.; 1 lb. wt. ; 4 lbs. wt. ; J lbs. wt. ; 12 lbs. wt. 5. No. 

3. 4*5 lbs. wt. 7. *269. 8. 224 lbs. wt. ; 4480 ft. lbs. 

9 . 12 lbs. wt. 11. 11-2 lbs. wt. ; 112 ft. lbs., and 280 ft. lbs. 

12. *6 lbs. wt. 13. 132 lbs. wt. 14. 7-89 lbs. wt, 

15. 44*8 lbs. wt. 17. 9*8 lbs. W't. 18. 25 lbs. wt. 19. *5. 

20 . *96 ton; 288 ft. tons. 21 . 44*8 lbs. wt. 

22. 3j cwt. , or 672 lbs. wt. ; *1. 23. 15*2 cwt. 24. 1299 lbs. wt. 

25. 5488 ft. lbs. 23. 280 lbs. 27. 11*1 lbs. wt. 28. 5 tons wt. 

29. 1064 tons. 30. 6*86 lbs. wt. ; 1*25 lbs. wt. 

31. 6 lbs. wt. ; 4 lbs. wt. 32. 4*4 lbs. wt.; 2*4 lbs. wt. ; 3*6 lbs. wt. 
83. 99,000 ft. lbs. 34. 64 lbs. wt. ; 57,600 ft. lbs. 

85. 2*1 lbs. wt.; 6*1 lbs. wt. 

83. Between the bands and the outside books ; 16§ lbs. wt. 

87. 43*2 lbs. wt.; 25,920 ft. lbs. 38. 2095 ft. lbs. 39. 739*2 ft. lbs. 
40. 18*85 B.T.u.’s. 41. 622 B.T.u.’s. 42. /a = *192. 

43. 7*5 lbs. wt. 45. 1182 ft. lbs. 

43. 23*57 ft. lbs. 47. 16 lbs. wt.; 53i lbs. wt. 

48. iu=*178. 
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CHAPTER V. 


1 . 

20 lbs. wt. 

2 . 

10 lbs. wt. 

3 . 9*6 lbs. wt. 

4 . 

90 lbs. in. ; ( 

r>8*94 lbs. in. 


5 . 13^ in. 


6. 

12*6 stone ; ! 

29'6 stone. 

7 . 

120 lbs. wt. 

8 . 19*09 lbs. wt. 

9 . 

4f ft. lO 

. 1080 lbs. in. 

11 . 13*5 lbs. ft 

12 . 36*9 lbs. wt. 

13 . 

20 lbs. wt. 

15 . 

192 

tlbs. 

17 . 30*5 lbs. wt. 

18 . 

5 ft. from the centre ; 19 lbs. 

wt. 

19 . Oin.; 

10 lbs. wt. ; 2 lbs. wt. 

20 . 

2| lbs. wt. ; 

4^“ lbs. wt. 

21 . 

18*4 lbs. wt. 

22 . 04 lbs. wt. 

23 . 

1411 stone; 15fi stone. 

24 . 

9*77 lbs. wt. 


26 . 

18*2 lbs. wt.‘ 

; 13*8 lbs. wt. 


27 . 4/i in. from one end. 

30 . 

270 lbs. wt. ; 

38,H^ lbs. wt. per sq. 

in. 3 

1 . 01*4 lbs. wt. 

33 . 

82*08 lbs. wt 


35 . 

35 lbs. wt. ; 38*9 lbs. wt. 

86 . 

2547 lbs. in. 

; 2005 lbs. in. 


37 . 

8-81 lbs. wt. 

38 . 

84 8 lbs. wt. 

39 . 13 lbs. 

wt. ; 

22*52 lbs. wt. 

40 . 22’9 lbs. wt. 

41 . 

3» in. 

42 . 80 lbs. wt. 


43 . The ratio of the radii is 7 : 2. 

44 . 

140 lbs. in.; 

70 lbs, wt. 

45 

, 84 lbs. w^t. 

46 . 43*5 lbs. wt. 

47 . 

1495 lbs. wt. 


48 . 

. 12 lbs. wt. 

49 . 63 lbs. wt. 

50 . 

430 lbs. wt. 


51 , 

. 20 oz. wt, ; 

42 oz. wt. ; 58 oz. wt. 

53 . 

18 lbs.; 27 lbs. 54 . 90 lbs. wt 

no; 112*5 lbs. wt. and 67*5 lbs. wt. 

55 . 

Left, 11*6 cwt.; right, 8*4 cw 

t. 

56 . 

4 ft. 

57 . 

19 cwt. ; 5*9 

ft. from the left 

•hand end ; right 8 

cwt., left 11 cwt. 

58 . 

4*17 tons wt. 

4*83 tons wt. 


59 . 213 J lbs. wt. ; 123^ lbs. wt. 

60 . 

22 lbs. wt. ; 

4*14 feet. 


61 . 158*1 lbs. wt.; 31*9 lbs. wt. 

62 . 

80 lbs. wt. ; 

100 lbs. wt. 


63 . 4*964 tons wt. ; 4*536 tons wt. 

64 . 

32 lbs. wt. ; 

124 lbs. wt. 


65 . 9 lbs. wt. ; 7 lbs. wt. ; 2 ft. 

66 . 

3 ft. from one end ; 200 lbs. 

wt.; 

100 lbs. wt. 


67 . 

1047 lbs. wt, 

, ; 3‘)2-7 lbs. wt. 


68 . 22 

5' lbs. wt. 

69 . 

28*92 lbs. wl 

;. ; 14-1 lbs. wt. 

70 . 84*98 lbs. 

wt. 71 . fibs, wt. 

72 . 

50 cwt. 

73 . 1*414 cwt. in 

each rope. 

76 . 30*9 lbs. wt. 

77 . 

3*59 cwt. 

79 . 12 lbs. wt. ; 7 

'*5 in. 

81 . 213^ lbs. wt. 

82 . 

26 1 lbs. wt. 

88 . 277*1 lbs. wt. ; 

368*3 lbs. wt. 

85 . 

24*5 lbs. wt. 

86 . 192 

lbs. 

wt. 87 . 

32 lbs. wt. 


CHAPTER V^I. 


7. 

5 in.: 3 in. 

9. 2| in. 

13. 11 

in. 

15. 

3*34 in. 

18. 

4 in. from the 3 lb. weight. 

19. 9 in. 

20. 

95 cms. 

21. 

1440 lbs. wt. ; 

800 lbs. wt. 

aa. I'f 

5 ft. 

23. 

6*53 ft. 

24. 

f of the length from the 20 lb. 

weight, as. 

5*68 in. 

26. 

4*92 in. 

27. 

1*06 in. 

28. *71 in. 

a». 14-95 

in. 

30. 

2*32 in. 

81. 

3-74 ft. sa. 112 lbs. wt.; 

11| ft. 88. 

14 in. 

34. 

4| in. 
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85. 

8 in. from B, 

38. 

in. from A. 87. 

7*64 in. from A. 

38. 

Ilf in. 39. 

5% in. 

40. 41 in. 41. 1 

-69 ft. ; 

3 ft. 1 in. 

42. 

Of in. ; lOf in. 


43. Ilf in. 

44. 8 

in. ; 4 in. 

45. 

11| in. ; 10 in. 


46. 3 in. Irom AB; 10 in. from 

BG, 

47. 

If in. from AB\ 

35 in. from BG. 48. 2*5 in, 

. from the corner. 

49. 

7 j in. from A B ; 

64 ^ in. from BG. 50. 2?, ft. 

; 7 ft. 


51. 

4 in. ; 2 in. 52 

1 . 2 in. ; 

3 in. 53. in. from A. 64. 

21*2 ft. 

55. 

n in. 

56. 4*33 in. from the base. 

57. 

7*92 in. 

58. 

6*2 ft. from the mast; 9 ti 

i ft. from the deck. 

59. 

2*2 ft. 

80. 

•35 ft. 

61. 

Vertical = -31 ft., horizontal = 1*15 ft. 

62. 

10 in. from A. 

63. 

36 in. from the centre. 

64. 

5*12 in. 

65. 

15*5 ft. above the 

keel. 

66. 2'4 ft. 



67. 

5-6 in. from AB\ 

5*8 in. from AG, 

68. 

•19 in. 

69. 

1*2 in. from the centre. 

70. 14 ft. 

71. 

•35 ft. aft. 

72. 

-6 ft. 78, 

■ Aft- 





MISCELLANEOUS EXAMPLES AT END OP CHAPTEE VI. 

76. 6-76 in. 78. 1 lb. ; i lb. ; lbs. ; 707'. 77. 135-7 lbs. wt. 

78. ? ft. lower; 18-6 ft. 78. IJ ft. 81. 6-74 ft. 88. 8-13 cms. 

86 . 1 ton. 88 . Vertioal = -52 ft., horizontal^: -39 ft. 

87. 656§ lbs. wt. ; 493J lbs. wt. 88. 3f in. 

CHAPTER VII. 

18. -68 lbs. ft. 14. -521^11.; 3 lbs. wt. 17. 16° 10'. 

18. 12-86 lbs. wt. 80. 12 lbs. in. 86. 2 lbs. wt. 

88. 100 lbs. wt. 87. 2| ft. 88. 5 ft. 88. 1^ lbs. wt. ; 36° 32'. 

80. 20° 33'. 81. (a) 11-12 lbs. wt. ; (b) 39-2 lbs. wt. 88. 7-8 lbs. wt. 

83. 288 lbs. wt.; 6f in. 86. 16-2 in. 38. 1-48 ft. 

87. 90 lbs. wt. 38. 1 in. from the base. 88. 7200 lbs. wt. 

40. 3-74 ft.; 18° 28'; 721-9 ft. 41. 45°; no. 

48. One quarter of the lower book, and three quarters of the upper project 

over the edge of the table. 

43. 16 books. 44. 1 -83 lbs. wt. ; 6-83 lbs. wt. 46. 45. 

48. Slide; 14 in. 47. ‘9 ft. from the edge of the block. 48. -5. 

61. -Oil cm. 68. -149 in. 68. 448 lbs. wt. 

64. Its own weight, 2000 tons wt.; a force equal to the weight of the 
displaced water, acting upwards. 

81. 5-9 tons ft. 88. 5-5 ft. 

88 . The increase in the metacentric height is 8-52 in. 88 . 19° 34', 

71. -2 ft. 78. 3-47 ft. 73. 1-07 ft. 74. 9 in. ; 2° 32'. 



Answers to Examples 


315 


CHAPTERS VIII AND IX. 

1. 11*5 lbs. wt. 2. 11-5 lbs. wt. ; 70*^. 3. 57*4 lbs. wt. 

4. 7-1 lbs. wt.; S. 52-5° W. 

5. 53*9 lbs. wt. at 21" 50' with vertical; 20 lbs. wt. horizontal. 

6. 13*75 lbs. wt. al 29° 15' with vertical; 6*7 lbs. wt. 

7. 72*8 lbs. wt.; 213 lbs. wt. 8. 4*8 lbs. wt. ; 3*2 lbs. wt. vertical. 

9. 12-2 lbs. wt. lO. 3*5 lbs. wt. at 29° with the force of 5 cwt. 

11. AB 4440 lbs. wt. ; AC 2810 lbs. wt. 12. 9*4 lbs. wt. ; 3*42 lbs. wt. 
13. 35*1 lbs. wt.; 53°; 37'^. 14. 55*2 lbs. wt.; 23*3 lbs. wt. 

16. 00° with vertical. 16. 613 lbs. wt.; 514 lbs. wt. 

17. 3*7 lbs. wt. 18. 3*9 lbs. wt. 

19. 3'83 lbs. wt. ; 3*21 lbs. wt. ; 3*.32 lbs. wt. at 14*5° with the horizontal. 

20. 500 lbs. wt. ; 400 lbs. wt. 

21. A pull of 15*14 lbs. wt., or a push of 20*24 lbs. wt. 

22. 58 lbs, wt, ; 216 lbs. wt. 23. (a) 2*8 lbs. wt. ; (h) 4*86 lbs. wt. 

24. 10*4 lbs. wt. ; 0 lbs. wt. 

26. 6*76 lbs. wt. ; 14*5 lbs. wt. ; 10 lbs, wt. vertical. 

26. 348 lbs. wt. ; 93 lbs. wt. ; 88 lbs. wt.; 0*063. 30. 3*9 cwt. 

31. 4*18 cwt. ; 0*021. 32. 30*03 tons wt. ; 3*03 tons wt. 

33. 37*31 lbs. wt. 34. 34*2 lbs. wt. ; N. 51° W. 36. 14° 9'. 

36. 15*4 lbs. wt.; 81*5 lbs. wt. at 11° with vortical. 37. 0*248. 

38. 'rs94 lbs. wt. ; /?sll*4 lbs. wt. 39. 199 lbs. wt. ; 245 lbs. wt. 

ANSWERS TO MISCELLANEOUS EXAMPLES. 

1. 74 *7 %; 30:1; 760 ft. lbs. 2. 1 ton wt. 

3. i' = 4 + 0*043 IK ; 20 lbs. wt. ; 18*5 : 1 ; 46*2 ; 863 ft. lbs. 

4. 43'. 6. 13*4 tons wt,; 15*3 tons wt. 

6 . 210 lbs. wt. horizontal; 278 lbs. wt.; 40J° with horizontal. 

7. 3*8 tons wt.; 4*0 tons wt. 8. A/ = 32 + 12*61K. 

9. 6*7 tons wt. 11. 500 lbs. per sq. in. ; 73*4 °/y. 12. 16°. 

13. 16*9 B.T.u. 14. 86*7 lbs. wt. ; 100 lbs. wt. at 30° with horizontal. 
16. 12*1 tons wt. horizontal; 31*8 tons wt. at 364° with vertical. 


17. 

274 lbs. ; 

21 in. left of C. 

18. 0*1 foot aft 

; 0*01 foot down. 

19. 

4:1; 83* 

si. 

20. (a) 24 lbs. wt. each ; (5) 16 lbs. wt. 

21. 

793 tons 

ft. 

22. 6*25 ft. 

83. 9'64 ins. 

25. 

7*83 cwt. 

tension, 32*2 cwt, 

, compression. 

ae. 763 lbs. wt. 

28. 

91 cwt. ; 

64*3 cwt. ; 5*3 in. 

29. 

4530 lbs. ft.; 18-1 B.c. 

30. 

26 : 1 ; 123 lbs. wl. 81. 5-74 tons ft. 
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